Continuity and Derivability
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EXERCISE-1 (MHT CET LEVEL)

@

f (n/2) =3. Sincef(x) iscontinuousat x = /2

= lim kcosx =f kid :>5:3z>k:6.
x-nl2\ 7 —2X 2 2

@

Here M F(x) =k, Xirg_f(X)?k and f(0) = k

x—0+
But f(x) iscontinuousat x =0, therefore k must be zero.

@

—=a=3
(b)

Sincef(x) iscontinuousat x = 2

~f2)= lim f(x) = 1- lim(ax +b)
x—2" x—2"

~1=2a+b L. (@)

Agianf(x) iscontinuousat x = 4,
. f(@=lim f(x) = 7-lim(ax +b)
X—4" X—4"

S 7=4a+b L )
Solving (1) and (2), wegeta=3,b=-5

- _(x=(x+5 -7 _7
() Jimf(x)= (x+5)(x-3) -8 8

(b)
The function can be continuous only at those points
for which

Q8
Q.9
Q.10

Q.12
Q.13

Q.14

Q.15

Q.16

. I
SN X=COSX= X=nTC+Z

©

3n lim f(x)=1
Here f(Zle and ,_,3" (%)
-

lim f(x):lingng(?’—ﬂhj
o\ 4

3n
Hencef(x) iscontinuousat X= 7 .

©
@
©
@
©
@ f(0)=0

Uh_y

lim f(x)=lime" and
0

X—0— h—
lim f(x)= lime" =
X—0+ h—0
Hence function is discontinuous at x =0.

@

()=t
X=3)(x+4)

Hence the points are

3,—4.

@

2

. X
limf(x)= lim
x—3 Xx—3

and f(3=2(3) +k=6+k

.- f iscontinuousatx=3; .. 6+k=6

=k=0.

@

By L-Hospital’srule ii_r)nof (x) is2. Therefore, for f(x)
to be continuous, the value of function should be 2.

9_ lim(x+3)=6
3 x-53




Continuity and Derivability

Q.17

Q.18

Q.19

Q.20

Q.21

Q.22

€]
. A1+ kx —4/1-kx
LHL. = lim =

Xx—0" X

k

: 2
RHL. = I|m+(2x +3x-2)=-2

X—0
Sinceitiscontinuous, L.H.L =RH.L = k=-2.

@

1-cosx X £0
f(x)= x continuousat x =0
k X=0
: i 2
lim f(x)=f(0) . 28n°x/2
x—>0" - iino X =k

2sin?x/2 x 3

lim =k=k=0.

= x—0 (ij Z
2

©)

For continuity at all x € R, wemust have

f(_lj: im (25 lim  (Asinx+B)

X—>(-1/2)~ x—>(-n/2)"
= 2=-A+B . 0]

f(£)= lim (Asinx+B) = lim (cosx)
and X%(T{/Z)i( ) x—>(n/2)*

=0=A+B .. (i)
From (i) and (i), A=—1land B =1.

2
f(5)= limf(x) _ |jm X_—10x+25
@ X—>5 x—5 x2 _7x+10

~ (x-52 5-5_
T x55(X-2)(x-5) 5-2

©
Thefunctionlig|x|isnot defined
atx =0, f(x) tobedefined, log x| 0 = x + 1.
Hence, O, 1, —1 are three points of discontinuity.

.1
@ f(x):xpsm;,x;to and f(x)=0,x=0

Sinceat x =0, f(x) isacontinuous function

: . 1
. limf(x)=f(0)=0 Pgn= —
. O() (0 =0_ limx sz-O:>p>O_

x—0

isdifferentiableat, if exists

.1
xPsn=-0
= |lim——X  exists
x>0 X-=0

. 1.1
— lim xPtsn= exists
x—0 X

= p-1>0o0r p>1

. 1. (1
If p<1,then limxP 13‘”(—) does not exist and at
x—0 X

x =0f(x) isnot differentiable.
.. for 0<p<1f(x)isacontinuousfunctionat x=0

but not differentiable.
(d)

h—-0 h
= Ihigg(ah+ 2a=2a)

@
f(5+h)—f (5)
h

f(5+h)—f(5+0)
h

re=lim

=lim
h—0

i f(5)f (h)r:f (5)f (0)

—0

(- f(x+y) =f(x).f(y) foral x,y)
- (Iim—f (- (O)j.f (5) =1 (0)©)

h—0 h

=3x2=6

@
As Lf'(2) =Rf'(2).

(L34 x<x’= x(1-x)<0=> x(x-1)>0

X x<0
. _ 2.
=x<00rx>1; h(x) = >; : O<§§i

h(x) is continuousfor every x but not differentiable at
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Q.27

Q.28

Q.29

Q.30

MATHEMATICS

1 x<0
not exists x=0
h'(x) = 2x 0<x<l1
x=0and1.Also not exists x=1
1 x>1
s h'(x)=1fordl x > 1.
)
lim 1+ (2-h)=3
h—0" !
lim 5-(2+h)=3
h—0" (2+h) ,f(2=3
Hence, f iscontinuousat x =2
Now Rf /() = lim =W =3_
h—0 h
Lf'(x) = |imw:1
h—0 -h

 Rf/(xX) #Lf'(X) ;
. fisnotdifferentiableat x =2

(@ A continuous function may or may not be
differentiable. So (b) isnot true.

@

Let X< 0= X=X

_ f(x) :d_i(ﬁj = (1_1X)2

= [f'(X)]x=0 =1.Again x >0 = |Xx|=X

d( x 1
0=l 5) T2 = [F00heo=1

= f'(0)=1.
@
Sincefunction | x| isnot differentiableat x =0
X% =3+ 2 (X =D (x-2) |
Henceisnot differentiableat x =1 and 2
Now f (x) = (x2 —1) | x? = 3x + 2| cos(| x |) iS not
differentiableat x =2

For 1<x<2,
f(x) = —(x% = 1)(x? = 3x + 2) + cosX
For 2<x<3,

f(x) = +(x% —1)(x% - 3X + 2) + COSX

LF'(x) = —(x? —1)(2x — 3) — 2x(x2 = 3X + 2) — sinX
Lf'(2) =-3-sin2

Q.31

Q.32

Q.35
Q.36
Q.37

Q.38

Q.39

Continuity and Derivability

Rf'(x) = (x2 -D(2x-3) + 2x(x2 —-3X+2)—sinx
Rf'(2)=(4-D)(4-3)+0-sin2=3-sin2
Hence Lf'(2) = Rf'(2) .

@
ym 1 21+ x%) - 4x? 2(1-x?)
1 [ = )2 @o” 1-x%)2.1+x%)
1+x°?
22 for |xk1
y'= 1+x
= -2
7 for |xp1
1+X

Hencefor | X £ 1, the derivative does not exist.

)

Sincethefunctionisdefinedfor x >0 i.e. not defined
for x< 0. Hence the function neither continuous nor
differentiableat x = 0.

(3 Itisfundamental concept.

@

f'@=li
@ h—0 h

differentiable so it is continous as it is given that
f(1+h)

m fl+h)—-f(D.

i As function is

lim =5 and hence f(1) =0. Hence
h—0
f= lim &N g
h-»0 h
(d
@
@
lim [ =IO i (x—yjor [F(x) £ O
X—Y| X-Yy X—Y
= f'(x)=0=f(x)isconstant, As f(0)=0
. f@=0.

@

Let afunction be g(x) = f (x) — x°

= g(x) hasat least 3real rootswhicharex =1, 2, 3
= g'x) hasat least 2 real rootsin x €(1,3)

= ¢"(x) hasat least 1 real rootsin x €(1,3)
= f'(x)=2 for atleast one x €(1,3) .
@

We have
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Q.40

Q.41

Q.42

Q.43
Q.44
Q.45
Q.46
Q.47

Q.49

o) =00 T+ ()= ()

f'(x)=1
() h—0 h h—0 h

[ (x+y) = () +F(y)]

2
pim X0 iy D70 0020
h—-0 h h->0 h

[ gis continuous therefore r!i_ngog(h) =9(0)]

@)
i(Iogtanx) = isneczx = %
dx tanx COS” XSiNX

= E; = 2C0Sec2X
2 cosxsinx

©

f'(t) =g[l_t} - (1+t)(—1)—(21—t)><1
dt| 1+t @+t)

e S e L

L+t (L+t)?

-2 -2t
f1/t] = =
- ( 1)2 (t+1)?
1+~
t
©

Given x\/1+ y + yv1+x=0

= X1+ y =—-yJ1+X

Squaring both sides, we get
XH(1+y)=yH1+Xx)

= X2—y?+x?%y—xy?*=0

= (y-X)(x+y+xy)=0

X
:>y:xory(1+x):—x:>y:xory:—1—
+ X

dy —(1+x).1+x1 -1

T

©
@
©
(b)
@
@
@

d 1

1
Herez=a—§ =y 2=(a—z)2

Q50 (1)
i( 2exsinx):xzi(exsinx) +eXsinxi(x2)
dx dx dx

= xe*(2sinX + X SiNX + X COSX)

Q51 (3
9 rcos1— x2)2] = —sini— x2)2-2 - x2)?2
dx dx

= 4x(1- x?)sin(1- x?)?

Q52 @
Since L7 = —Sin(Sian).COSXZ.ZX
dx
Therefore, at X = \/E cosx®=cos®=0 = ¥ — 0
2 2 dx

Q53 (1)

d (€ logsin2x) = €* logsin 2x + 2e* _LCOSZX
dx sin2x

=e*logsin2x + e* 2cot 2x= €* (logsin 2x + 2cot 2x).
Qx4

y = sinf{ cos(sin x)}

= % = —cos{ cos(sinx)} sin(sinx) cosx
Q5 (@
Rationalising,
2 4
:ZX + 29X _1=X2+(X4—1)1/2
2
dy 2x3
= —=2X+ .
dx /x4—1
Q5 (O

y = (x cot®x)¥?

% = g(x cot® x)ll 2[cot3 X + 3x cot? x(—coseczx)]
= g(x cot®x)Y 2[cot® x — 3x cot? x cosec?x]
Q57 (2
y 1-t? Gy= 2at
1+t? an 1+1t2
Q.58 (d
Q59 @
Q60 (a
Q61 @
V1+tan? 4 seco)| -
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Q62 (1)
y=asin*0 = %:4asin3ecose

dx
and X = aCOS 0 = £=—4aCOS 0sin0d

in2
ﬂ:dy/dez—sm e:—tanze
dx dx/do COSZO

2], ()
dx/_3n 4

4

Q63 (3
Let f(x)=x%+6". Then f'(x)=6x>+6*log6.

Q64 (d
Consider y = X< = Iny=x*Inx
1dy_ = X* x(1+ 2In x) =x" +1(1+2Inx)
y dx

Q65 (o

Q66 ()

Q67 (@

Q68 (2

x¥ = y* = yloge x = xloge y
Differentiating w.r.t. x of y, we get

dy |y 1dy

loge X—+==10 X——
Qe dX+X Qe YV + y dx

_dy _ y(xlogey-y)
Tdx x(yloge X —X)

Q69 (3
y=x®) = logy = x* logx

1dy dz

Iogx+lz
ydx dx X

(where yx _ )

= % = x 9 x* (logex).logx + xx‘l]

dz X
o —=X"logex
{ x }

Q70 (3 Lety=costyxand ;- \1_x

-1
Jdy _J1-x o 2dx f _1
2V1-x

Q.71
Q.72
Q.73

Q.74

Q.75

Q.76
Q.77
Q.78
Q.79
Q.80
Q.81
Q.82

Q.83

Q.84

Continuity and Derivability

©
)
@
. 11-x ﬂ — -1 .
Lety=9n mjdx \/;(1+ X) (I)
d 1
and z:&:»d—f(:m ..... (ii)
d /d -2
Thereforeby (i) and (ii) d—Z: ?Z’/d;( -
@
20
Y = COS4X + COS2X = j zg 4% cosax + 2% C0S2X
)
dy _ Wy ()
ey =12 G 2 (&j(n] =t
4'4
(d
©
(@)
©
()
@

@
f(x)= tan_l( Snx ) = tan_l{tani} _X
1+ cosx 2 2

1 T 1
f'(X)==. H f‘(—)z—
= f'(x) 5 Hence 3=

)

dix[tan‘l(cot X) + cot‘l(tan X)]

1(—coseczx) B 1(s;ec2 X)
1+ cot?x

@

L Wx=x L Vx=x
y=ten (1—Jta” (1JJ
= tan ™ (v/x) ~ tan*(x)

On differentiating w.r.t. X, we get

111
1+ x 2/x 1+ X%

5= -1-1=-2,
1+tan“x

MATHEMATICS
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Q.85
Q.86
Q.87
Q.88
Q.89

Q.92

@

@ sinpx pcospx —pzsinpx
(b) = —pg cospx psinpx p2 cospx |=0.
© snpx pcospx —psinpx

@
y= cos’lcos(x—l), x>0
= y=x-1, x>0and0<x-1<p

Q93 @
dx 1 dy 1 1

—=1-- 2L=
We have at 2 dt 2

5n
wehave, 1< 7 <n+1

2
Ldy _t +1:(1+ 2 jand
5n dx 21 t2 -1
y=x-1, 1<x<n+1 and 7 el[l,n+1]]
d_zy_g(dyj dt
&y 1 =1 dx2  dt\dx/ dx
dx|y_5T ], 57
4 4 -1 t2 43
=2. 7 2.2'[>< > = 3
R (t% -1 t2 -1 (t°-1)
Q9 (2
=cot™ 2 2
y dy dy/dt 3t _3t_3& dey 3 3

\/1+smx \/1 sinx

{\/1+s|nx+\/l smx:l
= =
dx dx/dt 2t 2 2 dx2  4/x 4t

2

~ cotl{ + ZCOSX} B C0t1|:1+ cosx}
- 2sinx | sinx Q9% (B .
Givenx =asin® andy = b cosb
= cot_l{coti} X dy dy .
— =aco0s0 and — = —bsibo
2] 2 = 40 and a0
PR dy dy do b d’y -b
dx 2 . _y _y _ __tane:>_y=_secze
) "dx do6 dx a dx? a
.96
o s e
ax3 ax3 dx3 6 —cosx sinx dy (dx
6 -1 0 =6 -1 0 d_: d_
p p p° | [p p* P x o\ dy
dly (k)" [d (o
6 -1 0 dx? dy ) |dx|dy
~fm(0)=|6 -1 0]=0
PP P :>d2y_( 1)(dxj_2{d (dx]dy}
which isindependent of p. 2\ I TJul Av Ay
@ dx y dy { dy ) dx
sin px pcospx —pzsinpx dy 2 d?x dy
D= —p3cospx p4sinpx pscospx =D d_ 02 Ay
X y- d
—pﬁsinpx —p7cospx pBSian
__(gy) [d
sinpx  pcospx - p2 sin px B dx y2
=p°|—cospx psinpx  p?cospx
—sinpx —pcospx  p2sinpx d?x( dy 3 d%y
=>—|—=|+—5=0
dy- \ dx dx

6 Mut Cer COMPENDIUM



Continuity and Derivability

Q97 (@

2
Given expression can be written as d%y - > - > - S _
1 1 q 1 | dx? 16(x-1%* 16(t%)° 16t°
y=1——+1+—:>—y:—2—;2
X+1 X dx (1+ x) X
Q.106 (4 y=a*p®**t
d2y -3 -3 _2 2
=-2(1+X) +2Xx° = +— dy _xp2x-1 X1 2%—1
dx? ( ) (l+ x)3 3 d—X_a b loga+2a™b logh
d2y| ) 2 92 7 = a*b>L(loga+ 2logh)
Now, qo2| 3t 3= 2=
dx x=1 (1:1) (1) 8 4 d2y 2x—1 2
—3 =a"b™ " (loga+ 2logb)
Q98 (d dx
yoe - Y o ang IV _ e = a*b®(logab®) = y(logab?)?
dx dx?
dx 1 1
d—=g=2— EXERCISE-II (JEE MAIN LEVEL)
y y
d?x 1 1 Q1 @
—4x
S — == i =
dy 2y? 2 lm)f(x) 10
ﬂ d_2><_4eZX g e “mo cos(S|nx2)—cosx _a
T 2y 2> | 7 X
09 (9 _ %Sin[smwrxjsin[x—smxj=a
Q.100 (b) X 2 2
Q.101 () . _
818:23 8 Sin(sm);+xj sin[x_;mXJ
Q:104 (€)] = a=)|(|_)mo 2. sinx+x = Xx-sinx
2 2
%:acose and ﬂ=—bsine
do do l(sinx+x](x—sinxj
_ 2y _ 4 X X
— ﬂ:_btane andu:_b 29@
dx a dx? a dx 1
=21.1,;(1+)@-1)=0
2 _ p—
d_g__b 29 1 :—stecg’e .
dx a acosb g Q.2 )
Q.105 (3
Here y=t1%4+1and x -8 41 VITPXZYIZPX <o
2 14 109 = 2x+X1
Ct8ox—-1 = tc=(x-1 5 , 0<x<1
X+
(v _1\5/4
S0,y =(x-7" +1 since it is cont, so,
Differentiate both sidesw.r.t. x, lim
- f(x)=f(0
ﬂzﬁ(x_l)lm x—o0- 100 =f(0)
dx 4
Again, differentiate both sides w.r.t. X, h'f‘o V1+p(-h) —1-p(-h) -1
-h 2
d’y 5 -3/4
dx—z_l—G(x—l) im __(=ph)-(@+ph) _ 1

h—>0 —h{/1-ph+y1+phj =72

MATHEMATICS 7
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Q.3

Q4

Q5

2 _ 1
2 T2
p=-12
©
HIPRC
[(n/Z)} 1 sin’[(x/2)-h]
i 3cos’[(n /2)—h]
lim 1- cosh 1
~i% 3sn’h 2
[(71'/2) ]_“ ql-sin{(z/2)+h}]
-0 [ -2 (n/2)+h}]?
rnq(1 cosh) 9
=i 4h? 8
1 ¢ 1
= —=— =—, :4
P 2 8:>p 2q
@
Wehave, f(X) =X =[x —Xx3 =x—[x(1—x)|
=X=[X[11-X],

.. Continuity istobecheckedatx=0and x=1. Atx =
0

LHs= limf (0—h) =lim-h~|-h|[1-h|
limh—h(i+h)=0

Rrs=limf (0—h) = limh-|h |1-h|
limh—h(i+h)=0

andf(0)=0

SinceLHS=RHL =f(0),

.. f(x) iscotinuousat x = 0.
Atx=1

LHS =

limf (1-h) = lim(1-h)- |1~ h || 1- @~ h) |
- lim(1-h)-h)a-h) =1

Similary RHL = |hi£TOIf 1+h)=1

andf(1)=1-[1.1-1=1
- f(x) iscontinuousat x = 1
Hecnef(x) iscontinuousfor al x e [-1, 1]

(b)

eelx _e—e/x
lim ———+
x>0 @/ gV

Q6
Q7
Q8
Q.10

Q.11
Q.12

Q.13

Q.14

Q.15

Q.16

e-1

i eT (1_ e—Ze/x)

_— =40
x>0 (1+ e—2/x)

e/x _ ~elx

i i e—e/x(eZe/x _1)
IM-——- Mm—-—--———--
X0 ejI./x —1/x O e—l/x(ezlx +l)

el e/ X
lim ef(Tj (ezzl—_l] =—o

x>0 e +1

Limit doesn’t exist, so f(x) not continuousat 0

(b)
(b)
®)
©
@
@
@

. . 1 2
Lim _ Lim|=—-
x—0 fx) = x—0 (X e2X _ 1}

2x
. e’ —1-2x
Lim (X(GTJ using L - hospital rule

x—0 1)
_ Lim ~1-2x

x>0 | x(e® 1) 1
@

f(x) = x =1| + [x — 2| + cos X

All three functions are cont. in [0, 4]
so sum of al these functions is also
a cont. funs.

@

| x-3]| 1

Ix-2] T 1+[x]

X#2 1+[x] =

[X]#-1, xel[l, 0)

And [x] will be disoint. at every integer
Soxe R-{(-1,0)unnel}

f(x) =

@

f(x) should be a constant function.

@

RHL = -IM Ni+x-vl-X _ = 1(Rationlize)

1
LHL = E f(g(x))
|\/§cosx|—|\/§sinx|

CcoSs 2X

_Limi

T x>0° \/E
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_Lim b
x—=>0" COSX —SinX
cont. atx =0

Q17 (3)

f[n—J:n[n—]+lnx0+1:1

4 4

f(—n j:f (E] :tan‘l(tanﬁj:E
4 4 4 4

So jump = 1—%
Q.18 (@
1
Letf(x)= m

The point of discontinuity of f(x) are those points
where

F(x) isundefined or infinite. If isundefined
Wherex =0 and isinfinitewhen

log|x|=0,|x|=1iex=+1

Q19 (b

Q20 (2
g(x) =x —[x] f(0) =f(2)
h(x) =f(9(x))
Let x=ael

har) = 1M +((x3) = 1(0)

x—>a’

ha) = 1M f(g) = (1)

X—a

h(a*) = h(a) hence h(x) is continuous

Q21 @
RHL = HM sin [#nh] = [-1, 1]

LHL = M sin [ h] = [-1, 1]
SoDNE

Q2 @
f(x) = Sgn (4 — 2 sin? x — 2 sinx)
= Sgn [(sinx + 2) (2 — 25inX)]

fx)=0  whenx > g

—_ 1 < T

= X 2

=-1 sinx >1 not possible

SO isolated point dicontinuity
Q23 (O

g(x) = tan™? |x| — cot™* [x|

Continuity and Derivability

(0= 5o 10

h(x) =[g(fx)]
M) 1450

Xx—0"

2

M09 = i)

x—0"

n
)
h is continuous at x = 0

Q24 @

x3  x° x? x4
X =t - X
Lim 3! 5l 2! 41

x—0

%2
=0
f(x)iscontatx =0
Q25 (2

100 =x (% - x+1)
(0 = Jim hivh -vh+1)

~ h-o0 h
_ lim _h=h-1
h->0 Jh+vh+1

Q.26 (d)

|X| isnon-differentiable function at

X=0asLHD=-1landRHD=1

X, x=0
<K= —X,Xx<0

But cos |h|isdifferentiable

.. Any combination of two such functionswill be
non-differentiable. Hence option (a)

and (b) areruled out.

Now, consider sin |x| + [X|

—sin|-h[+|-h|
m———————

L'=I
h—0 -h
UL
h—-0 —h
.. sin|h|+]h|
R'=lim————
h—0 h

MATHEMATICS
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Q.27

Q.28

Q.29

iim3MN g0
h>0 |
Consider sin [x|—[X]
sinj-h|-|-h|
m—————
h—0 -h

_|,mLh+1 0
h

sinfh| |

R'=lim
0 h

h—!

_Ilmﬂh—l 0
h

h—0
Hence, sin [x|— x| isdiffentiableat x = 0.

©
Continuous aswell asdifferentiable,
sof’(1) =0
(b)
. 1 .
£ (x) = (x—1)sm[—j if x=1
We have: (x) = x-1
0
Rf'(l):lim f(l+h)— (1)
h—0 h
if x=1
hsin}—O 1
h—0 h—0 h

which does not exist.
. f isnotdifferentiableat x=1Also

OS(xilﬂx_o

1 B x-1 c
(x-) (x-1?

=-snl+cosl
- f isdifferentiableat x=0

(d)
Let

f'(0)=sin

X . X
1+x  (x+1(2x+2
X
+ +...00
(2x+1)(3x +1)

f(x) =

4 X 3 1
F|[(r=1)x+1] rX+1)

. X 1
_Ixm; [(r—l)x+1] _rx+1_

1 }:1
1

n—ow

nx +
Forx =0, wehavef(x)=0

:”m{l_

1 x=#0
Thus,wehavef(x): 0 x=0

Ciearly, lim () =limf (x) = (0)

So, f(x) isnot continuousat x = 0.
Q30 (d)
Letf(x+y)=f(X)+f(y), VX,yeR
Putx=0=y
= f(0) =f(0) +1(0)
=f(0)=0

ow, £(0) = f(0)

f(0+h)
h

f(h)
(0 =lim==>

h—0

f(x+h)—f(x)

Now, f (x) = lim

f(x)+f(h)—f(x)
h

=lim
h—0

= f '(x)@g@:f 0)

—f(x)=f'(0)+C
Butf(0)=0

..C=0

Hence, f(X) =f'(0), Vxe R

Clear, f(x) iseverwhere dcontinuous and
differntialbleand f’ (x) isconstant. V X € R

Q3 (@
We have,
Lf '(0) = lim f(0—h)—f(0) Iim —h log cosh
-0 —h -0 —h log(1+h?)

. log cosh (0O
=lim———-| — form
-0 |og(1+h?) | 0
10 Mut Cer COMPENDIUM




Q.32

Q.33

Q.34

MATHEMATICS

:|im_tLh2:_1/2
0 2h/ (1+ )
RF '(0) = lim f (0+h) —f(0) lim h log COSI;I
h—0 h-~0 h log(1+h?)

. logcosh (O j
=lim———-| — form
h-0]og(1+h°)\ 0

. —tan h -1
=lim——=—
h-02h/(1+h®) 2

SinceLf’(0) = Rf’ (0), thereforef(x) isdifferentiable at
x=0

@
_ x(\/x+1+\/;)

X
) = \/x+1—\/; - X+1-X

100 =x (Vx+1+Vx)
Now, RHD

H01) = h|[110 _ f(0+hr2—f(0)

_lim hGh+1-vh)-0

~ h—0 h

=1
since ve values are not in domain of f(x) hence
differentiability calculated by RHD Since RHD isfinit
hence f(x) is differentiable

(4)
f (0) = )I(ing)f(x) =0-1+0.sin(-1)=-1

f (0" = limf(x)=0+0+0.sin0=0 =f(0)
x—0

f(x) is not continuous at x = 0

atx =2,
f2)=2+2+2sin2=4+2sn?2
f(2)=2+1+2sn1=3+2sn1l
f(x) is not continuous at x = 2

©)

f(x) = max {x?, (x —1)% 2x(1—x)}

0<x<1

y=(x-1)’

s0, (c)

Q.35

Q.36

Q.37
Q.38
Q.39

Q.40

Continuity and Derivability

©)

fX)=x-x2+x+1

_ max (f(t));0<t<x for0<x<1
9() = X2 —x+3;1<x<2

max { f(t)} will be obtained when ‘t" would be max. so,

t=x.

so, max {f()} =x®*—=x>+x+1

Fr (1) = lim f@+h)-f@) _ lim @+h)?-@+h)+3-2
~ h-0 h ~ h-0 h

= not defined

so not derivable

Now check cont by,

f(17) = M (1 + h)

= M @+hp-@+h+3

=3
& f(1)=2
f(1*) = (1)
so f(x) is not continuous
@
21

F@)=r@)=28&r@)=rE)="

@

@

@

f'(O)=p+q ]
ff(O)=—p+q (2

'O =f"(0) = p+gq=0,reR
@

If f is differentiable everywhere.

then [f| will aso be diff. everywhere.
and if two fns. are diff. then sum of then will aso be
diff. everywhere

(b)

@

f(x +y) =1(x).f(y), f(3) =3
f'(0)=11,f3) =7

lim f(x+h)—f(x)

f(¥) = hso h
= lim  fO)-f(h) —f(x)
~ h->0 h

o f(h)-1
:f(X) . hITO %

@ =@ m f(0+hg—f(0)
f'(3) =f(3) .’ (0)
f'(3)=3x11=33

[+ f(0) =f(0) . f(0) = f(0)=1]




Continuity and Derivability

Q.43

Q.44

Q.45

Q.46

Q.47

Q.48

@
f(x + 2y) = f(x) + f(2y) + 2xy

Fx) = M w
F(x) = h"—>mo f(x) + f(h) ; f(x) + 2xy
0 = g7y <= o

fi(x) = f(0) + 2

@

f(x +y) =1(x).f(y)

differentiatew.r.t. x

f'(x +y) =f(x) . f(y)

putx =0,y =5

f'(5) =(0) . f(5)
=3.2

L f(B)=6

@

2tanx +5x—-2=0

tan x = 5—X+1
T2

©)
By using L’ Hospital rule

_ Lim 2f'(x)-f'(2x) + 4f'(4x)

Xx—0 2X
. i 2f""(x) —12f"(2x) + 16f" (4x)
Agan = )Iz'_';rc‘) 5 =
12
@
f(x)= Jax2 -1 .y =1(x)

w2\ = d_y— 1 (y2
f'(x?) = 2X4_1’dx =2x.f'(x?)

dy
oy T2Xax* —1

dy
(dxszl =2

®

X dy X
y=€e"=>—>=¢e"=y
dx

Q.49
Q.50
Q.51
Q.52
Q.53

Q.54

Q.55

Q.56

Q.57

(b)

(d)

(d)

@

(€]

y=x3-=8x +7andx =f(t)

d—y—z& =3at=0

at " Xx=3at=

Cdy _ dy/dt dx _ dy/dt
dx ~ dx/dt dt — dy/dx
dx 2

:}- =
dt  3x2_g

- at=0,x=3

©odt (at= 19

@

sin(xy) +cos(xy) =0

dy
= cos(xy) | Y t X =

d
J —sin(xy) (y+xd_§j =0

dx

dy cos(xy).y —sin(xy)-y
= = =- :

dx COS(Xy).X — sin(xy).x
Wy

dx ~  x
)
y=f(x)

f(=xX) = (x) => ' (x)=—F"'(X)

fr(3)=f'(=3) =2

@)

y=Xx-x2

Y2 = X2 + x4 —2x3
u=x2+x4-2x3

du
—— =2x +4x3-6x2
dx

v =x2= dv/dx = 2x
du

u=y2

Rl N S
dv 2Xc—=3x+1
(€]

1
X=73 t 2
dx -3 2 d_Y_3(—_2] 2
dt ~t* T3 dt T 203 ) ¢

12
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Continuity and Derivability

_i_g X:ey+ey+ ..... tooo
dy _ S X = @/+x
dx ~ _3_2 g
t* _ dy 4
x =y +x) {dx +
dy
ax Tt d_yzl—e)<+y _1-x
3 dx Xty X
dy)® dy _ 1+t o~ Q.65 (4)
0 [dxj Tdx T8 t=1 .
y = 4JSinx+y
uaring both side
Q58 (3 ;‘3: it y
S 2yy' = cosx +y’
y= differentiating w.r.t. to x
y= elenx COS X
y'=
dy x2/,nx 2y h 1
ax - e (2xInx +Xx) Q66 (2
d
= % 2mx+ 1) y = coscosq, |
4
Q59 @ .
F(x) = x| yz -« dnx= X
at x = n/4, x| = x and |sinx| = sinx /1_ cos2 x | sinx |
o f(x) = xS
= /n(f(x)) = sinx . /nx Y|, 57— 4
4
1 .
= m f'(X) = cosx /nx + SInx Q67
x? -1 x? -1
= ain-1 1| —
(njllﬁ ££n£+2\/§ y=snt | T2 7| +cost | x> 1
= f'(n/4) = " > Nyt )
= Yy= E
Q.60 (b q
Q61 (1) Y o
dx
. 1
= —L vy = 2
HESET ax2 - VT VLI-x 068 (0
u=cos? (2x2 -1); Since, 91 istheinverse of function f. therefore,
differentiating w.r.t. tox 90 =f*(x)
= f[g(X)] = x
du —1x(4x) du X f[g(( ))] oral
— = & 47 = fog(x) = x,forall x
J1-(2x%-)2 dx _x2 ,
d (x5 1=x Differentiate both side, w.r.tx
du i 1-x2 _ 4 d d
= = = —{fog(x)} = —(x),forall x
dv \’—4X4+4X2 -X 2X dX{ g( )} dX( )
du 4, = fTg(x)]g'(x) =1, forall x
dvi, 4,0 2(1/2) = sin{g(x)}g'(x) =1 forall x
Q62 (By defnof ' (x)
Q63 () g0
o9 Sn{g(x)}
MATHEMATICS 13



Continuity and Derivability

Q.69 (b B
20<— —
1-(logx)? 2
Let f(X) =cos™ 1=(logx) )2
1+ (logx)
Putlogx =tinf(x)
1-t? =
- f(x)=c0s™ ~ 2
1+t i \
Now, put t = tan6, we get i
L[1-tane? !
f(x)=cos*| ——
1+tan6 .
=cos'[cos20] =20 = 2tantt=2 y=mn—20=mn—2tanx
tant(logx) dy -2 -2
Diff. both sidew.r.t ‘X’ we get dx = 5T = —
1 1 Xlx=——2  (1+Xx%) 5
fX)=2 ———5— Q78 (2
1+ (logx)® x 1
, 1 1 1 g() =1 (x) g0 = T
NOW,f(e)= 2‘_:_
1+(loge)” e e 14 x*
(~-loge=1) gfx))-f'x)=1 =6
Q70 (b
Q.71 (b) l+a“
Q72 (@ g(fe@)=—7
Q.73 (@
Q74 () Q7 @
Q75 (2 F'(x) =
Q.76 (4)_ f g h f g h f g h
y=Sm (GATx + VX V12 Fog Rl g nllg g g
fll gll hll fll gll hll flll gIII hlll
dy o1
dx  2,/x(1-x) P
y =sim(x) +sin( /x ) Q8 (3
dy 1 1 cosX sinx  CosX
dx  J1_x2  2/xy1-x f(x) = [0S 2X sin2x  2cos3x
cos3x sin3x 3cos3x
Q77 (B
differentiating w.r.t. to x
2 dy!
y =sin 1+x2) " dx|_, sinx  cosx —sinx
x =tan® =y =sin(sin 26) F(x) = COS2Xx Sin2x 2c0s2x
cos3x sin3x 3cos3x
-n COS X sinx COS X
4 —2sin2x 2cos2x —4sin2x
; Mean + .
i -1 C0S 3X sin3x  3cos3x
-2
COSX sinx COS X
+ COS 2X sin2x  2cos2x
o< -n —3sin3x 3c0s3x -9sin3x

14 Mut Cer COMPENDIUM




Q.81

Q.82

Q.83

Q.84

MATHEMATICS

-1 0 -1 0o 1 0o |0 1 O

f'[;j:—l 0 -2 40 -2 0410 -2
0 -1 0| [0 -1 0 (3 0 9

=-1(-2)+0-1(1)+0-1(-3)+0

=2-1+3=4

@

X = at?

y = 2at

dy _2a

dx ~ 2at

dy _ 1 dt

dx? ~ % dx

111

T2 2at T 2at®

@

y =f(e)

y' = (). & = y" = f'(e¥) & + & f'(e¥)

@

Let y=e*cosX

Q.85

Q.86
Q.87
Q.88
Q.89
Q.90
Q.91
Q.92
Q.93
Q.94

y,=—€*sinx—e *cosx=—e “sinx—y

Y, =—€ “CoSX+€ “sinx—y,

=Y, =-y-ye snx=2(y+y,

= Y5 =-20y,+Y,) =-2(e*sinx-y)

=y, =4y, +2y, =4y, -4y—4dyay, +4y=0 Q-
= K=4

@

y = (X++1+Xx*)"

Continuity and Derivability
Differentiating,
(L+X3)2y,y, + Y7 .2x=n*.2yy,
or 1+ X%)y, + Xy, =n’y

()
y=sinx=¢
:ﬂzcosx+eX
dx
dy 1
dx cosx+ e +0)
d?x 1 dx
—=- —sinx+e]—=
dy (cosx+e) dy
( e smx) 1

( smx) sinx—¢e*
(cosx+e) (cosxjtex)3

©

©

©

(d)

@

@

@

©

()

4

: im  f(4)—f(x?) 0

r=s, I, 1910 (3]

Apply L. Hospital rule

o 0—% imo+fpd2x = f'4)
y .2.2
d—_n(x+\/1+x ) ‘1[1+ (L+x )_MZX) =f'(4)-4=20
Q9% (0
2 .
Y nxs i)y (X %) Given,
dx 1+ x? 100 9% 2
f)= ——=+——+..+—+X+1
N1+ X2+ x)" 100 99 2
T %2 100x*  99x*® 2x
'(X) = + +—+1+0
=" 7100 " o0 2
dy [Qf() =x"=1"(x) =nx™]
1+x? = ™ =ny orv1+x? y, =ny(y, _—) =SPX)=XP+XxB+ . +x+1 ()
Putting x =1, we get
Squaring, (1+x%)y,” = n’y?
15




Continuity and Derivability

f(1)=

Q.97
Q.98
Q.99
Q.100
Q.101
Q.102

(1)99+198+

100 times
=f'(1)=100 (1))
Agian, putting x = 0, we get
f(0)=0+0+..+0+1 =f(0)=1..(iii)
Fromegs. (ii) and (iii), we get; f' (1) = 100f’ (0)
Hence, m=100

..... +1+1=1+1+1...+1+1

100 times

(b)
(b)
(b)
©
()
@

=(1+x)(L+x9)...([A+x)

(@ X3+ X3 @+ x?)... 1+ X7
- (1-x)

dy  (L—x)(=4nx* 1)+ (1 -x*)
dx (1-x)?

—anx®M 1y anx AN 1o X0

dy _
@-x)?

dx

dyl  —4nx0+0+1-0 4
dX|y_g ~ 1 -

EXERCISE-III

NUMERICAL VALUE BASED

Q.1

(0001)

f'(x)=

lim f(x+h)-f(x)
h

. {f(x)+f (h)—2xh -1} —f (x)
h—0 h

(Using the given relation)
f(h)-1
h

=lim-2x+Ilim
h—0 h—0

=lim-2x+lim
h—0 h—0

[Puttingx =0=Yyinthegivenrelaionwefind f(0) =f(0)
+f(0)+0-1 = f(0)=1]

. F'(X)=-2x+f'(0)

= f(x)=—x*-snax+C

f(h)-f(0)
h

Q2

Q.3

Q.4

f(0)=-0-0+C
= C=1
- f(X)=—x2—sna x+1

So, f{f'(0)}=f (-sina) =—sin®a +sin®a +1
f{f'(0)}=1

(0000)
Given that f(x) isafunction satisfying

f(=)=f(x), yxeR N )]

Alsof'(0) exists

= f'(0)=Rf'(0)=Lf'(0)

Now, Rf’ (0) =f'(0)

(@10
im0 .

- mwﬂ'(m ..(2

Again Lf'(0)=1'(0)

BTCLUR OIS

ByCUICI

= mwa'(m .9

[Usingeq. (1)]
from equations (2) and (3) weget, = f'(0) =0

(0001)

2

+1

1 E 2 n
f(—jz sine")e™"
4n ( ) + n2

imt ()

(sne
_I|mk
n—owo e

( )
.| sine" 1
=lim —+ 1

n

n? )
+

1)

. f(0)=0+1=1

(0o01)
t2(x) =—2t f'(x) + f"(x) = 0 hasequal roots
Discriminant = 4(f'(x))>—4f(x) f"(x) =0
fr ) _f'(x)
fr(x)  f(x)
In(f'(x)) =Inf(x)=Inc
= f(x)=cf'(x)

Mut Cer COMPENDIUM
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1

f(0)=cf'(0)=c= >

')

f(x)
= Inf(x)=2x
o f(x)=eX

t2e> —4te*> +4e* =0
= t2-4t+4=0

t=2

(i) -

(. e*-1 2)
lim X 2——
x=0  2X 2

Q5  (0008)

f(x+h)—f(x+0)
h

f'(x)=Ih|Dg

=2 = Inf(X)=2x+k=Inf(0)=k=k=0

- Iim2f (x) + xf (h) + hy/f (x) — 2f (x) —xf (0) — 0\/T (X)

h—0 h
asf(0)=0
i [f(h) f(O)j

h—0

f'(x)
J‘\/Wd _.[dx

= f(x):XI

when o, =0 areaisminimum
required minimum area=

= 2Jf(X)=x+c¢

3/2 9

2jzfdy 4(3/2) = 72sq. unit.

Q.6 (000D
f(x)=x+cox+2, f(0)=3
9(f(x)) =x

=g (f(x).f'(x)=1 puttingx=0,g'(3).f(0)=1

Now, f'(X)=1+sinx=f'(0)=1 =g'(3) =1
Q.7 (0004)

f(x+2y) f(x)+2f(y)

3 3
L x+2y) 109 ()
3 3 3
2., (x+2y) 2f'(x) .
§f [—3 )——3 .. (i)

for (i & (ii) f'(x) =f")y)

MATHEMATICS

VX)) = fr(x) = JF(x)

=9(3)=0

Continuity and Derivability

= f(x)=C=1fx)=x+d

Asf(0)=2
f(x)=x+2
f(2)=2+2=4
PREVIOUS YEAR'S
MHT CET
Q.1(D Q.2 (2 Q.3(3) Q.4(4) Q.5(3)
Q.6(2 Q.7(4 Q.8(3) Q.90 Q.10(3)
QU@ QI2() 0.I13(1) 01433 Q.I5(2
Q16(3 QI17(4 0Q.18(3) 019(3 Q.20(2
Q.21(2)
Q2 @
3sinnx « %0
Given,f(x)=1 X
2k , x=0
. . (3s
Now, it (x) =t 5
3. ( Tcxj 3 3
— —lim|sSih—= |[xn==x1Ixn==n
5x-0 X 5 5
Also,  f(0)=2k
Since, f(x) iscontinuousat x = 0.
. fQ)=limf(x)= 2 —gn:> k= fg
Q23 (@
sin3(J§).|og(1+3x) 0
wehave, f (x) = | (tan VX (€ ~1)x
a, x=0
For continuity in [0, 1], f(0) = limf (x) otherwiseitis
discontinuous.
sin3(\/§).log(1+3x)
a=Ilim 5
HOx(tan’lx/g) .(eS& —1)
3
lim 3 sin®+/x (&)
S )
Q24 (9
im _X - = limlog2+2*log2

[using L' Hospital'srule€]
=log2+log2=log4
Since, function is continuous at x = 0.




Continuity and Derivability

28 -2 —-sinx?, x<0
(0)—ng; ” =log4 gof(x):sin(x|x|)={gnxz’ x>0
Q25 (3
_ 2
e £(x) = ax+3x<2 (gof)'(x):{ 2cosx2, x<0
Given, f(x) = X -1X>2 2xcosx, x>0
Continuity at x =2, Clearly, L (gof)'(0) =0=R(gof) ()
) . . gof isdifferentiableat x =0 and also its
LHL = limf (x)=lim (@x+3)=2a+3 derivativeis continuousat x = 0.
= limf(x)=lim@x—1)=22— . |-2cosx*+4x*sinx?, x<0
RHL = limf (X) =1im (@ x—1) = 2821 Now, (o) (X){Zcosx2—4xzsinx2 x<0
Since, f(x) iscontinuousfor all values of x. '
LHL =RHL - L (gof)" (0) =—2and R (gof) " (0) =2
— 2a+3=28-1 - L (gof)"(0) = R (gof)" (0)
= 2&-2a-4=0 .. gof (x) isnot twicedifferentiableat x =0
= &-a-2=0
- @-2a+a-2=0 Q29
= a@a2)+1(a-2)=0
—4
:>(a+1)(a 2)=0 X2 +a, forx<4
: a=-1,2 |x -4
log(1+3x) 5vx Wehavef(x)= 1a+b forx =4
X .
O | | 41+b forx > 4
3
_3iim sin® (\&) -+ f(x) iscontinuousat x = 4
5 x-0 .
(V) tenx . limf(x)=lim f09=1(4)
Jog(1+3x) 5x 3 limf (x)=lim *~% 4 p=ps1 0
3x e _1 5 Xl ot [x—4]
3 . X—4
- 375 imfe)=limp—ga=al .
f(4)=a+b {iii)
Q26 @ Equating Egs. (i) and (iii), weget a= 1
CosX Equating Egs. (ii) and (iii), wegetb=—-1

|Cosx| isnot defined at x = (2n + 1) Z.¥xel.
Q.30(2) Q.31(1) Q.32(1) Q.33(2 Q.34(3)

Hence, it is discontinuous. Q35(1) Q3612 Q37(1) Q38(1) Q39
Q403 Q412 Q421) Q4314 Q443
Q27 () , Q45(1) Q46(33) Q47(1) Q48(2 Q.49(8)
Given, f(x) =x—[x—x?| Q50(1) Q514 Q52(1) Q53(4) Q54(1)
ax=11f(1)=1-41-1=1 Q55(4) Q56(2 Q573 Q58(1) Q.59(1)
lim £(x) = lim [(1-h) - [(1—h) — (1 -h)?[] Q.60(1) Q61(3) Q62(1) QB33 Q.64(1)
= - Q652 Q66(3) Q67(1) Q683 Q.69(2
= lim[(1-h) - h—h = Q702 Q714 Q728 Q.73(2 Q.74(1)
Q753) Q76(3) Q.77(3)

lim¢(x)=limpa+n)—|1+h)—(1+h)]
= lim[1+h—|-r-h]] =1 v

i y i y= tan’l m
l'_Tf (x)= l'_T = (1) \'1- cosx

. f(x) iscontinuousat x = 1.

Q28 (3

Givenf(x) =x [x|]and g(x) =sinx

18 Mut Cer COMPENDIUM




Q.79

MATHEMATICS

Continuity and Derivability

du_1
B dv 4
y=tan Q80 ()
Given,y=sin™ (6X\/l—9X2)
ol X
y=tan (COtEJ = y=sin?(2.3x1-(3x)’
Put3x=sing=y=sin?(2sin 6. cos0)
y:tan‘l[tan(ﬁ—iﬂ = y=sin(sin2q)
2 2 = y=2q0= y =2sin™ (3x)
n X _dy 1 dy 2
2 2 "dx 2 dx  1-9x?
2
@ & 6
ue 1+x% -1 = dx  J_ox?
us X 08l @
Putx =tan 6 = 6 =tan x, then Given,y = (sinx)*+sinx (1)
' Let u= (sinx)* (D)
L1+ tan?0 -1 . [sec?0 -1 Then, Eq. (i) becomes,
ustan*|———— — " |=tan}| ——— _ .
tan o tan o y=u+snt /x
On taking log both sides of Eq. (ii), we get
[ seco-1 [1-cos6 logu=xlogsinx
=tan =tan"| —— - . .
- tane | sino On differentiating both sidesw.r.t.,x, we get
1du d . .d
r —— =X—{logsinx)+logsinx —(x
zgnZQ u dx dx( g ) g dx( )
=tan™ 2 _tan‘{tan—} [by using product rule of derivative]
2sin—cos—
du 1 d,. .
- —=u| X —(sinx)+logsinx(1
= dx { Xsinxdx( ) o ()}
6_1 . a
SU=—=—tan"X |- tan (tan6)=0
2 2 [ (tn6) ] - E:(sinx)x{ X xcoylogsinx}
On differentiating both sidesw.r.t.x, we get dx sinx
du 1 . d a 1 du , . )
&=m .&(tan X):1+x2 () = d—X:(snx)X[xcotx+Iogsmx] (V)
On differentiating both sides of Eq. (iii) w.r.t.x, we get
2X
—qn1
Also, letv =sin (1+x2j 3_y=%+ 1 Zdi(\/;)
Put x = tan 6= 6 =tan™ x, then we get X X 1—(«/;) X
- [ 2tan® } & L L
v=sin
1+tan6 — (sinx)*[x cotx +logsinx] + T—*—F—
= v=sin[sing] dx J1-x 2&
= v=2q=v=2tan’x [fromEq. (V)]
On differentiating both sidesw.r.t.x, we get Q8z (I
dv 2 Given,y =x3™+ /x
E:]__FXZ ...(ll) Letyl:XsinxandyZZ&
2 Now, y, =x5™ = logy, =sinx logx
du_du dx__ 1 X(1+X ) Differentiating w.r.t. x, we get
Now, dv dx dv 2(1—x2) 2
1 dy, 1.
——2 =cosxlogx+—=sinx
[from Egs. (i) and (ii) y, dx X
19



Continuity and Derivability

dy 1 Q85 (2
L= xI™ {cosxlogx+ smx} Wehave, log (x +y) =log (xy) + 3
dx X = log(x+y)=logx+logy+3 ..()
. On differentiating both sidesof Eq. (i) w.r.t.x, we get
(dylj _[nj Z[ws—log—gn—}zﬁxgzl 1 [1+ dY} 1. 1dy
dx - 2 2 "m 2 n X+yl dx] x ydx
dy, 1 dy( 1131 1£dyj
= —2=1/2 =
Now.y, X = "dx e :>x+y+dx X+Yy X y\d
[%j _ 11 :ﬂ_ 1 o1].1 1(dyj
ox ),z 2Jni2 on dx[x+y y| x vy
Since,y =y, +y, :ﬂ_y—x—y CX+Y-X
Ax=EY W b, by g 1 dx | y(x+y) | x(x+y)
2'dx  dx  dx dx 2
Q83 @ dy( j_ y 4 (yj
= . A A
- o Lo -1 dxy(x+y)) x(x+y)™ dx X
iveny=tan! ————
y V1+ X2 +4/1- X2 Q86 (3)
Put x? = cos 20 in the given eguation, We have,
- V1+c0s20 —~/1-c0s26 X =+/a" 't (1)
Sy =tan
y V1+c0s26 ++/1-cos20 = y
and y= (i)
On multiplying Egs. (i) and (ii) we get
cosb sin6
:tan—l COSO—Sin(ﬁ: 5 COS@ COSG Xy \/ sin~ t cos 1t \/ sintt+cos ™t
cosO+sin6 cose+sme N
cosO coso = xy= /g2 {.‘Sin‘lx+cos‘lx:z}
l(1 tane) o T = xy=a* .(iii)
(1+ tan0) =ten™ tan| 7 -6 On differentiating both sides of Eq. (iii) w.r.t x, we get
dy dy -y
X—+y=0=>
:yzz—ezﬁ—lcos X dx T x
4 4
dy 1( —2x X JEE MAIN
=>—=0-= = PREVIOUS YEAR'S
dx 2(J1-x* ) J1-x* Q1 @
Q8 (O Check continuity at x = 0, and al so check continuity at
Letf(x)=ax?+bx+c thosex whereg (x) =0
- f(1)=1(-2) g(x)=0atx=0,2
—a+b+c=a-b+c (fog) (0) =-1
= b=0 (fog) (0)=0
. f(X)=axd+c Hence, discontinuousat x = 0,
Differentiating w.r.t.x, Fog(2)=1
f(a)=2aa, Fog(2)=-1
f(a)=2 Hence discontinuity at exactly two points.
(a)=2aa,
and f(a) =2z, Qz &5 .
Assumethat, f'(a),f'(a,) and f'(a,) arein AP, f(x) = (c+ 1)+ (1-c?) x+2k (1)
then & f(x+y) =f(x) +f(y)—xy v x,y e R
2f'(a)=f(a) +f(a) X Y)—F(X) il (V)XY
= 2.2a8,=2aa, + 238, Uﬂ% = L'ﬂg y =f'(x)=f"(0)—x
= 28,=a,+8
So,a,a,,a, areasoinAP. _ 1 , _
fl(al)yfl(az)!f'(ag) areinAP f(X)——z X2+ f (0)X+7\. butf(O) =0=>A=0
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Continuity and Derivability

1 or
=—— X+ (1-&».x ..
f(x) 2x (1-¢?).x ) , 3 1<x<?
asf'(0)=1-¢ “lox-1 2<
Comparing equation (1) and (2) X =X
3 so Graphwill be
Weobtain,C=—§
- f — EXZ_EX ._/
. (X) __2 4 ""3 —
20 20 , 5 20 T2 —
P2 FOOEY x +§.Zx — 11
x=1 x=1 x=1 1 1 A N ! ! !
= 2870+525=3395 51 _J3 1 e Eij@ 1 2
Q3 1 4 5 22 2275
e—+0
|2x2—=3x—7| if x<-1
f(x) = [4x2 -1 if dex<l '7I'ota| number of pointswhere f(x) isdiscontinuousis
[x+1]+|x=2] if x>1 '
for y=2x2-3x -7 Q4 ®
Now 2x>—3x—-7=0 N
L 3:\/65
4
for y=[4x>-1]=[4x3]-1, \ _1/
,_1<X< +3*‘/%~ L3+‘/% 1 v
4 4
Sin(x+2) 51
xe2 €27
3—1:2—1<x££ 0 ,-1<x<0
2 [
3 1 2x  ,0<x«<1
2-1=1—"<x<—= 1 ,otherwise
2 V2 maximum (2x, 3[ x| =
-1 -1
1-1=0—=<x<— 0 ,-1<x<0
V2 \/51 [2x ,0<x<1
y=4<0-1=-1—<x<— ) _
2 2 f(-I') =sinl g
+ iscontinuous at X = -1
1-1-01<x< L f(-1) =01
2 J2 7
.1 /3 r0) :0]continuousatx=Obutnotdiff.atx:O
2-1=1"—=<x<-— f(0) =0
J2 2
V3 f(r) =2
3-1=2—<x<1 . . _
2 f(1) :1]d|scont|nuousatX—1
m =2
fory=x+1#x-2; x<1 _ 3](m.n)=(2,3)
CJ(x+1)-x+2 1<x<2
= X+1+x-2 2<x
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Continuity and Derivability

Q5  [62] Q.7
f)=[xq+1>1
3 2x-3, x<0
90 = 2x+3, x>0

Now, fog(x) =[2(2x+3)] +1

49-18=31

fog(x) =[2(2x-3)7 +1

50

18 50-18-1=31

.. 62 points of discontinuity
Q6 (2

f(x) =min{ 1, 1+x sinx}

0<x<m

f6)= {1+sinx; T<X<2n

ax=0

f(0)= lim f(x)=1

ax=rn

f(m=lIm £ = 1M =1 Q8

ax=2xn

f2m)=lim f(x)=1

function is continuous everywhere differentiability
ax=n Q9

0;0<x<m
F(x)= XCOSX+SNX;X <X <271

0;0<x<m
fi(m) = —M < X<2n

L.HD.R.H.D
f(x) isnot differentiableatx =7

()
X+3 ; XxX<-3
f(x)=q4—(x+3) ; -3<x<0
e ; x>0
) = x*+kx ; x<0
9= 4x+k, ; x=0
_[f)+kf(x) 5 f(x)<O0
9(t) = { Hp)+k, : f)> o}

(x+3)*+k,(x+3) ; x<-3

g(f(x)) =1 (x +3)° =k, (x+3) ; —-3<x<0

4e* + K, ; x>0

check continuity at x=0
gof(0) =g(f(0))=9(f(0%))
4+k,=9-3k =4+Kk,
k+k=5 ..@
differentiate

2(x+3) +k, ; x<-3
gf(x))'=92 (x+3) -k, ; -3<x<0

4e" ; x>0
6k =4
k=2 .. (o)
k,=2,k=-1
(x+3)°+2(x+3) ; x<-3
gof(x) ={(x+3)*—2(x+3) ; —-3<x<0
4e" -1 ; x>0
gof(—4) + gof (4)=4e*-2
— 2(2¢/-1)
)

f(x) isdiscontinuousat x =1

For f(x) to be continuousat x = 0, ashould be=1
For f(x) tobecontinuousat x = 2, b + c should be =1
atb+c=2

2

Note : n should be given as a natural number

sin(x-1)
Cox-1
—(sin2+1) x=-1
f =(cos2nx) -l<x<1
1 x=1
—sin(x-1)
x-1

X<-1

x>1

f(x) isdiscontinuousatx =—landx =1

22
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Continuity and Derivability

Q10 @ Q14 (2
4x? —8x +5(8x* —4x - 2x+1>0 -
F(x) = | 5| f(3x)-f(x)=x
|4x2—8x+5|8x2—4x—2x+1<0 x)  x
f(x)—f(—jz—
3 3
2 1 1 X X X X
4(x-1) +1x<=Ux<= X— = f(_)_f(_j:_
f(x)= ‘11 i 313 F¥)
4(x -1 2+]_ X< — 5 ..................................
[ b ] 4 2 X—)3 X X X
G-
L |3 3) 3
4(x-1)"+1 x<—ux<§
1 1 X X 1
- - = f(X)-f| = |==|1+=+..+
f(x)= 2 1 55%<3 (x) (3} 3[ 3 3n_1}
1 1
3 —<x<l-— 1
4 \/E X —37
ot g x (il LY 3
= f(X) isnot diff. at AN
3Ans. :f(x)—f(ij:5{1+1+...+ 11}
Qu @ ') 3 3 3
log, (1+5x) —log, (1+ ax) Jif x %0 1_i
f(x) = X x| 13
10 pif x=0 3
3 1_%
””3 In(1+5x) — In(L+ ax) 10
x> X X X 1
Using expansion =t0)-f (?j - 5{1_37}
IirT(}(5x+...)(—ocx+...) _10 Apply lim
X X n—ow
5-a=10 =-5
e JORICES
Q12 (M Putx=8=f(0)=3
1 Putx=14
f(x)=42x+3|+9 X+§ —12[x+20] f(14)=3+7=10
A5 1
X e (=20, 20) Q ():k
f(x) isnot Diff. atx =1 e {-19,-18, ...0, ... 19} =39 f° f
1 o
ax=Il+ E,f(x) Non diff. at 39 points
log(x* +x% +1
g( . - ) (X2+X4)
-3 . . -3 . (x*+x7%)
Check at X =— Discontinuousat X =— lim
2 2 X0 1-cos’ x
S N.R. (1) COSX
No. of point of non-differentiability
=39+39+1=79
Q13 @ log(L+(x*+x*)) , |
f(x) =[x — L|coslx — 2Jsin[x — 1| + (X —3)x2—5x + 4| rxty (1+x7)
=[x—21jcosx —2lsinjx = 1|+ (x —3)[x = 1| [x — 4] —lim X COSX

= K—1|[cosx — 2iSnK 1| + (X—3) [x—4[] 0 S x ),
Non differentiableat x =1andx = 4 v (x%)
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Continuity and Derivability

Q.16

Q.17

Q18

@
k=—2@1=1
a @
@
9(f(2) +f(1-2)
(2] +f(-1)
(4+Db)+(a-1)
a+tb+3 Q)
Now f(x) iscontinuousf(0-) =f(0*)
a=4
g(x) is continuous
9(0) =9(0)
=1=b+16
b=-15

. Ans.a+b+3

4-15+3=-8
(2]

Ip(729+x) -3
f (x) iscontinuousat x =0, f (x) = 7 [(729+ ) -9

Sof (x) =" f(x)

x—0

Up(729+x) -3 7p(729-3) -

— limf
FO=0 Y729+ ) -9 0
Yp(729) =3=P=3
1
3((1+7’;9)7 —1}

10 1, 32[(1+ x )2_1j

I+——+...
Cm 1 7.729
F(0)= xo03 SR
729.3
(using binomial expension)

+..-1

7720 13 _1

1
q 379 7q

E'—
f@=",3"q _

x—0

3.729

79f(0)-1=0=9.79f (0)—9=0
63qf (0)—p?=0

[248]

f(x+y) = 24 (y) + 2f(X) (1)
Xy

f(y +x) =2(x) + 44 (y) (2
D-0?

0=1(x) (#—2) +f(y)(2—4)

f(x) f(y)
= (2 -4 = 2 - &) =Msay)

= f(x)= M2, f(y) = M(2—2)
f/(x) = A[2XIn?—41n%]

f'(4) _16In°-256In* _In°[16-256x2] = 496
f(2)  4In*-16In*  In’[4-32] ~ 28 _

2 Answer= 22 14248
14:> nswer = 14>< =

@

-1 .£=5 X
2 2
1Y
4
_y’ _
= 4_y2 X
_Xy!:5 4_y2
5 1
xy'=y' = —. (-2yy)
2 l4_y2
o5y'-y
=>Xy"'+y' = 4-y?

-5
Xy!!+y!:5. 7 y
xX2y" + Xy’ =-25y
(€)

a -1 0
f(x)=|ax a -

ax’ ax a

1 -1 0
f(x)=alx a -

x> a a

=g[1(af+ax) + 1(ax +x%)]
=f(x)=ax+a)’

so,f/(X) =2a(x + @)

as, 2f'(10)-f'(5) + 100=0
—2x23(10+a)—2a(5+a) +100=0
= 40a+4a82—10a—2a¢+100=0
282+30a+100=0

= &+15a+50=0
(a+10)(a+5)=0
a=-10ora=-5

Required = (-10)2+ (-5)? =125

24
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Q.21

Q.22

Q.23

Q.24

MATHEMATICS 25

[16]

y(x) = (x)

/ny(x) = x*-/nx

% y'(x) = —2+2x nx

y'(X) = y(X)[X + 2x £nx]

yO=Ly'@®=1

V" (X) = y'(X)[x + 2x-n(X)] + y)][1+ 2(1+ InX)]

y'@)=11+0]+11+2) =4

Oy _(@).0x

dx?>  ldx) dy?

=4= —ﬂ ﬂ =-4
dy® ' dy?

Ans. —4+20=16

Q.25

@
f(x) =x3+x-5=
andf(4) =63
f(g(x)) =x

f(x)=3x+1
= () =f(x)

1

9 (109 = 15

= g'(f(x)):32—+1

= g'(63)=—

@

f(x) +f'(x) +f"(x) =x°+ 64

f ispolynomial of degree5
f(X) = x>+ ax*+ bx3+ cx2+ dx+e
f'(x) = 5x*+ 4ax3+ 3bx2+ 2cx+d
f"(x) = 20x3+ 12ax?+ 6bx + 2¢
sa+5=0=a=-5
b+4a+20=0=b=0
c+3b+12a=0= c=+60
d=-120ande=64

f(X) =x5—5x*+ 60x>—120x + 64
=(x=1)(x*—4x3—4x2+ 56x —64)

forx 4

Q.26

im0 9 4 445664

x->1 x—1

)

f(x) = tan?(sinx — cosx)

fi(x) =

° Ans.

cosx+sinx
(sinx—cosx)® +1

_3n
4

Continuity and Derivability

X 0 3n i
4
fO | n| tan*v2 | =
4 4
f . =tanty2
I
min 4
sum= tan*+/2
—cost L %
J3 4

)
x(t) = 2.2 cost/sin2t

dx _ 2v2cos3t

dt \sin2t

y(t) = 2/2sinty/sin 2t
~ 2/2sn3t

sn2t

dy
dt
ﬂ—tht
dx
LY
dx

S

d ( /ncosecx
m2—| ————
dx\ ¢ncosx

(nz{én(cosx){—cotx} — /n(cosecx){—tan x}}
(fncosx)’

T
X =—
4




Continuity and Derivability

Q.27

znz{—zn(éjwj(\/ﬁ)}
(%)
{én«/ﬁ + En(x/ﬁ)}

(—1€n2j2
2
[16]

(C+y2=3) + (C-y?-1)P=2
(a?+a>-3)+(a?-a*-1)°=0 = 20’=4 a= /2
Differentiate the equation (1)

2x+2yy’ +5(x*-y*1)*(2x-2yy’) =0

2(x+yy') +5(x*~y*-1)%. 2(x-yy') =0

X+yy' +5(x2—y?-D*4(x—yy')=0.... (1)

V242 +5(-1)* (V2 —/2y)=0

/n2 =4Ans.

y=5
Differentiate the equation [1]

1+yy” +(y)*+5.4 (X~ y*=1)° (2x - 2yy) (x—yy') +
5(x=y*=1)* (1-yy—(y')?) =0

Put

1+ /2y +%+20(—1)3 (2v2-242 xg)
2 —\Eg)+5(—1)4(1— 2y —%)zo

13 ) 1 . 45
Z+x/§y +4Ox(—5)+5—5\/§y —7—0

(1—43-§j 42y -15-0=y—— -2

INF
23 32
3y yy =3x 5 +2\/7 \/»—2—16

26

Mut Cer COMPENDIUM



Application of Derivatives

APPLICATION OF DERIVATIVES

EXERCISE-l (MHT CET LEVEL)

Q1 (@
Velocity, y2 =2 3x
Differentiating with respect to t, we get

dv dx dv dv 3
V—=-3— =2v—=-3 =__=
i P a Y T w2 05
Hence acceleration isuniform.
Q.2 (h)
Displacements g— —4t2 4+ 2t
Now velocity v = -8t + 2 anditsacceleration a=-8
ds 1
— =8x=+2=-2
So (thﬂ/z 2" and
d%s
[ﬁ -8 Q6
t=1/2 Q-7
Q.3 ) Q.8
9
dD da Q
Differentiatingw.r.t.t; —— = V2= Q.10
dt at Q.11
A2
@—i%—ixo5cm/s ?
dt J2dt 2 o
Let Areais denoted by A
dA da
—=2a— (i)
dt dt
when areaA is400 cm? then a= 20
dA 0.5
S = 2% 20x—= =102 e
St \/E cm?/sec
Q4 (1) Q.13

Let A sg. unitsin the area measure when
theradiusisr units. their A = 71
Differentiate both sidew.r.t ‘t’

LaNPLIN0)
dt dt
dA dr
2R3
We have, it dt

Fromegn (i), we get

3Cﬂ = an_ﬁ: 3 =2nr
dt dt

Now, C=§TC(6)=4TCWhenI’ =6

@

d*x
We have, a= F =-98
Theinitial conditionsare x(0)=19.6 and v(0)=0
v= % — 0.8t +v(0)=-9.8t

| x=—4.9t + x(0)=—-4.9t* +19.6

Now, the domain of the function isrestricted since
the ball hitsthe ground after acertaintime. To find
thistimewe set x=0 and solvefort.
@)
@)
@)
@
(€)
2
@
Given therate of increasing theradius
dr

:EZS.Scm/sec andr =10cm

Areaof circle — 2, A = nr2

dr = Z—?zanle3.5

:%:ZZOcmZ/sec,

©)

X
Let y=+/x?+16 and =1

x—l—x_ -1

dy 1 2 12,0 3 _ -
:&_z(x +16) (2x}§d—x (x—1)2 (x—1)2

ﬂ_ -X 1
Tdz 4216 1U(x-1)

(&) _-sf -1
dz/,_s 5 5
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Application of Derivatives

Q14 @3 which is not possible as square of area number
2 cannot be negative. Hence, thereis no
d>t< _2at+b— Z_g —2a tangent to the given curve having slope 2 .
t
Q21 @
15 4
Q15 & | o (x) = VX (7%= 6) = 7x¥?— 6xV"
If displacement o (velocity)2 soc v = V© =28s
Hence ais constant. f'(x) = 7><§ X2 _BXEX—W
Q16 @ 2 2
t = 2for the point (2.-1) When tangent isparallel tox axisf’(x) =0
21 _
dy a4t - 2=§frt_2 xV2 _3x 2 _
dx 2t+3 7
Q17 @ Ax=-2
d d 2 Jx
y y
y=SNX= —=CoSX = =-1
ox (=0) oc7X—2:>X—E
There fore the equation of tangent at ( m,0) T 7
Is given by 022 ()
y-0=-1x-7m)=> x+y=rx Q23
Q18 (2 Q24 (4
Differentiating the given equation of the curve Q25 (1)
d d 2% Q26 (2
4x — 6y.(—yj _0. Y _ X Q27 ()
dx dx 3y 028 (3
[gj _23_, Given y2=2(x-3)  ..(0)
dx (3.2) 32 _ . 5 dy :>dy_1
Differentiatew.r.t. x, Y- ax Xy
Q19 @
-1 -1
Slopeof normal toy =f(x) at (3, 4) is 13 Slopeof thenormal (ﬂj
dx
Thus, T -1 =tan| — 3m =tan| = n T Slope of thegivenline = 2
f(3) 4 273 y=-_2
T 1 Fromequation (i), x =5
=—cot 4 =r@E=1 - Required pointis (5,-2).
Q.20 '(If?\ nof the _ Q29 (2
at t
eeqli ‘on ot e given arvers y= 2x2 — x +1. Letthe coordinates of Pis(h, k), then
y=——,X#3 q
X—-3 , (—yj —4h-1
The slope of the tangent to the given curve at any dx (h, k)
point (x, y) isgiven by dx  (x—3)° -~ Pis(1,2).
For tangent having slope 2, we must have Q30 (@
-1 1 1 dy
=—— —t+—-2=0
(X_3)2 \/;4‘\/;—3,2\/; 2\/§dX ,
= 2(x-3)?2=-1=(x-3)2=-= Sy Wy
Tdx WX
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\/y(X—X)

Hencetangent at (x,y)is Y -y = "

or X y+Y\/_:\/E(\/;+\/§):\/ax_y
DA S
o Tadx ' ajy

Clearly its intercepts on the axes are ./a/x and

.
Sum of theintercepts = \/E(\/;+ ﬁ): Jasa=a.

Q31 @
Q32 Q.38

Q.33 (3 x=a(t+sint), y=a(l-cost)

&y _dy/dt _ asiny
“dx  dx/dt al+cost) - '3 Q-39

2
d
Length of the normal = y,/1+ (d—Z)

= a(1- cost) 1+ tan?(t/ 2) = a(l-cost)sec(t/2)
= 2asin?(t/2)sec(t/2) = 2asin(t/2)tan(t/2).

Q34 (@ xy=c? i)

d
-+ Subnormal = y—y
dx

2 d A2
. NV i
- From(i), y= p = i 2

2 L ur2 _ue2y2 8
Subnormal:yx(c): ye _-ycty® -y

2 2 4 2
X (Czj c c
y

<. Subnormal variesas y°3.

Q35 @

Q.40

Q.41

y:xzj%:mlzzx
X

d 1 d 1
j_yzmzz_j(—yj == Q.42

Application of Derivatives

. Angleof intersection, 1+mym,
, 1
2_ 3
T112x172
2

=0=tan 1(3/4)

©)
©)

Letf(x)=x?-x+1, f'(x)=2x-1

Obviously f'(0)=-1and f'(1) =1

Thus function is neither increasing nor decreasing.
©)

Let f(X)=sinx—bx+c

S f'(X)=cosx—b>00r cosx>b Or b< -1
€)
Here, f (x) = (X(Xx - 2))?
=f'(X) =4x(x-2)(x-1)

For f (x) asincreasing, f'(x) >0
So, 4x(x-1D)(x-2)>0
=>x(x-)(x-2)>0

Fromthe abovefigurerequired mterval is,
(0,) U (2,0)

@
Let f(x) =sinx —kx —cwherek and ¢ are constants.
f(x) =cosx—k
Thus, f(X) = sinx —kx — c decrease aways
When k >1
)

(A) Graphof f(x) = cutsx-axisat
infinite number of points. (5 of list 11)
(B) Graph of f(x) = Inx cutsx-axisinonly one
point. (4 of list11)
(C) Graph of f(x) =x>-5+4 cutsx axisintwo
points (2 of list I1)
(4) Graph of f(x) = e* cutsy-axisin only one
point. (3 of list11)
€
Sincef (x) isanincreasing functionin[—1,1] and it
hasarootin (-1,1).

-, Only statement | is correct.
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Application of Derivatives

Q.43

Q.44
Q.45
Q.46

Q.47

Q.48

Q.49

Q.50

Q.51

@

A function f(x) issaid to beincreasing functionin
[a b]iff'(x)>0in[a, b].
Givef(x) =xx
Differentiate equation (i)
' (X) =x¥(1+logx)
Putf'(x)=0
0=x*(1+logx)

,0

=x=0,logx=-1=x=¢g'= X =
1) .,
Now, in [O, E}f x)>0

1
. f(x) isincreasingininterval 0, =

e
o)
(1)
@)

@ f(x)=-2x>-9x?-12x +1
=f'(x) =—6x>-18x —12
Tobedecreasing f '(xX) <0,i.e,_6x2 -18x-12<0
= X% +3x+2> 0= (X +2)(x+1) >0
Thereforeeither x <« —2 or x> -1
=X € (~1,0) or (—0,-2)
&)
f(x) =x2 = f '(x) = 2x > 0 (for increasing)
i.e, 0<x<o.Thus f(x) isincreasingin (0,) .
@
X3
f(x) :x4—?:>f (x) = 4x% - x?
Forincreasing 4x3—x? >0=x?(4x-1) >0

1
Therefore, the function isincreasing for X > 1

1
Similarly decreasing for X < e
@

change according to its monotonocity.
(1) The graph of cosec x is oppositein

5%

ﬂi . 2:1!
9 /2 E 3m/2 E

Q.52

Q.53

Q.54

Q.55

If the function is monotonic, then its value must Q.58

Q.59

@

f (x) =sinx —cosx

f'(x) = cosx +sinx =x/§{cos(x—gﬂ =\/§cos[x—%j

For f(x) decreasing, f'(x) <0

T T 3n .
25 *72)< % (withino<x<2r).

@

Here f (x) =|sin4x + 3|

We know that minimum value of gnx is -1 and
maximum is1.
Hence minimum |sindx+3|=|-1+3}2 and
maximum |sin4x + 3|=|1+ 3= 4.

©)

Obvioudly, ithasamaximumat x =1.

@

At an extreme point of afunction f (x), slopeis
alwayszero.

Thus, At and extreme point of afinction f(x), the
tangent to the curveis parallel to the x-axis.

@

@

dy X
— yX — =X | X
Lety=x" = 4 (1+logx)

dy
—>0: xX
For i 7 X" (L+logx) >0

= 1+logx >0=log.x > Ioge1
e

1
For thisto be positive, x should be greater than o
@

2 , X% —2x+3
Here f (x) = XX _ix = f'(x) "

Obvioudly, itisnot derivableat x =1 i.e.,in (0,3)

Also f (a) = f (b) doesnot hold for [-3,0] and[1. 5, 3]
Hencetheanswer is(4).

@

PRICEION

b-a
b a

e —€ e-1 .
=f" ——=¢e = c=log(e-1]
— CE g(e-1).

f(c)
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Application of Derivatives

Q60 ( Q.66 (4
Let aand b are given, then area
f(X)=X(X—l)2;X€[O, 2] L I @ 1
f(b) f(a) A:Eabsinc :EZEabCOSC
f (C) :T; f (2): 2,f (1) =0 HenceA is maximum, when
f'(x)=3x"-4x+1= f'(c)=3c’ =4c+1 3—2:0:C:90°
f(2)-f(0 67 1
Thus, 3C2—4C+l=—( )-1(0) Q @ 4 . _
2-0 Let y=sin’ XCOSX+4c0s’ X(—sinx)
——2_0—1:>c—ﬂ dy
- 2-0 3 —= = 4sin® xcosx+ 4cos’ X(—sinx)

Q6L (2 dx
If Rolle stheoremistruefor any function f (x) in [a,b]. 4sin XCOSX(Si n? x — cos? X)

Then f (a) =f (b), therefore[-2,2]. . .

Q62 () (2sin2x)(—cos2x) =—sin4x
f=f(3)>a+b-5=3a+b-27=a=11 dy )
whichisgivenin option (1) only. "'&:033”14)(:0

Q63 (2
f(b) =f (2) =8-24a+10=18- 24a = 4x=0,7,2m,3n

f(a)=f(1) =1-6a+5=6-6 3
@=1® ar 2 orx:O,E,E,—n,... S x="
f(x) =3x?—12ax +5 42 4 4
From Lagrange's mean value theorem, Q68 (1)
.. f()-f(a) 18-24a—6+6a X 2 1 _
f'(x)= = —+— X+—2=>2
(x) o a > 1 > % isof theform » and equality
- fi(x)=12-18a holdsforx=1
At x=1,3x2 19257 4 5-12-18a Q69
4 16 4 Letf(x) = ax®+ bx2+bx2+cx +d
147 35 35 Putx=0andx=1
=>R="r-ToR=r > a=4 Then, weget f(0) =—1andf(1) =0
Q.64 (9 =d=-landa+b+c+d=0
' —at+tb+c=1 ..()
Letf (x) = x? logx =f"(x) = 2xlogx + x Itisgiven that x = 0 isastationary point of f(x), but
nroy itisnot apoint of extremum.
and £7(x) = 2(1+logx) +1 Therefore, f'(0) = 0=f"(0) and ' (0) =0
Nowf (1) = 3+ 2logeland Now, f(x) = 3ax2+ 2bx +c,
f"(e) =3+ 2loge e =f "(x)=3ax*+2bx +c,
l 11} ”
f(x) has local minimum at Je’ but x lies only in f (X):63X+2bandf (x)=6a
' ' f'=0,f"(0)=0andf"(0)=0=0
interval (1,e) sothat hasnot extremumin c=0,b=0anda=0
Hence neither a point of maximum nor minimum. From Egs. (i) and (ii), we get
Q65 (@ a=1,b=c=0andd=-1
X+V=16= Vv =16-X 2 12 22 4 (16— x)2 Put thesevaluesin f(x)
y y = X“+y°=x“+(16-Xx) wegetf(x) =X 1
Let z=x*+(16-x)°> = 2'=4x-32
TobeminimL(Jmof i z">0,anditis. Hence j f (X) dx :‘[de :_[ldx =x+C
' ' Ux-1 x® -1
Therefore 4x-32=0=>x=8=y=8
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Application of Derivatives

Q.70
Q.71

Q.72

Q.73

@
4

Let one side of quadrilateral be x and another side be

y
S0,2(x+y)=34
Or,(x+y)=17

We know from the basic principlethat for agiven

perimeter square hasthe maximum area, sox =y and

putting this value in equation (i)

X= y—E
2
Area = x.y=£x£=@=72.25
2 24 4
@
Let=xe".
Differentiateboth sidew.r.t.”x’
:>g:ex+xex =e*(1+x)
dx
Putﬂ: 0
dx
=e‘(1+x)=0
=>x=-1
d2y X X X
Now,W:e +e"(l+x)=€e"(X+2)

2
(d 2’) -1i050
dx wp ©

Hence, y = x€* is minimum function and

1
Ymin ==

3

V = nr’h = constant. If k be the thickness of the sides

then that of thetop will be (5/4)k.
- S=(2rrh)k + (nr?). (5/4)k
(‘S isval. of material used)

. r*=4V/5z
d’s 4 5 15 N
F:k 7+§TC :?kﬂ? = positive

Whenr®=4V/5r or 5rrd=4nr’h

o=
als

Q74 @
Q75 (4
Q76 (3
Q77

Given function f:-R —» R is to be maximum, if
f'(@=0and f"(a)<0.
Q78 @

f(x)= I: tedt = f '(x) = xeX —0=x=0

" 7)(2 2 ”
f'(x)=e" (1-2x%); f"(0)=1>0
- Minimumvalue f (0) =0
Q79
Let y = exp(2++/3c0sx +sinx)
=y’ =exp(2-++/30sx +8inx) (—/3sinx +cosx)

Now y'=0 = _/3sinx +cosx =0

. T T
sn| x—— (=0 -
= ( 6) =X 6

s
Now y" is—veat X:E

.. Maximum value of

refer 2] e
Q.80 (2

EXERCISE-1l (JEE MAIN LEVEL)

Q1L (@

Q2 (9

Q3 (¥

Q4 (3

Q5 (@
y =tan(tan x)
=>y=X

=>x=-x +2
X+ x —2=0

Jx =1=x=1,y=1
dy 1

dx  2Jx
dyl 1
dXlay "7 2

Slopeof normal =2
Equation of normal is2x—y =1
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Q.6

Q.7

Q8

Q.9

MATHEMATICS

Q)

dy
d_y:@_ a(—sino)
dx dX T a(l+cos6)

do
e
dxe_n=T=—ﬁ
tan 1 = T
0O=——F= =o=n—7
NE) 6
_5n
“ 6

@
Let the point on parabola P (2t, t?)

2

=X
y 4
dx - 4 - 2 |21,12)

y=x-4
slope=1 = t=1 soP(2,1)

©)

y—e¥+x=0
.'.ﬂ—exy(y+ xﬂju:o
dx dx

ie, %— y(x+y)—x(x+ y)%+1: 0

e, [1-X(x+ y)]% = y(x+y)-1

for the vertical tangents

1-x(x+y)=0

_ 1-x°

e, Y= » S Xx=landy=0

€
Givneequation of alineparalld to X-axisisy =k.
Given eqution of the curveis y = \/;, On solving

equation of line with the equation of curve, we get x
= k2 Thustheintersrecting point is (k?, k)
It isgiven that theliney = k intersect the curve

Q.10

Application of Derivatives

y= \/§ at an angle of n/4. This meansthat the
slope of the tangent to

y=+x a (K k) istan(i%j:il

:(ﬂ) =tl= (i) =1
(0 2X e

:>k:il
2

)
Let (x1, y1) be one of the points of contact.
Given curveisy = cosx
d .
= —y =-=9nX
dx

:ﬂ =-sinx,

dX (X1.¥1)

Now the equation of the tangent at (x,, y,) is

d
y-yl —yj (x=x,)
(X1,¥1)

dx

= y-Yy, =-sinx,(0-x,)

Since, it is given that equation of tangent passes
through origin.

5. 0=y, =-sinx (0-x))

=y, ==xsnx, ..(i)

Also, point (x,, y,) liesony = cosx.

.y, =C0SX,
From Egs. (i), (i), weget
y2
sin’x, +Ccos’x, ==+ +y; =1
X

1

2 2 2,2
=X =Y, +Yi Xy
Hence, thelocuso (x,,y,) is

X2 — y2 +y2X2 — X2y2 — X2 _y2

@

@)

P y?=8x

C . x+(y+6)°=1
ﬂ:8:>d_y— 4

2y

dx dx vy




Application of Derivatives

"',»'Q 1:& =-1
dx |p
Equation of normal of parabola dy
y = MX —2am—am? m,=g |~ 1
if passes through (0,—6) Q
—6=—2am—am?®
-~ a=2 my —myp -1-1 _
o and=7 1|
=3=2m+m? +Mimy
m*+2m-3=0 = m=1
Point on parabola (am?, —2am) =(2,-4). e:%
Q13 (2
X3+ pxy?=—2; 3xy —y3=2 Q16 (2
3x2+P(y*+2xyy’) =0; 6xy + 3x%' —3y%’ =0 v rzh( r 2 1)
- Tx e -
m_,_3x2+py2_ m.=y = 2xy h 42
' —2pxy 3x? -3y 77 lit/min.
m, xm,=-1
(3x2 +py?) o _ (=6xy) _ 1
—2pxy (3x% - 3y?)
3 (3x%+py?)
p (3x%-3y%)
p =-3 only possible
Q14 (2
2 2 3
a b 3 4 12
2x _ 2y _ - &V _modh
2 2 yrxy Oy t 4 dt
m2:y’ == =
X
b® x 22 1 dh
m=y =—% — _ g . _
=Y aZ'y 77X103_7XZX7OX7OX at (- 1litre=10%c.c)
m xm,=-1
dh .
b2 Xq V1 v gt = 20cm/min,
—2 — X | T :—1
a‘c Y1 X1
2= g Q17 (@
V =nr’h
Q15 (@ dv _ dh
y=x2—5X+6 ot ™ G
y=(x-2)(x-3) v/
dh v/ dt 1
d —_— = = — i
% =2X=5 dt 2 9n m/min.
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Q.18 (9
Q19 3
Q20 (1
Q21 (2
Q22 ()
Q23 (1
LN.=y1/1+y’2
_y 2
L.N.= y 1+y
(LN .,
LSN _w _
Also "o =7y 7Y
y!
Q24 (3

' (X) = (22+ 452+ 62x* +...... + 100°x%) x
| +
0
signs of f'(x)
Minimumatx=0

Q25
f(x)=tan—1x,|x|<g

T T

—_— >_

> Ix], [x]= >

nl/?2

—-n/2

T . .
X=- E ISmaxima

Q.26 &)

a2_1 2
’ —_ X _3
f (X)—3(a2+l]

f"(x)<Ofordl xif&#-1<0=>-1<a<1l
Q.27 (6]

f(x)=tanx —4x=f'(x)=sec’x -4

—Tt Y
When?<x<§,l<secx<2

Therefore, 1 < sec’ x < 4

Q.30

Q.31
Q.32
Q.33

Application of Derivatives
:>—3<(seczx—4)< 0

Thus, for _—;<X<g,f '(X)<O

-T T
Hence, f is strictly decreasing on (? ,gj
o

(2
Let

f (x) = 2x* +15and g(x) = 9x° —12xthen
f'(x)=6x°vxeR

. f(x) isincreasing function vx e R

Also, 9 (X) >0=18x-12>0= x>§

2
Thus, f(x) and g(x) bothincreasesfor X > 3 Let

F(x)=f(X)-g(x),F (xX)<0
( because f(x) increases less rapidly than the
function g(x))

= 6x*-18x+12<0=>1< x< 2

@)
Given: f(x) = 3x*+4x3—12x?+ 12
Differentiating with respect to x, we get
() = 123 +12x2—24x
For f(x) to beincreasing
f'(x) >0= 123+ 12x>—24x>0
= 12x(x?+x-2)>0
= 12x(x-1)(x+2)>0
=>X(X-1)(x+2)>0
=-2<x<0orx>1
——o—t— o~ oty 4o

-2 0 1
It meansx (-2, 0)u(1, ).
Hencef(x) isincreasingin (-2, 0) and (1, o)
@
4
4
f(1)=1-1+10-5=5
for greatest valueat x = 1
f(1)<f(1) b*-2>0

—2+log,(?-2)<5; b>42 orb<—y2
log, (b*—2) <7

b?—2<27

b*<130

-4/130 <b< 130
final answer b e [-/130 , =2 ) U (2, /130 ]

MATHEMATICS
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Application of Derivatives

Q.34

Q.35

Q.36

Q.37

@ Q.38
Lety=ax?+bx+c

A:3=4a-2b+c ...(1)

B:l=a-b+c ...(2

D (2,7)

C:7=4a+2b+c ...(3)

b=1=a=c Q.39
y=x?+x+1

Method (1) Make determinant using area of ABCD

then diff with respect to x,,

Method (2) Areawill bemaximumi if tangent at C will be

parallel toBD

d o +1 (7-1]
= +1=| ———
0 2+1

dx Q.40

(LT
point 24

@
f(x) =x®(1-x)™
f7(X) =25x% (1—X)—75x® (1-Xx)“=0
® e)
1/'4
= x=1/4
x=1/4Amaxima

©)
f(x)=x f(x) =x*
() =x*(1+¢nx) f'(X) =—x*(1+/nXx)
1+/nx=0 x=1e
x=1e

S ® ® S)
| |
1/e 1/e
1/e— minima 1/e— maxima

' . 11/e 1 o
min. value= | — fle)=¢" Q.41

product = (e¢) (e)¥¢=1

@)

x=1local maxima

©)

1

y

- 3sin0—-4cos0+7

;—5<3sin0—4cosd <5

1

Yiin = (35in0—4C0S0 + 7)pay

1

1

=5+7=E

@

1

1

F0=3x +1)273 ~3(x 1)
f’(x)=0 =x=0
f(0)=1+1=2

f(1)= 2

max. vaue=2

Si nofE
9 dr

Maximumat r =

(1)

N |0

Let A bearea

A=(2) (), x>0

@
dx

(

X +—=

72

-3
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(0.1

Figure

1

Application of Derivatives

3

v(h)=3. T?, h(?—h?),

V(h=0= hz%

Atx= T ,A ismaximum. Q44 3
1 P Pl (4x.)
LargeﬂareaisZﬁ el 5 e
6 -9%;
Q42 (O :( 5 j(4xl)
1
S_Eab dA g4
A (circle) =nr? a S 5 (6-18x,)
y = 4x
N
(X, 4X,)
__(a®+b?) (525,
=T 5
4
6-4x;
A(x,0) [ : ,o] D= s 6
4s? dA
T la? s 2 - _ _1
4{ az} dx, O:>x1—3
AM >GM 4 (1j ( 1) 4
2 2 A=—|=||6-9x=| ==
4S 2 4S 4 313
@+~ 224@"X— = @+ — 24S
a a
. Q45 (@
Area(max.)= — (4S9 ==nS
4 p+d
P52 b
Q43 (P+0)*=4pq
AGs 2 .23 a Pro=1
= — a0 = T = 2 __ =
3 72 3 (P+q)*-2pg=1
2pg=(p+0)*-1
2= i + h2 4pq:2(p+Q)2—2
3 2(p+0)*-2<(p+0)?
(P+0Q)*<2
p+qs+2
Q46 (1)
B
n 0 3x2 +9x +17
X)=——%—"
3x2 +9x +7
c a A
fX)=1+ ————
e 3x% +9x + 7
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Application of Derivatives

For f(x) to be maximum the quadratic expression should

etitsmin. value= 0.3

gertismin. vale == 42 " 12

max. valueof f(x) =1+ 3/12 =41
Q47 @

x=1=3=a+b

d?y

—~ 2| =0=3a+b=0

dx?|,

3 9

=3P

Q.48 @

If the sum of two positive quantities is a constant,
then their product ismaximum, whenthey are equal.

- a’x” b?y? ismaximumwhen

a2X4 _ b2y4 =l(a2X4 + b2y4) _ C_4
2 2

4 4 8
. ¢t ¢t ¢

. maximumvaueof a’x*-b’y*=-"—.— ="
2 2 4

¢\
4a2b2j ~ J2ab

Maximum value of xy:(

Q.49
Q.50

©)

©)

Forx e (g b)

dy d2y

ix T= 02 >0

Ay

- = _

dx

ﬂ < Oiﬂ >0
dx idx

a c b

dx - dx?

&)

f(x) =23 —9ax®+ 12X + 1

f’(x) =6x?—18ax + 122
=6(x?—3ax +2a0) =0

Q.51
a>0

Q.52

X=2aa
f7(x)=6(2x-39)|,_,,.=6a>0
f’(x)=6(2x-39)|,_,=—6a<0
X=2aisminima=q
X=aismaxima=p
p’=q
&=2a
a=0(reject),

(4)

L et us assume the functionsf(x) and g(x) given by

a=2

i
f(x) = tanx —x and g(x) = x —sinx, for 0 < X < 5

Now, f’ (X) =sec>x —1and g’ (X) = 1—cosx

—=f'(x)>0and g'(x) >0, Vx e(o,gj

—f(x) >f(0) and g(x) > g(0) VX e (o, gj

=tanx—-x>0and x —sinx >0, vXe[O,%j

Q.53

Q.54

=tanx > xandx > sinx, VXE(O,gj

=SnNX < X< tanx VXE(O,%J

@

f(x)=x2-3x [0, 2]
f'(x)=3x2-3=0
f(1)=1-3==2

f(-1) =—1+3=2(reject)
f(0)=0

f(2)=8-6=2

max. value=2

@
For Rolle'sthroremin [a, b]
f(1) =f(b).
In[0, 1] = f(0)=f(1)=0
Q the function hasto be continuousin [0, 1]

=0 =1Imf(x) =0

= x=%1

0

. . logx
— limx*logx =0 = lim 9x _

x—0 x>0 x ¢

. 1/ x
ApplyingL.H. Rule lem—

o

— lim =0=0a>0

x=>0
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Q.55

Q.56

Q.57

Q.58

MATHEMATICS 39

@) Q.59
Letf(x)=e*+x-2
check forx=1
Then, f(1)=€’+1-2=0
So, x = lisareal root of theequationf(x) =0 Letx =
o bethe other root suchthat oo > 1 or o < 1.
Consider theinterval [1, o] or [a,1].
Clearly f(1) =f(a) = (0)
By Rolle'stheoremf’(x) =0hasarootin (1, o) orin
(o, 2).
Butf'(x)=ext+1>0,foral x. Thus,
f'(x) =0, foranyx € (L,a) orx € (a, 1),
whichisacontradiction.
Hence, f(x) = 0 hasnoreal root other then 1.

@

dy

—<0VvV xeR

dx

=a+2<0,D<0
—a+2<0,a(@+3)>0
=a<-3 Q.60
€

Letz=x3

y=6x2+15x+5

dy

a;>1

12x +15
3x?2

-1>0

12X +15 — 3x2
52 0
3X

2 _
X —42x—5< :>(x+1)(2x 5)<O

®Ie|e|®
-1 0 5

X e (-1,5)

@
f)=x/nx—x+1
f'(x)=¢nx+1-1
x=1 Critical point
S @

[ [
0 1

If x e (0,2)fisding
(1) >(x) > f(0) = 0> f(x)> L positive
Ifx € (1,0) & isTing

f(x) >f(1) =

Df:XER*

Q.62

Q.61(3)

Application of Derivatives

@
(4na) h(x) = nf(x) g(x)

=/n [a{aIXI sgn x} + [a¥ sgn x]]

=/n aa""sgnx

(/na) h(x) =asgnx (¢na)
h(x) =a* sgn x
h(x)=a x>0
=0 x=0
=—a* x<0
hisodd and Ting.
@
f(x) =x2—xsnx
f'(X) =2x—x cosx —sinx
=X (2—cosx)—sinx

is {Oﬂ (2—cosx) is+veandsinxis+ve. and

(2—cosx) isgreater thansinx so
f'x)>0

1ol
f(x) Tingin {012}

f(x)=2x"-3x*-12x+4

= f'(x) =6X" —6x—-12=6(x* - x—2)
=6(x-2)(x+1)

For maximaand minimaf’ (x)=0
~.6(x—2)(x+1)=0

=>x=2,-1

Now, f "(X) = 24—6=18>0

- x=2,local min. point

Atx=-1; f"(x)=12(-1)-6=-18<0
.. X=—1local max. point

(@
% = di(X4 —2X° +1) = 4x(x* 1)
y dx




Application of Derivatives

Q.63

Q.64

dyO

For max or min dy =

4x(x* —1);eitherx=00rx=+1

1
x=0,and x = -1 does not belong to 2

E!
2 2
d—¥:12x2—4.‘. d—g’
dx dx® )

=12(1)>-4=8>0
.. thereisminimum valueof functionatx =1
. minimumvalueis

y() =1"-2(1)*+1=1-2+1=0
Wehave: f(x) =sinx—cosx -ax+b
= f'(X) =cosx+sinx—a

= f'(X)<0vxeR

= (cosx+sinx)<avxe R

Asthe max value of (Cosx +sinx) is /2

The above is possible when a> /2

@
Let the speed of the train be v and distance to be
covered be s so that total time taken is /v hours.

cost of fuel per hour = kvz(k is constant) Also

3
48 = k162 by given condition - K = n

3
.. cost to fuel per hour EVZ Other charges per

hour are 300 . Total running cost,

c=[2vei300|S-38,, 3008
16 v 16 \

dC 3s 300s
v 16 V¢
20

d’C _ 600s
av?:
running cost

©)
Let m be the slope of the tangent to the curve
V = € COSX.

O=v=40

> 0.". V=40 resultsin minimum

Then, M :g—i =¢e*(cosx —sinx)

Q.65
Q.66
Q.67
Q.68
Q.69
Q.70

Q.71

Q.72

Diff.wrt‘x’

:d—r;:ex(cosx—sinx)+

e (—sinx —cosx) = —2€" sinx

d’m
dx?

and = —2€" (sinx +cosx)

Put(i—mZO:SinX:O:XZO,n,Zn
X

Clear! d’'m >0for x=mx
ealy, =
Y ax?

Thus, yisminimumat X = .
Hencethevalueof of a. = .
@

@

@)

(©)

(©)

)

f(x)=2—x+1]

Figure

From figure it is clear that greatest, least values are
respectively 2,0
@

a
f'(x) = X +2bx +1

f'(-1)=0
—a—-2b+1=0
at+2b=1

(2 =0

a
2 +4b+1=0=a+8b+2=0

~6b=3=b=— a=2
@
Letf(x)=/n(1+x)-x D,:

vor 1 =X
FOO= Ty "7 1hx
o | @ : o
-1 0
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Application of Derivatives

‘ EXERCISE-III

NUMERICAL VALUE BASED
Q1 008
Inx e (-1,0) fisTing ,
f(x)<f(0) 00 3(2+x) , B<x<-1
f(x)<0 )=V 2 us
Inx e (0, ) fisding. §X » Tlax<2, x#0
Critical plintsare—2,-1,0
Q.2 0003
3 f')=2+b
equation of tangent at (1, 1)
f(x) <f(0) y-1=(2+b)(x-1)
f(x)<0 2
areaof triangle=—1 (1+b)
Q73 () 2 (2+b)
f(x)=x®—6x2+ax+b
f(x) satisfiesconditionin Rolle'stheoremon[1, 3] B(O, -1-b)
f(1)=f(3)
= 1-6+a+b=27-54+3a+b
2a=22
a=11
andbeR.
Q74 O NEELP
f(0)=2,9(0)=0,f(1)=6,9(1) =2 24b’
(1) h(x) =F'(x) —g(x)
h(0)=f(0)—g(0) =2 wrong
h(1)=f(1)—g(1) =6-2=4 I )
(2) h(x) =f(x) —29(x) “T2(+b) 7T
h(0) =f(0) —2g (0) = 2right’ Q3 0w
h(1)=f(1)—2g(1)=6-4=2
Q75 (3 f(ﬁjzo — 8 10— a=2
(Df0)=0 3 2
f(1) =0 RollesThrm.isapplicable Q4 15
f(3) - f(=3) ds dr
] - = —_—= 2 — = 3
=373 ST 2w = g T
3_.-3 dA dr
ec:% A=T€F2:>E=27TFE:5><.3:1.5
. e _1 Q5 (0
6e’ £(x) = 25x% (1-x)" - 75x> (1-x) "

e’ -1 = 25x% (1-x)"[ (1~ x) - 3x
c=fn [F = /n(e=1)— n6—3 (1-x)"[(1-%)-3x]

= 25x% (1-x)" (1- 4x)

Q76 (4
(DLMVT  (QLMVT f’'(x) changes sign about x = 1/4 only.
3)f(0)=—2f(1)=4-5+1-2=-2 Not applicable Q.6 0003

f(1)=1(2)
= 1+b+c=8+4b+2c
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Application of Derivatives

Q7

Q.8

16

4
f'(4/3)=0 3. —+2b—+c=0
(473) = 9 3

Solving both, wegetb=-5,c=8.
0007}

Let (X,,Y,) beapoint on the curve

%y,’ =x’
(ﬂj X 1
dx (x1.¥1) 6y, ( dy)
(x1.y1)
x,=0,4

but the line making equal intercepts with the axes can
not pass through the origin

X, =4

L8 b
solving A + b 1
0030
Selling price of each computer = Rs. 330—x
Selling price of x computer = Rs. 330 —xx
Cost of production of x computers=Rs. x2+ 10x + 12
Profit = Selling price— Production cost
f(x) =330—xx—x2+10x + 12
f(x) =320x—2x*-12
f'(x) =320—4x
f'(x)=—4
Forf'(x)=0
=x=80
f"(80)=—4<0
Profitismaximumwhenx =80

Q9

0005

t* 2
= —_— - —+
S 373 6t+5

Q.10

-ﬁ—tZtB
tdt T

2

4 =21

ds

But i

=velocity=0

S tP—t-6=0

S 1=3,

(- t=£=2)

2

_ d’s
.. acceleration = F(t=3)=5

PREVIOUS YEAR'S
MHT CET
Q1 Q2(3 Q3(2 Q4(2) Q5(2)
Q62 Q7(% Q8(2 Q9B 0Q.10@)
Q11(2 Q.12() Q132 Q144 Q.15(4)
Q16(2) Q.17(2 Q182 Q.19(4) Q.20(3)
Q21(2) Q2213 Q23() Q241 Q25(2
Q26(2 Q27(3 Q28(3 Q29(1) Q.30(2
Q31(1) Q322 Q3312 Q344 Q.35
Q36 (1) Q37(4 Q384 Q392 Q401
Q41(2) Q42(1) Q43(2 Q44(2
Q45 (@

Let height of aright circular cone=hcmand OA =rcm

B

3cm

O A
Given, dlant height of aright circular cone=3cm
INAOAB, ~ZBOA =9(°
(OB)?+(OA)?=(AB)?

[apply pythogoras theorem]
(h)? +(r)?=(3)*

r—=Jo—n’

We know that, Volume of cone

(i)

nr2h

wla

V:%(Q—hz)xh

[fromEq. (i),r=\/9g_n? ]
L 3
Y% =§<9h—h )

dV_E an2
E_3(9 3n?)

av

~=0=2(9-3n%)=0
dh 3

42
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Application of Derivatives

Onintergrating, we get

[dr=—k[dt+C
2 _ . r=—kt+C
d—\z{: 6><h<O Initialy,i.e.whent=0,r=3
dn® 3 . 3=—kx0+C
.. C=3
Q46 (2 . r=—kt+3
Given, functionisy = [x(x—2)]2= [x2—-2x]? Whent=1,r=2
On differentiating both sidesw.r.t. x, we get . 2=_Kkx1+3
k=1
QZZ(XZ—ZX)E(XZ—ZX) L r=—t+3
dx dx o
= 25— 2%) (2X—2) = 4% (-2) () . r=3-t,where0<t<3
=2(x ) ( B This is the required expression for the radius of the
. dy raindrop at any timet.
On putting = 0, weget
- _ 48 (D)
Ax(x-2)(x-1)=0=>x=0,1and2 Q . . .
Now, wefindinterval inwhich f(x) isstrictly increasing Let a?ethesqle of :In egun?teral triangleand A be the
or strictly decreasing. areaof an equilateral triangle.
da
- Then, —=2cm/s
interval | Y = 4x(x=2) (x-1) S0 of o
dx (x) We know that, area of an equilateral triangel
(==, 0) (O OE -ve e
01 HEE) +ve A=Y3 e
(1,2 HE ) -ve 4
(2, ) HHHE) +ve On differentiating both sidesw.r.t.t, we get
Hence, y isstrictly increasingin (0,1) and (2, «). dA _ ﬁx ZaXE
Also, y isapolynomial function, so it continuous at x a 4 dt
=0,1land 2.
Hence, yisincreasingin [0, 1] U [2, «0] - d—A=£x2x20x2
d 4
Q47 4 [givena= 20]
Let r be the radius, V be the volume and S be the A
surface are of the spherical raindrop at timet. - _ 2
p 20./3 cnv/s
4
Then, V = 3 nrdand S= 4nrr?
Q49 (2
dv i = =
The rate at which the raindrop evaporatesis s Givencurvesarex =0andx +2 |y| !
L Now, Xx+2|y|=0
which is proportioal to the surface area. Wheny>0,x+2y=1;wheny<0,x—2y=1
: d—VOCSDd—V— kS, wherek>0...(i
S gt = —KS where (i)
4
Now, V = ETEF and S=4nr?
ﬂ:ﬂXSrzﬂ:Mﬂ’zﬁ
d 3 dt dt
Agr? % =—k (4nr2) [fromEq. (i)] .. Areaof bounded region ABC
1f1-X
dr =2A0B = zjo (—j dx
— =—kbdr= —kdt 2
dt
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Application of Derivatives

Q52 (3

x| 1 1
[ 2] 1-2-0-0]-2 o
2 |, 2 2 L et the equation of draNnImebeE+B=l wherea>
Q50 @ 3, b> 4, astheline passesthrough (3,4) and meetsthe
Given y:ﬂjyzﬂ(z -5 positive direction of coordinate axes.
and y = x| 3.4 p._ M
Wehave, 77,77 (a-3)
1 2a’
Now, areaof AAOB, A= —ab=
2 a-3
x dA 2a(a-6)
= da (a-3)
Clearly, a=6isthe point of minimafor triangle.
M 2x 36
Thus, Amin = . = 24 5 units
.. Required area
2 1 2
= L\/S—xzdx—Jll(l—x)dx—J'1 (x—1)dx Q53 @
LetAB=xm,BC=ymandAC=10m
S xX2+y2=100 .(i)
{x 5 x | T [x T dx . dy
== 5—x2+—§n1—} {x——} {——x} o X oW g
2 2 5], 21,12 | a Y
S0, 2x(3) -2y (4)=0
—{1+§sin1£+l+§sinli} 9@
27 5 T 27 s ,T
_ —l—[—i—lj _ z_z_El_lj y Lom
2 2 2 l
5. 1 50 1 (5n-2
=2+—-9n(l)-==—-== ; B&E—X——>A
29 W-3=7 732 ( 4 jsq“”'ts
dx d
Q51 (d . . Given, — =3m/s, > =—4m/s=x=4y/3
Givencurveisy =x3+ax—b () dt dt
Passes through the point p(1,5). Putting thisvaluein Eq. (i), we get
— b-a=6 (i) 3y2+y2=100
and slope of tangent at point p(1,-5) to the curveis,
= 16y?+9y?=900= 25y?=900
% , = y=30/5=6m
X =[3x+d, 5 =a+3
Q54 (2

- The slope of tangent at point p(1,-5) to the curveis

perpendicular toline—x +y +4 =0, whoseslopeism, Given, f(x) = e*sinx

f'(x) =ecosx +sinx e

=1 f*(X) =—€e*sinx + cosx € + e cosX + e*sinX
. a+3-1 _
= 2€* cosx

= a=-4 [ m,m,=—1] For maximum slope,
Now, on substitutinga=—-4in Eq. (ii), wegetb=2 (x)=0 '
On puttmga:—4and_b:2|n Eq. (i), we get — 2eCOSX = 0= COSX =0

y=x3—4x-2
Now, fromoption (b), (2,—2) istherequired point which n 3n

lieonit. = X:E.7,VXG[0,27:]

f"(x) =2[—€e*sinx + e cosX]
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f"(x)| ,<Oandf "(x)| ,,>0
xE x:?
.. Slopeismaximumat x = rt/2.

Q5 (3

Let v, r, h be the volume, radius adn height of a Q2

cylindrical vessel respectively.

v _ =36m®/s
ot

Now, V =nrh
Ondifferentiating Eq. (i) w.r.t.'t', weget
AV _ adn

e
dt dt

)
= @=L= 36 [r:3]

dt 7'Cr2 T (3)2

o4
= d = S

4
Hence, the water level isrising at the rate of -

JEE MAIN
PREVIOUS YEAR'S

Q1L @
\ —h—

a

\

3a=x,& 4b=22—-x

b=(22-x)/4
_X
=3
AT:£a2+b2
4
_3x (22-%)°
49 16
2 2
B 22 5 K
4" "6 16 16
dA V3 1) 22
=ax 07=X|2x9 g 8 70

Q3

Q4

Application of Derivatives

a=| 4/3+9 || 3 = 4f3+9
36
)
f'(x) = (x=3)"*(x=5)""(n, + nz)[x _S:li:n?]

Option (3) isincorrect since
forn =3,n,=5

f'(x) =8(x-3)*(x-5)* (x —%Oj

L 30
minimaat X = E

@
Leth(x) =f(x) g(x)

hi(x) =f(x) g"(x) +'(x)g(x)
Sincef(x) iseven =

AR

.. f(X) = 0 hasminimum 4 roots

con=of]-4 3]
g(x)iseven= 9 2 =9 1)

.. g'(x) = 0 has minimum oneroot
Hence h'(x) has minimum 4 root
@

Area= S=4nr?

Dw.r.t.‘t’

ds
dt

dr

= 47[(2 )dt

{ d—Sisconstant, Letd—S = k}
dt dt

k =8nr. ﬁ
dt

jkdt:jsnr.dr

=kt=4nr’+Cc @
cat=0=r=3
So 0=4x(9)+C
=C=36n
Eq. (i) = kt=4nr>-36m .(2)
Now at t=5; r=7
= k(5) =4n(7)>-36n
=k=32n
Eq.(2) 2nt=4nr>-36rn
Now at t=9
= 32m(9)=4n(r?)-36m
=r=9
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Application of Derivatives

Q5

Q.6

Q7

@

Givencirclex>+y?+Ax+By+C=0
U(oe)

0+36+0+6B+C=0

6B +C=-36 (i)

Given parabolay=x2

Slope of tangent at (2, 4) = (%j(z 4)

=(X)p4~4

1
slopeof normal at (2, 4) = 2

Now equation of normal at (2, 4)
1
=(y-4) :—Z(X—Z)

=4y-16=-x+2
=>4dy+x=18

- (i ‘_Bj
Center of circle 5

Normal of circle passes through centre of circle

= 4[£j _A =18

2 2
= A+4B=-36 (3
and circle passing through (2, 4)
=4+16+2A+4B+C=0
= (A+C) +(A+4B)=-20
= A+C+(-36)=—20 (from(3))
A+C=16
©)
f(X) =4/ (x=1)-2x*+4x +5,x>1

f'(x):é—4x+4

(x) === 4(x-1)

for xe(1L2)=1f'(x)>0

for xe(2,0)=f'(x)<0

.. option (A) iscorrect

f(x)=—1 has exactly two solutions

.. option (B) exactly iscorrect

f(e)>0& f(etl) <0

.. f(e).f(er1)<0 .. option (D) isalso correct
f'(e)—f""(2)<0isnot correct

.. option (c) isincorrect
(O

y=x3+3x2+5

dy

=2 =3x? +6x
dx

= (x,,y,) liesoncurve

. 3 2
LY =X +3X] +5

d
slopeof tangent at (x,, y,) is % (X, Y,) =32 +6x,

also tangent at (x,, y,) passes through (0, 0)

_%-0
.. slope of tangent ~ % -0
1
) 2
o= =3X] +6X
X1 1 1

y; = 3% +6x?
X2 +3x2 +5=3x2 + 6x?

2x3+3x2-5=0
On x =1 satisfies above equation

Sy, =1+345
y=9 s (X y)=(1,9)
Now checking option for (1, 9)
81
(A)  put9 = 1+5=2 = LHS=RHS
(B) %1—1:8 = 9-1-8 =8=8 LHS=RHS
(C) 9=4(1*+5 = 9=9 =  LHS=RHS
(D) %—(9)2:2 = %—81:2 =  LHS=RHS

.. option (d) isanswer

@

f(X) = |2x2+3x—2| + sinx cosxin[0, 1]
lety =2x2+3x—2=(x+2)(2x-1)

Q8

1.
2 () = (x+2) (=) +5Sn 2x
1
Case- 1 when X € [03}

1.

f(x)=—(2x?+3x-2)+=sin2

(x) (x +3x )+25|n X
f'(x)=—(4x+3)+cos2x

0 1

when X € > then (4x+3)[35)

<. ~(4x+3) e (-5,-3)

, 1
o f (X)<0VX€|:0,§:|:>f(X)iS decreasing

1) sinl
1
Case- 2 when X€|:E,]_:|
f(x):(2X2+3X—2)+Esin2x
2

f'(x)=(4x+3)+cos2x

46
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1
for X € {5,1} then (4x+3)€[5,7]

~f(x)>0vxe El}

= f(X) isincreasing

f(ij 9 f1) =3+ tgn2
2 )min 2 max 2

sum of max. and min. values

:—Sgl+3+lsin2

Application of Derivatives
y=12(1 +sint)?
O<t<Z
2

dy _ 12x2(1+sint)cost
dx 12{1-sin®t+cos’ t}

dy 2(1+sint)cost _ 2(1+sint)cost
dx (1+ cos2t) 2cos’ t

Now, given tan = tang -3

1+sint
1 = V8=
=3+=[sinl+sin2] cost
2 .
= J3cost-sint=1
1;. .
=3+=[sinl+2sinl.cosl ;
2[ ] :ﬁcost_s'_mzl :cos£t+ﬁj:cosE
1 2 2 2 6 3
=3+ 3014 2c0s1) n_m n
2 :t+€=§:t=g
Q.9 @
flax) =x"—=7x-2 )
F/(a) = 7X0—7=7[x° 1] Now, Yo =12| 1+sin-
=7[(X+)(x=D)][x*+x2+1] ,
1
+-l_ ]4- :12{14‘5} =9x3=27
Q12 [3
/ fx) = (x* =D (x-3)+(x—3), x € (0, U[3,4)
“ . ¢ > ~ (X -D(x-3)+(x-3), x €[1 3]
1
3x?-6x,xe(0,DuU (34
W Lt c0.)UE4
—3x%+6x+2 xe(1,3)
Q10 & f(x) isnon-derivableatx =1and x =3
f (X) = 1203 -72Ax +36>0
= AX2—6Ax+3>0 5
'(X) = X=1+,—=>m+M=3
50 4<0 aso f'(x)=0 a +\];:> +
3612 —-124<0 Q13 (2
1 Total surfacearea= 76x%+ 3rnr2=k
relo, 3] 1
[ k=76x2)2
1 =r= -
h=7
3 2
£ f total volume (v) = 40x® + —7nr'= 40x® +
1)+ 1) 3
: 3 o (k-76x2)"
4 36 4 36 “ —
:{5(1)—?(1)+36+48}+[§(—1)—?(1)—36+48} 37‘5[ 3n j
72 1
=96-— dv 2n (3 k—76x% 2 ( -152x
3 — =120+ — | 5
=96-24 dx 3 (2) & 3n
o (:3)72 F>utdv 0 x 19
X =12(t + sint cost) ox ro4
MATHEMATICS 47



Application of Derivatives

Q14 (2 Q7 @
— 4
Letf(x) =x*—4x+1 x(cosX —sinx) +{g(x)(e* +1) - xet }

! — 3
]]: ,83 :ng ;': | e+l (e +1?
x =1 ispoint of minima _ (& +D)(9(x) +xg'(x)) — &' xg(x)
f(1)=-2 - (e +1)?
f0)=1

= (€ +1(xcosx —xsinx) +g(x)(e" +1) —xe*g(x)
= (e +Dg(x) + (€ +1)xg'(x) — € xg(x)

\ = (€ +D(xcosx —xsinx) = (€ +1).xg'(x)
l = x(cosx — xsinx) = x.g'(x)

\ ~.g'(x) =cosx—sinx
X

(x) = ™l linloX
:>g(x)_\/§cosx[x+4j din [O’4j

g(X) =sinX +COSX + A

Hence 2 solutions
Q15 @ :>g(x)=x/§sin(x+£j+k1‘in(0,£)
a=20—-2x2, b=10+x? c=10+x2 4 4
T
= a+:+c g(X)+g'(x)=2cox + A isdecreasingin (O'EJ
:20 . . B . Tc
A (- AE-DE- g(x)—g'(x)=2sinx +A islncreasingin (O’EJ
Q18 (1)
= /20(2x?)(10- x?)(10-x?) .
f(x) =log,(C +)—e ™ +1 g(x) = 1228
= 2./10 {x?(10—x?)? : 4
2X - ' —X X
= 2410 [10x—x7| f‘(x):1+X2+e 90 =-e’ -2
- _y3
Sd‘slox X f'(x) >0 g'(x):-{2ex+lx}<o
e
dx =10-3x? ~.f(x) T function g(x) ¥ function
ds 12
a (o5 ((e-3)
=3x?=10 ,
Q.16 $r21)—L L jg[(a;) J>g(“§j
N=L-min )
x? ;2 (Q;D < _é
f(x) = jﬂdt i
v 2+e = o +1-20<30-5
2
4 5 5 5 o°—5a+6<0
fi(x) = & ‘25"6; A2x _ 2x(x 2‘1)(2‘ —4) ae(23) Ans.
+ +€
.19 (@
Fi(x) = 2X(X=D(X+D(X-2)(x+2) Q @
2+
_ + _ + _ + X2—dx -2 VXe[—L3_;/ﬁJ
<€ t t t t t > f(x) =
—2 -1 0 1 2 _
. . . X*+2x+2 VX€[3 \/E,ZJ
L.min L.max min max  min 2

So,m=2andn=3
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Application of Derivatives

dy
3 —_—
f( )Whmx ( \/_) ax 4x +1
LetPbe(h, k) thennormal at Pis
f'(X) = 2x4=0=>x=2
f'(x) =2(x-2) =f'(x) isalways y-k=- ahe 1(><— h)
;23)1)223 This passes through Q(6, 4)
¢ 3-V17|_17-3 -4 k——h—l(6 h)
2 ) 2 = (4h+1)(4—k) +6-h=0
Alsok=2h?+h+2
5 (4h+1)(4-2h2—h=2)+6—h=0
, X € 3__\/ﬁ 2 = 4h*+3h?-3h-4=0
' (x) when ’ =h=1,k=5
f' (X) =—2x+2 11 00
f'(x) =—2(x-1) Now areaof AOPQwillbe==[1 1 5=13
f(xX) =0whenx=1 21 5
f(1)=3
.23 1
sbsoltemin o= J17-3 N 'E())():XQX(l—X)
sol ute minimum value = 5 () =9 2x + I)(x—1)
absolute maximumvalue=3 1
\/* 3 vas ﬁ+3 f(x) isincreasingin (_E’ j
2 Q24 (2
Q20 (2 f(X) :(XZ _2X+7)e(4x3—12x2—180x+31)
f'(x)= 2 4 —6Xx—-2
1— X 1+ X2 f'(X) :(ZX_Z)e(4><3—12x2—180x—31)+
[ 1 2 L 3xe1 (x2 = 2x+ 7)™ (195 _ 2ax-180)
\/1 X +X fr __(#®-12x*-180x+31)
f* (x)<0 = f(x) isadec. function (x)=¢
]':8)1)"2;2 .5 [(2x-2)+(x* - 2x+7)12,(x* - 2x-15) ]
Range: [a,b] =[n+5, 5n+5] .,
a=n+5b=5r+5=4ab=11-n f (x) _ e(4x ~12x?-180x+31)
Q21
f(X) =X+ 553+ 3x+ 1 [2x-2+12(x* - 2x +7)(x - 5)(x+3)]
f'(X)=7x®+15x2+3>0
- f(x) isstrictly increasing function Now f '(x) < OV e[-3,0]
X —>—00=>Y —>—w0
X—>0=Yy—>00 =f'(x)<0vxe[-30]
.. no. of real solution=1
Q22 (13 = f'(x)decvx €[-3,0]
y
f(x)max.at
Q25 (O
L f(x) =ax®+bx?+cx +5
®‘A<\ ,
a f'(-2)=0=12a-4b+c=0
4a-c+5=0
f'(-2)=0=-8a+4b-2c+5=0
0 X
y=2x2+x+2
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Application of Derivatives

Q(05=f(0)=3& b=-§1

=[c=3

x®  3x?

Hence f (x) :_7_T+3X+5

3
Fr(x)=—2 .3

2 2

f'(x)= —g[x2 +x-2]

f'(x)= —g[x +2][x-1]

.. tangent to curve at P
y+1=22(x-2)
y=22x-45

y=x-xX'+X

NS

Q(a, b)

d_y =3a’-2a+1
dx|q

Hence, 382 —-2a+1=22
;. 3&8-2a-21=0
3&-9a+7a-21=0

a=3

(3a+ 7)(a-3) = 0<a: _7/3

f’(x) -+ = fromcurveb=a-a+a
-2 1 aa=3
0 axel b=21 |2a+9b|= 195
(X)X = at a=—7/3 tangent will be parallel
1 3 _32-3-2 (27 Hence, itisrejected
fW:f(l):_E_Z+3+5_T_ vy Q28 (4
2_53
Q26 (1 f(x)=81.3%"2
1(x) = [ 'sec” x-sin ™ x dx — 2022 sin > x dx f1(x) =81.3% 2" ./n3.3(x* - 2)%.2x
1l |
= (81x6)3%" 2" x(x* —2)? /n3
= tanx-(sinx) %% + I(2022) tanx.(sinx) **® cosxdx + - + +
| | |
—2022j (sinx) 22 dx B 0 B
1(X) = (tanx)(sinx) **?+C x =6 ispoint of local min
—2022
xenjazou_[ L) f1(x) = (486./n3) 3" x(x? - 2)?
/\t T / 1 (: e e —— S ——
2 K )
~.C=0
: g'(x) = 3% (x2 = 2)2 + x.3% 2 4x.(x? - 2)
an X
Hence, |(X) = g 1x.(x% —2)2.3%°2" 1n3.3(x2 — 2)%.2x
- 1 P =3%"2% (x2 Z2)[X? — 2+ 4x? + 6x°(n3(X> — 2)°]
I — | = =
(GJ \@( 1)2022 V3 g'(x) =3%°2” (x? - 2)[5x> — 2+ 6x*/n3(x° — 2)°]
2 £1() =k.g'(x)
13- V3 22 1 («n f'(2)=0,f"(+2)>0,f"2)<0
I(n/3)= 2022 @ 2021~ 3010 I E . . . .
[«/gj 3) x = +/2 ispoint of inflection
2 f'(x) >0 for x > /2
027 (311;1;(#3)=l(n/6) So, f '(x) isincreasing
y=5x2+2x—-25 P(2,-1) Q2
y' =10x+2 XX X X o«
y 22 2 2 2 2 2 2 2¢
=
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(0 U1 =92

o= (22)7/2 =27

=128
Q30 (@

0

f@=f(b)y=f"(c)=2

=f" (x)iszero

foratleastx, € (a,b) & X, € (b,C)
Q3L @

[[(5-1t-3)dt x>4
Givenf(x) =
tvenf() x% + bx X <4
f(x) iscontinuous at x =4
solim _, f(x)=lim,_ +f(x)=f(4)

So16+4b= | (2+t)dt+ [ (8-t)dt=16+4b=15

x—4

Sob= N

Atx=4
31
LHD=2x+b= "

RHD=5-|x-3|=4
LHD=RHD
Option (A) istrue

df’(3) +f'(5) = §+3—§
Option (B) istrue

cf(X)=x2—ax<4
(x)=x 2 X

(0= 2%
(=2x—,

Thisfunction is not increasing.

1
Intheinterval in X € (‘“"gj

Application of Derivatives
Option (C) isNOT TRUE

1
Thisfunctionf (x) isalsolocal minimaat x = —

8

(2
y5—-9xy +2x =0

dx dx
ay . 4 _
&(Sy ~9x)=9y-2
dy 9y-2
d_i = 5y¥— ox =0 (for horizontal tangent)

y= g = Which does not satisfy the origial equation
=M=0.

Now 5y*—9x =0 (For vertical tangent)

2Byt =9x

Putting value of 9x in the equation of curve

Yo —5y*+2x=0=>x=Vy*

SO, 5y4 — 9y5

_O& _E
jy_ y_g
y=0givesx=0

_5_ @
y= 9g|veSX— 9
So,N=2 =M+N=2

(Bonus)
f (X) =tan™ 2x —3ax+7

fL(x) =

T 144X —%az0

)

f(1) >f(1%

1-1+10-7>-2+log,(b*—4)

5>log,(b*—4)

36>h?

b e[-6, 6]

- b?—4>0 =be (w0, 2) U (2,©)
~be[-6,-21U[2,6]
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Application of Derivatives

Q.35

Q.36

(49]
ﬂ: 4x—1
dx X

_ (2x+D(2x-1)

X
1in(0,1/2)
T (U2, x)
y?=4ax P(at?, 2at)
tangent yt=X + at?
pass (4, 3)
3'[=4+£t2
2
t?—6t+8=0=>1t=2,4
t=2 2y=X+2
-30]-c20
a
. t=2not possible
t=4 4y=x+8
equation of normal t (8, 4)
p(8,4)
y—4=-4(x-8)
4x+y=36
X, ¥
—+=-1 =
9 36 a+p=45
(9]
V:nrzh
3
V:Tc_rsﬂ
3 3
=—7'Ct‘3 LZE
h 4
Dyzﬂn&’zi h :ﬂ
da 9 dt 3
:6:£n.3r2$
dt
dr_ 9
dt  2nr?
A= qmrr’ +nh?
6r>
=7r +r
= 5nr2: diA:iz_g =E2r.iz :15
3 d¢ 3 d 3 2r

Ath=4 =r=3

Q.37

Q.38

@
y__k

dx X

Iny =—kInx +Inc

y-xk=c

passes through (1, 2) and (8, 1)
s.c=2and1.8x=2

3

[15]
f(X) = |ox—=7|+[x3+2X]

5
For (X2 +2X),X e {Z' 2}

5 2 25 5 25+40 65
g X=—=>X"+2X=—+—= =
4 16 2 16 16
AX=2=>xX2+2x=4+4=8
For [5x—7|,
_ 7
minimumat X =—
5
\,\
A
5

f . willoccuratx=2andf(2) =11

f _ateith X_Z X_5
o & ither X =5 or X =7
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Application of Derivatives

(7 _o,[49,14] _[49+70]_,
5 %5 5 25

f(§]:§_7+4>f(l)
4) |4 5

L m+M=4+11=15
Q.39 [170]

12x? - 3y? —6xyﬂ+12x —5y—5xd—y—16yﬂ+9 =0
dx dx dx

x=-2,y=3
48—27+36ﬂ—24—15+10ﬂ—48d—y+9: 0
dx dx dx

Ly 9 2

—=9=>m,=—,m ==
dx 2

Tangent y—3:_—29(x+2):9x+2y=—12

Norma y—3=§(x+2):2x—9y:—31

1/31 4
AreaZ—(———j'3

202 3
RLU
2\ 6 4
.. 8A =170
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Integrals

INDEFINITE INTEGRATION

Q.1

Q.2

Q.3

Q4

Q5
Q.6

Q8

Q.9

Q.10

Q.U

EXERCISE-I (MHT CET LEVEL)

@

_[ 5sinx dx =-5cosx + ¢
@

j de :j 3x%dx —2j x V2dx =x®—4J/x +¢c
@

I COSec®X dX = —Cot X +C
@
d ) )
d—(A|n|cosx+sm x—2+Bx+C)
X

COSX—SinX
=A - +B
COSX+SINX—2

Acosx—sinx+ Bcosx+ Bsinx+—-2B
B COSX+SiNX—2
~2=A+Bor-1=-A+B;4
.2=3/2,B=1/2,A=-1

)
@
@
@
Put x=2a-t
sot hat dx=—dt
when x=a, t=aand whenx=2a,t=0

2 a a
Iof(x)dx:jof(x)dx+j0f(2a—t)dt =n+m
@)

I godEs) gy :I sinxdx = —CosX +C.
@

X
j e¥1%93eX gy :j o9 .exdx:j a‘edx

:_[ (2e)*dx = ()"

log(ae)
@

1 —2+1 -1
- (x-9) (x-9)
| J(><—5)2OIx 21 T °f
1 ¢
(x5

Q.12

Q.13

Q.14
Q.15
Q.16
Q.17
Q.18

Q.19

@ I ::X :I 1+e_eXX ™

Put 11X =t = e Xdx = —dt » then it reduces to

_J'% = —logt = —log(1+€*)
@

J‘ dx :J' dx
X + X logx X1+ logx)
. 1 .
Now putting 1+logx =t = ;dx =dt, it reducesto

% =log(t) = log(1l+ logx)

©)

2

2

©)

©)

| = LZ[XZ} dx —Jf[x]2 dx

= Lﬁ dx + Lf 2dx + J; 3dx — LZ 1dx
=4-2-3

2

3
:jlog(tan x.cot x) dx
0
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] ) Q25 (3
2 2
IIog(l)dx:J.de:O =0 Putting t=tan ‘x=dt= 5 dX, we get
° ° 1+x
tan L x
e [ ”
Q20 @ | — dx=[ eldt _ gty o_gtx ¢
J‘ \s/ecxdx =.[ 2secx _ dx Q26 (O
cos2x Joos? x —sin? x J secx tan® X dx:_[ secx(sec? x —1) tanx dx
_ sec? xdx
_J‘ > {Multiplying N'rand p'r by :J secxtanxseczxdx—j secx tanx dx
v1-tan“x
o —Sec3x—$cx+c
Now putting tanx =t = sec? xdx = dt, we get the _ o
(Putting secx =t infirst part).
integral =sin"'t =sin"(tanx). Q27 ()
2 Put t = tanx = dt = sec® x dx, then
- Snce —{sinL(tanx)) =X
Trick : Since gy - L ton? J. sec? x dx J. 1 o
—tan“x =
5 \/tan2x+4 \/t2+22
SEC” X.CoSX SECX
:\/ 2. 2. Joos2x =log[tanx + V'tan® x + 4] + .
Cos® X —sin“ x 02 @
Q21 (1)
Put logsinx =t. I xseczxdx:xtanx—j tanxdx
Q2
1 = XtanXx + log(cosx) + .
Put (l+|ogx)=t:>;dx=dt Q29 (3
Let | :I sin(logx) dx
2 2 3
j%dx:] t2dt:%+c:%+c, Put logx =t = x = €' = dx = e'dt, then
I:I sint.etdt:sint.et—j e'.costdt
Q23 (@
(E_ ) :sint.et—[cost.et+j e'.sintd]
J‘X;zd)(:_.[ X—dx
x(2logx - x) (2logx - x) = 2l =sint.e' - cost.e!
N (2Iogx—x)—t:>(3—1)dx—dt hen i
ow put " » then it =1 :J. sin(logx) dx =%X[sin(logx)—cos(logx)]_
1 .30 1
reduces to —I Ydt:—logt:—log(ZIogx—x) Q @ , . ,
X X
'[xtan’l xdx=—tan’1x——J‘ ~dx
[ 1 j 2 291+x
=log ——|+¢c
2logx — x th . 1 . 1 r
—tan " x-=||1- X
Q24 @ 2 27 14 %
1
Put x tjz&dx d. :E(x2+1)tan’lx—5x+c
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Integrals

Q.31

Q.32
Q.33

Q.35
Q.36

Q.37

Q.38

2 2
:Iog(1+l)x__ L-(—%)-X—dx
X) 2 X+1 X 2

Q.42
x? x+1) x2 1rx+1-1
= ol 2] 242 i
2 X 2 27 x+1
x? x+1) 11
=—log| —= |[+=x—-=log(x+1) +cC
5 9( Xj 5 X~ 5 100(x+1)
2_ 2 Q.43
_| 2 1 Iog(x+1)—X—Iogx+1+c
X 2 2
@
@
@
©)
©)
)] Since,J Xsinxdx = —Xcosx + A
= —XCOSX + SiN X + constant = —X CosX + A
Equating it, weget A = sinx + constant. Q.44
@
J.Xlongx:%mgx—J‘%.%dXJrc:le%_%Jrc.
@ Q.45

Q.39

Q.40

Q.41

j xcosxdx=xsinx—I sinxdx +Cc= XSiNX + COSX + C
(h)

I:J- logx(logx + 2) dx
Put logx =t = €' =x = e'dt =dx, then

I =I t(t+2)e'dt =t2.e' +c= x(logx)? +c.
@

J‘ e? (—sinx + 2cosx) dx Q.47

=—I ezxsinxdx+2_[ e?* cosx dx

=e® cosx — ZJ‘ e’ cosx dx + 2 I €% cosxdx +C

=e* cosX +C.

Aliter : I e (2cosx —sinx)dx = e?* cosx + ¢

I % (K (x) +£/(x)} dx = €F (x) +c}

&)
Put x2 =t = 2xdx =dt, then

J. %3 dx :%I te'dt

1 12
_E[te —e:|+C—§e (x“-D+c.

@

. dx
Putting tan~tx =t and 7~ 7~ dt, weget

1 2
Ie‘an X(H—+2XJ dx:j e'(tant + sec? t) dt
1+Xx

-1
=e'tant+c=xe® X4i¢

{Usingj- e {F (x) + /() Jabx = €% (x) + c} _
@

I (Xf)j(z) :J. (%‘Fﬁ) dx = logx —log(L- x) + ¢

©)

1
Givenintegral | = j(l"' 2 _:J dx

1 (x—lj
=x+=log| — |+¢C
2 X+1

)

@
X—_ldx
(X=3)(x-2)
= x=3 dx+.[ 2 dx
x=-3)(x-2) x=-3)(x-2)
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ol xex=32 | (x-3)?
_|Og|:W:|+C—|Og|:W:|+C.

d
Trick : By inspection, —{Iog(x -3)—log(x - 2)}

Integrals
:J SECX dx—lj- seczidx
2 2

= log(secx + tan x)—tan%+c.

dx Q.53 1
11 1 - 5t
x-3 x-2 (x-3)(x-2) .f4cos[x +E)C052X'COS(E+ x)dx
d
:>—{2Iog(x—3)—|og(x—2)} o
dx = ZI [cos(Zx +1) cos—) cos2x dx
2 1 x4 3
x-3 x-2 (x-3)(x-2) 1
< L ) = ZI(—COSZX —Ej c0s2x dx
Q48 (@) J(X—Z)(x—l)dxz_-[ x—ldx+-[ x—ZdX
) :j(—ZCos2 2x - Cos2x ) dX
(x-2
=—| - +2I -2 =| .
0ge(x —1) + 2loge (X —2) + ¢ =1log, (x-1) +C. =I(1+COS 4X+COSZX)dX
.49 3
N 9 d . g d sin4x sin2x+C
X X X =X——-—
e | el Pt <o
X“+D(x“+4) X“+1 X“+4 Q54 (@
.55 1
= }[tan‘lx—ltan_li}rc:gtan_lx—ltan_llJrc_ ° &
3 2 2 3 6 5% ()
Q50 @ Q
. 3 _ a2 2. o
j 1 3dX=I 1 dx '[sm xcoszxdx—_[ (- cos” x) cos” x.sinx dx
X —X X(1+ x)(1-x)
Put cosx =t = —sinxdx = dt, then it reducesto
1 (2 1 1)
== |=——+—|dx
2J\x 1+x 1-x - 5 3
—I(tz—t4)dt:t——t—+c:(cosx) _ (cosx) ‘e
5 3 5 3
1 1 x?
= =[2logx — log(1+ x) — log(1— x)] = =log +cQ57 (2
2 2 7 (1-x?) L
Q51 (2 J.sin2xcos3xdx:zj 2(sin2x cos3x) dx
J' dx _J‘ \/x+a—\/x+bdx 1 1 5
Jx+a+Jdx+b J (x+a)—(x+bh) ZEI (QnSx—sinx)dx:E{—cos X+cosx}+c
1 124, 1 1/2 :1[cosx—cossx}+c
=) (e —(a_b)j (x + b)Y 2dx >
) Q58 (2
_ 312 312
e b)[(x+a) (X+b)"“]+c. _[ dx
cos(x — a) cos(x — b)
Q52 @ 1 I sin{(x—b)—(x—a)}dx
1 X dx ~ sinfa—b)J cos(x —a).cos(x — b)
-[cosx(1+ COSX) X_I cosx_-[ 1+ cosx . .
_ 1 ,[ sn(x-b) sin(x-a) dx
sin(a—b) cos(x —b) cos(x —a)
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Integrals

cos(x — a) 1. (n ) 1
=cosec(a—b)log———=+¢c =—sin20logtan| —+6 | ——=logsec 20
( ) gcos(x—b) 2 g 4 2 9
Q5 @
- Q62 @
J(sin2x+c052x)dx:—coszx+Sm2x+k
2 1 1
x2+1 (1+ XZJ (1+ ij ox
=i(sin2xcos£—c052xsin£j+k IX4+1dx=J- , 1 dXZI 1)\2
V2 4 4 XTr 2 (x——) +2
X
1 ( TE)
=—s8n 2x—-—|+k
V2 4 1 1 ,
Put X- - =t= 1+7 dx =dt, then the required
:c:% and a=k, anarbitrary constant.
1 q x°-1
60 (2 i i ——tan
Q @ 8 8 mtegrahs\/z (\/_x)
,[ sin _xz—cosg dx 063 (3
1-2sin“ xcos® x

Put 1+ x3 = t2 = 3x%dx = 2tdt and x3 —2_1

dx

~ J' (sin?x + cos* x)(sin* x — cos* x)

(sin2x+ cos? x)2 — 2sin? x cos? x

J‘ x° J‘ x2.x3
——dx=| ——d
=0, V1+ x3 V1+x

20 (t°-D.tdt 2¢ - 2| t°
=S| — == t*-Ddt=2| —-t
3I t 3I( Jd=33 e

:j (sin“x—cos4 X) dx

= J (s n?x + cos? X)(s n?x — cos’ X) dx

3,\3/2
g{%a)}

:j (sinzx—cos2 x)da(J‘ — cos2x dx :_sm22x +C Q64 (3

1

1 1 2 1 3
Q6L (9 210y _ [“eloax® gy [Tx2gx = | X2 | 22
0 0 0 3 3
We know that 0
Q.65 (1)
o (cose+sin9j o (1+tane) o tan( +6)
¢ cosO —sin0 9 1-tan6 g J.\/T =gsn* +C
X
J- secHdo = Iogtan(£+9) 1
4 2 gnt X X

= I \/2 X2
:sinl(%}c—sinl(O)—c:%—O:%

" I sec20d0 = 1Iogtan(£+(9)
2 4

ZseCZG—d%Iogtan( +9j 0!
Q66 (3
Integrating the given expression by parts, we get .
10 10 ¢
| = %smzelogtan( +6j—5jsm26 25c20d0 by |1o:j1-(|”x) dX:[('”X) X]l
|
0] e 1
—[10(Inx)’.= x dx
:%sinzelogtan(%ﬂaj—j tan 20 do -l.. ( ) X
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Integrals

:e—0—1of(|nx)9dx =—2I; § +12]: -

| 3+t2 (3+12)2
Q67 @ 1t 1t o1 ot
, , =—2I 122 = .
| dx | J-dx 03+t 6 t©+3], 6703+t
If 11 = = T
1\/1+X2 1 X ) 1 1
:2 = —
2++/5 L2+3} 2
l,=/n i d,=m2=1,<1, 0
l+\/§
Q.76 (2
Q68 () @
Q69 (2 1 dx 1 e
= dx
Q.70 (2 J.Oex_’_e—x _.-01+e2x
Q71 &
Q72 (4 Now put e* — t = e*dx = dt
Q73 (@ Alsoas x =0to 1, t =1to e, then reduced form
Put x = tan® = dx = sec’ 0 do is
e dt . 1.e_ —1(9—3
Alsoasx=0,6=OandX=l.9=% Ill+tz‘[ta” tr =tan |
11 w4 2 E] a af X=y
Therefore,jtan xdx=I 0sec”6do tantx—tan Tty =tan "t —2
0 0 1+ xy
b n 1
=— —lo =———log2
4 1ow2=g 5100 Q77
nl4 CosX
| = dx
Q74 () Let JO cos? x(1+ 2sin® x)
nl2 /4 cosx dx
nl4 X e_x i :J. ) )
j /4e sinxdx = T(—smx—cosx) 0  (1-sin“x)(@+2sin“x)
-
4 1cUV2( 1 2
1 —X ; nl/2 :§jo 1— 2+1 22 dt
:E[e (-sinx —cosx)]™%, 1+
By partial fractions, where t = sinx
U2
1 a2 n/4(1 1) em/2 _1F. Lt 2 o 1)s
=—|e -1-0)—<e ———r|=- . og + tan " tv2
2[ ( ) { J2 W2 2 - 3121 T1-t 2 0
Q75 @ :%Emg(*ﬁf)ﬂ/itan‘ll}
J'Tf/2(1+ 2cosX) dX_J‘ﬂ/Z 2(cosx+2)—3dx 2-1)
0 (2+cosx)? 0 (2+cosx)?
1
_ZJ'R‘/2 dx —SJ.E/Z dx =%Elog(x/§+l)2+\/§.%}=§{Iog(\/§+1)+%/_}
0 2+cosx J0  (2+cosx)? N2
1 1 2 Q78 (M
i R o 2o
Wehavej dx =1
3 X1+ x
X
{P“”anizt} Put 1+ x = t2 = dx = 2tdt

MATHEMATICS 59



Integrals

When x=3-58, thent=2-53

3 %2
L 1l=2 523t dt: |—2J.3(2——)
2 t4-1 t°-1

5 Q83 @
2 t-1 3 .
| = 2[—Iog——3t} 1= 2Iog[—3J _ n/2 (/2 (Smxj
21 Tt+1 2 2e .[ologtanxdx _.[o log po—" dx
Q719 = 1T/zlo sinxdx — nlloz cosxdx =0
J.() 9 .[0 9 !

LI T (T, .
joxf (snx)dx = E-[of (sinx)dx

{ J'jf (x)dx = J'jf (a- x)dx} _

if f(a—x) = (x). R
Q80 (B (/2 Jcosx _
Let'—J- sinx+@dx ..... (I)

oA

w2 ‘“(%‘) N and|=£:’2 sl ™ x) s Jood T ~
b ) B

Since j;xf (x)dx = %ajjf (x)dx,

J'TE/Z Jeotx

dx .
m+\/— ..... (I)

J'TE/Z Jsinx i
(1
_J-n/2 Jtanx & ) Jcosx +\/smx
0 —\/tan_x+m ..... (i) Adding (i) and (ii), we get
Now adding (i) and (i), we get o :I"/z(l)dx _T_,_*
0 2 4
.85 2
n/2 \[cotX ++/tanx /2 n Q @
2l = —————dx=[X]g = I=—. nl2
0 4tanx ++/cotx 4 Io | sinx —cosx | dx
Q8L (@
0 = | = (sin x - cos x)dx + (sin x — cos x)dx = 2(+/2 - 1)
£(x) =th3etdt='[ t3.etdt+'[xtset dt L’ I
a a 0 Q86 @
dfi(x) d (%3¢ d (%3t  u3.x - [foXxtnx [T (m - x) tan(r — X)
= Tix _&Uat edt T ,[ot e at=x"e jo SECX + tanx Io sec(n — X) + tan(n — X)
Q82 (2 T (T tanx T (T SiNX
=2l=—| ———dx=— -
n i ] 2J0 secx +tanx 2J0 1+sinx
I:j xlogsinx dx D)
0 | (" T odx
n =2 Io ldx_jo 1+sinx
= jo(n—x)logsin(n—x)dx (i)

On solving, we get
By adding (i) and (ii), we get

2
/2 L L
2I:Eclogs'nxdle:Z—JI:Iogsnxdx ! 2 T n(Z )
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Q.87

Q.88

Q.89

Q.90

Q.91

Q.92

MATHEMATICS 61

@
Let f(x) = j: 51X cos3(2n + Dx.dx
Since cos(2n + )(r — x) = cog[(2n +)r — (2n + D)X]

=—cos(2n+1)x and sinz(n -X)= sin?x
Hence by the property of definiteintegral,

.2
I:es'” X cos®(2n+D)xdx =0,

[f (22— x) = —f(x)]

©)
2

3 x“sinx -
———dx =0, By the property of definite
-3 1+ x5

integral, j:f (x)dx = 0, when f (x) = —f (~X) .
@
3

12 /2
|:j“ dx _J‘ﬂ COS™X 4 i)

0 1+tan®x 0 sin®x+cosx®

Q.94

nl2 g'ngx N
ZJ‘ ﬁdx ..... (i)
0 cos’x+sin°x

/2 T
Adding (i) and (ii), we get 2l =J-o dx =1 =7 Q.95

@

T . T .
I :J-o xsinxdx =I0(n—x)snxdx
= 2l = nJZSiﬂXdin[—COSX]S =>l=mx.
©)
et :J'TE/Z Og(4+ 35inx)dx
0 4 + 3cosx

n/2 4 + 3cosx
Then, |=j0 |Og(—) dx

4+ 3sinXx
{ j:lzf (x)dx =j;/2f(g - j dx}

nl2 4+3sinx
T (_jdx:_.
= J‘o ¢ 4 + 3cosX

Q.96

=2l=0=1=0
(3 f(cosx) isan even function.

-+ f (cos(—x)) = f (cosx)

Q.97

Integrals

. Jmlz f (cosx)dx = ZInf/(Zcosx)dx = Zjnf/(zsin X)dx
P o Do '

{ j:f (x)dx = I:f (a— x)dx}

n/2
_ _ nl2 _T
:2|_j0 10x= (05> =1=7
@
9 1 4 9
2 d =
J.O[\/;Jr ] dx JOde+L 3dx+J‘44dx

=2+(12-3)+(36-16) =2+9+20=31
€)

nl2
I :Io sin2xlogtanx dx ,

/2

I=J‘TE sinZ(E—leogtan(E—x) dx
0 2 2 ’
a a

[ jof (x)dx = jof (a-x)dx]
nl2 nl2

:I sin2xlogcot x dx :—j sin2xlogtanx dx

0 0

SLl==l = 21=0=1=0.

@
[ ioxiax = [ oo [ 1o tac+ [1ix a1 o0
= .[:212dx +J:011dx+ .[Sde + Lidx

=2AX] 75 +[x]% + 0+[x]{
=21+ 2+ (0+D)+(2-D=2+1+1=4.
&)

1+ X
Since lOQ(E) isan odd function




Integrals

. 2 {p'og( j +qlog( +Xj i r}dx

2
= rj_ 5 dx = 4r. Hence depends on the value of .

Q9 (3

jnnil(n—l)dx

(n=Dn

=1+2+3+...+(n=-1) = >

=66

=n(n-1)=132=n=12
@
We know that |sin X| isaperiodic function

Q.99

of
Hence

T|sin x| dx = 4j5|sinx| dx = 4fsin xdx
0 0 0

T Zsinx
Q.lOO | = J. Zsinx +Zcosx
0

n/2 29'n(n/2—x)

I = ) Sn(rI2-x) +2<:os(n/2—x)dx

277+ 2

@

X:>2|=j0n/2dng:>l:%

Q.101

XlO

=" —%
Let (10— X)™ + 5

. 10

_.[o

Ilo (10 X)*
(10— x)" + x*°

Adding (1) and (2), we get

10
21 =j dx=2l =10=1=5
0
Q.102(2)

Q.107(3)
Q.112(3)

Q.103 (1)
Q.108 (1)
Q.113(2)

Q.104(2)
Q.109 (1)
Q.114(2)

Q.105(4)
Q.110(4)
Q.115(2)

Q.106(2)
Q.111(4)
Q.116(3)

Q.117(2)

Q.18

Q.119

lim
" now

h { n o, 5 +i}
We have 1+n? 4+n?> 2n

= lim Z = lim Z
03]

naoorlr +n n%oorln

1 dx
_“m; [ J '[01+x
n 1+— )

n—>oo

() oo

=[tan 1 x]} = tan 11— tan‘10=£.
0 4

{Apply| ngformula, lim z

@

rin 2 X

. dx:\/g—l
YL+ (/)30 11 %2

S|

. 1 1 1 1
lim|—+—+ F oot —
nbo/ N N+l n+2 2n

{1 1 1 1 }
= —+ + +ot
nsolN N+l n+2 n+n

1. 1 1 1
=—Ilim{ 1+ ——+ o et
Anse 4= 142 1+ —
n n n
1.
=—lim J‘
Nn>e29 1+— 1+x

= [loge (1+ x)]%) =loge 2—loge 1= loge 2
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Integrals
Q121 (1) Q6 (2
K £ 8, .8
(Hj J‘ Sin -X COos ;( . (4))(

1-2sin® x cos? x

2,2 ” k)2
n—wi—= N-+ =1 =
k=L 1+( ) (:sin4+co.'s4 X) (sin2x+cos2 X) (sinzx—cos2 X) dx

(sin4 X +cos? X)

1
[ 1 21 1 sin 2x
! {HdeX =S llogt+x*)]g = [log2] = [ eos 2xax = 2R
Q7
aVx
EXERCISE-Il (JEE MAIN LEVEL) J. x dx
QL @ 1 dx ¢
" put /x t= 5 dx=dtp ro=odt zfa
jsinx.sin(x+oc) 24t aVx
= na +C=2£ +cC
1 sin(o + X — X) dx na
~ sina ¥ sinx sin(x+a) 08 )
sin(x +o)cos X — cos(X + o) sinx Jtanx
= COSEC O j : : J.,—dx
Sin xsm(x+a) Sin X COS X
= COSEC O Ucotxdx—jcot(x +0L)J+C J‘ Jtanx sec® x dx
. . tanx
=coseca [log[sinx]—loglsin(x+a)[] +C tanx =2 = sec?x dx = 2t dt
sinx t.2t dt
=coseca log sin(x + o) +C I 2 =2t+c=2+tanx +c
Qz (I
Q3 Q9 (M
1 sin2x 1 n _ X B Jxdx
[=—=C0S2X————+b = ——=sin| 2x+— |+b I—J. 3dX—I
2 2 V2 4 4—X [a_ 3
1 . 5 51 . \/__ 2 312
= —=sin| 2x+==|+b . = == Hereintegral of ==X"" and
2 ( 4] - 4"’ = 3
w3 =A_(x32)2
b < R 4-x3=4—(x%) ,
Q4 @ Putx¥2=t= \/;d=§dt
J-cos 2x 2cos® x—1 .
= \— =I—dx=25mx—
COS X CcoS X

3/2
snt
|_3J-,—4t 3n[2j+c

Isecx dx =2sinx—/n|secx +tanx|+C

Q10 @
5 ® x2(1- 12j dx
[ 6099700~ (0 g0 o 1= . T
xz(x+](x2 +2j
=100 [ 900k [ P0G -0 [ 1760 cber X X
1 1
Ig’(x)f’(x)dx Letx+;:p:>(1—ﬁjdx:dp

=) g -f'()gx)+c

MATHEMATICS 63




Integrals

P N T 1 __1{%_11%
pyp? -2 \/E V2 28] 2t
1 af X°+1 L o
—_—_sec = X —— SeC2X+C
2 (\/Ex]

Q.19

Qu @ o oX 1
Put x> =t = 2xdx = dt J dX J‘
eX+1

_J' 2+X de l‘[et—(ZH)Zdt J‘ e* dx—J. dx
(3ex) 20 (3+) e e

X

3+t 1 xdx 1 1 1 dt e
== S || = - dx
I 3+t “2J° [3+t (3+t)2} J- N J- ey _1

zlet.%ﬁk[-.-g(i} = } ='[tht—1 _I U\/:;—l

2 3= dt\3+t) (3+t)
1 e =/n (eX+Ve2X—1) —sect (&) +cC
=— +k
23+ X Q20 (3
Q12
Q13 (2
Q14 (3 \/“Smf
Q15 (3 = [ oS0 _j 2dx—j —2 &
016 () COSX COSX ,Zcos X 4
Q17 4 2
2)(
J dx LN S
[ ax Le‘tcosz—t:—zsm2 X =dt
dt
dt —2f dt
2=t = 2In2dx=dt = 2*dx = | = —2/2 = = -
/n2 \/_ j\/zz 1 \/— \/ 1
J. = = sn(2)+c
/n?2 \/1—t2 /n?2 zj ot
Q18 (3 t—[l)z
Itang 2x sec 2x dx V2

j tan 2x (sec2 2x —1) sec 2x dx

= I=-2log +cC

t+ /tz—1
2
:j sin 2x dx—J‘ sin 2X dx
4 2 X >oX 1
Cos™ 2x cos” 2x =—2log cos>+ Icos >5[

put cos2x =t
_ dt Q21 (O
sn2xdx=—— 5 )
2 J' SIN“X_ 4y = sin“x+1-1
———dx = I— >— dx
1 J-dt J-dt 1+sin“ X 1+sin“x
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d
- -l.dX_J‘ 1+si);12x
2

sec X
_[dx j >—dx
sec? x + tan® x

J‘ J‘ sec?x
1+ 2tan? x

=[x J.1 212 :X_(%Jtan_lﬁt“

1
=X-"75 tan (4/2 tanx) +c
022 ()

2
f { (|ogx—1)2} i
1+ (logx)

x=t => x=¢€ = dx=¢€dt

2 2
:Ie‘(tz 1] dt = [ ef Erl=2tg
t°+1 (t“+21

12t
:J'et t2+1) (1+t2)? | g
T 0
(1) (1)
el X
_ ‘e

C1+t? l+|ogzx
Q23 (O
J‘ mn|x|
x,/1+€nx
1
1+/nx=t* = ;dx:tht

J- (t? -1 2t dt :ZI (2 1) dit
t

3
t 2
=2|——t|+c= =t[t2—3] +
2{3 }c 3t[t 3]+c

2
=§,/1+!énx [1+/nx-3]+c
2
—E,/1+!énx [/nx-2]+c

Q.24

Q.25

Q.26

Integrals

©)

j{l+2tanx(tanx+%cx)}”%x
I{1+2tmzx+2tmxsecx}”2dx

j{seczx—tan2x+2tan2x+2tanxsecx}1’2dx

I(%cxﬂanx)dx

=/nsecx+/n(secx +tanx) +c
=/nsecx (secx +tanx) +c¢

)
j (x-1) e dx

:‘fxe‘X dx—'[e‘x dx

=_xe*+ I g% dx—I e dx

COSX 1 y
:J- . - . € dX
[smx—l smx+1}
SO g

: —j—. e“dx
1+snx snx+1

€" - cosx J—(1+sinx)sinx—coszx e
" 1+dinx (1+sinx)?
eX
B LS
snx+1
€ cosx e e‘dx
B L
1+9nx 1+snx 1+9nx
€ cosx
=——+C
1+snXx

Q.27
Q.28
Q.29
Q.30
Q.31

[ugng [e{f (x)+1 (x)px =€ (x) +c}

@
@
@
@
©)

Jx

J.e\/; (x+\/;)dx

MATHEMATICS

65



Integrals

Q.32

Q.33

1
Ix=t = 7 dx=2dt
2_[ el (t2 + 1) dt

:2I el (t% +21) _2j eltdt
=2€e () -2[te—-¢€]+c
= 2e‘&.x—2[\/;e‘&—e&]+c

= Ze&[x—&+1]+c

Q.37
@
I e®"%(secd—sing) do
dt
tan9=t:>d6=ﬁ
t
T L -
1+1t2 Vi+t2
1 t
_Ié V14t \/(t2+1)3 dt
=¢ = +c=gxo +c=e"%cosO+c
/t2+1) sec 0
@
y = jd_x _ dx _
= 3 = =
X+ X+1 W2axs it
4 4
J- dx
12 (V3)
(x+j +[]
2 2
i ) 2x+1 038
—\/gtan \/5 +cC .

1= Ie3x cos4xdx = e3(Asin4x +Bcos4x) +C

0

1 3X . 3 3X @i
I1=—e sm4x—I—e sindx dx
4 4

= L e®sinax n iesx cos 4x _
4 16

9 3x
—e”" cos4x
J. 16 o

2 1= < (4e3" sin4x + 3e3 cos4x)

16 16

comparing with equation (i)
43

=M 25'°7 25
A _i 3A=4B

=B T3 TNT

)

g 2enl)
x3(1+x) T x2 e P k) te

_ 1 _a b ¢ d

BAex) T x T x2 T x3 T (x+1)

l=ax®(x+1)+bx(x+1)+c(x+1)+dx3
putx=0=c=1

putx=-1=d=-1

putx=1

1=2a+2b+2c+d
1=2a+2b+2-1 = a+b=0

putx =2

1=12a+6b+3c+8d
1=12a+6b+3-8

12a+6b=6 = 2a+b=1= a=1

Jag = (A2 ax
x3(1+ X) X x2 x3 x+1

1 1
=€nx+;——2—€n(x+l)+c

2X
1 X
=— 2X2 + /n <+1 +C
A=-12,B=1
Aliter - I1+X3_X3 ‘I 1+ x° dx
Iter x3(1+x) x3(L+x)  J 1+x
@

X3 -1 x? 1
J.— X = I 3 dx —jz—dx
x(x2+1) X +1 X(x+1)

dx 1
= | dx- - dx
I -[x2+1 J.x3(1+x‘2)

Let 1+x?%=t = d_g( =—$
X 2

=x—tantx+ lra
2Jt

66
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Q.39

Q.40

Q.41

MATHEMATICS

1
=x—tantx+ > nl+x?+c

1
=x—tan?tx+ > Mx2+1)—/Inx+c

@

yzj‘% putl+ xiz =t 3—)% dx
xg’(1+x2

=2tdt

tdt 1 X

= _T +C= W +C

-.-y(0)=o:>c=o

1
y(1)=ﬁ
@

cos2x dx cos? x —sin® x

1= J.(sinx+cosx)2 - I(sinx+cosx)2 o

J‘cosx—sinx
~ Jsinx+cosx
X) dx = dt

dX Put sinx +cosx =t= (cosx—sin

dt
—1I= J.T =/nlt|+ C=/n|sinx +cosx|+C

@
dx

I cos® x A/sin 2x

J‘ dx
cos® x 4/2sin X cos X

sec X

_\/_J.cosxm \/_'[m

[ — wsec X dx

‘\Em

puttanx =t? = sec?x dx =2t dt

=7 j(l+t4J2tdt:\/§j(1+t4)dt

= \/E |:t+§:| +C

5/2
:ﬁ{tanll2x+tan5 X} +cC

Q.42

Q.43

Integrals

@
J- cos4dx +1
cotx —tanx

=Acos4x+B

COS X SinX dx

_ J- (cos4x +1)
(cos? x — sin? x)

_I 2c0s? 2x )
=) | cosax (cosx sinx) dx

= I €0s2x sin 2x dx

cos4x

:%Jsin4xdx:_ +B

©)

1
| = I — 5—aX
1+3sin® x+8cos” x
Dividing the numerator and denominator by

cos® X, weget

| _J- sec” x
sec2x+3tan2x+8

J-4tan x+9

Putting tan X =t = sec® xdx = dt, we get

dt
J-4t2+9 4It2+(3/2)

zlxitanl(LjJrC
27312 \312

Q.44

Q.45
Q.46
Q.47

Q.49
Q.50

6 3

2
Put x = cos 26

».1 = [cos{2tan™ tan0)} — (-2sin20) do
f§n40d9 =lcos49 +cC
4
:E(ZX2 —1)+c:1x2 +k
4 2

@)
4
©)
4
@
@




Integrals

Q.51

Q.52

Q.53

@

J.4sinxcosi coss—x dx
2 2

: X 3x
2 sin X cos — 22
ZJ( 2] cos > dx
2'[ sins—x+sin£ cosS—de
2 2 2
:J‘Zsin%cosﬁdx +'[25inécos3—xdx
2 2 2 2

= j sin3xdx + j ((sn2x)—sinx) dx

COS3X  cos2x
=— - +Ccosx+cC

3 2
@

I Sin X.CO0S X.C0S 2X €0S 4X.c0s 8X.c0s 16x dx

1
= 5 j (sin 2x.cos 2x) cos 4x.cos 8x.cos 16x dx
= %J‘ (sin 4x.cos 4x) cos 8x.cos 16x dx

= %I (sin 8x.cos 8x) cos 16x dx

=ij sin16x cos 16x dx

16

1 .32d_ixc0532x
_Ejsm X dx = 32 X a3
= 1024 cos32x +C

@

dx
[ 3
= + +
J.\/ﬁ a./cot x bvytan~ x C
SIN™ X COS™ X

J‘ sec? x dx

\/tan3 X

tanx =t? = sec?x dx = 2t dt

(1+ tan® X)
an3/2 x

4
[1“ er dt :2J' [tizﬂz] dt

2 2 /
:_T §3+C__21/cotx +— tan® x +c

sec? x dx

Q.54

Q.55

Q.56

Sol.

@

(1+ tan? X]
,[ dx 2

COS X —SinX 1—tan25—2tan§
2 2

X
sec? ~ dx
2

-]

1—tan? x_ 2tan5
2 2

X X
PuttanE =t = SECZE dx = 2dt

dt —dt
:2] > :ZJ >
1-t2-2t (@22t

J~ —dt ,[ dt
2V @ 1at41-2) T2 2 (141

J§+t+1
2\/_”'\/_ t+1) *

1 \/§+tan§+1
= fn—z +C

) \/5 \/E—(tan)z(+1j
@

J‘ dx
\/sin3 X COS X
B J' dx
\ltan?’ x.cos4 X

J- sec? x dx

T3 [tanx=t = sec?
Vtan® x

xdx=dt]

dt t3/2+1 -2
32 =123/2 7¢% Jtanx *C

@

1 1
dx — dx
-[ x(x"+1) T -[ XN+ x™)

dx -1
l+x"=t => —nx™dx=dt = 7 =—dt
X n
= 1J.ﬂ- lﬂn(1+x*‘)+c-
T nd it n -
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Q.57

Q.58

Q.59

MATHEMATICS

Integrals

1 (x"+1 1 : - $2_1+
—fn{ N ] =Hﬁn(1+xn}rc t2 t ' °
1 + X +
= 4C=——F——— +¢C
@ (x3+1+1/x) x4 x+1
I:I 1 dx put 1+i4=t Q60 (D)
x5(1+i)3’4 X t dx
x4 J—2=n = [sec‘1K=£=SeC‘1X—SEC‘11
1t V2 -1 6
4
:—X—de—dt W W _ T
| = 5 TS = ¢
1 dt 1 tY4 1\"* 2
= —+C=_|1+—= P L
=1 4It3/4 4 14 ) 7 = xEsetg s
C
Q61 (3
(3) ‘ 2 h 3 ‘ 3 2
x“f(x)dx = | x7dx + | (x® = x“)dx =
Il_xy e e ! () ! !( )
x@+x7) 4 x@+x") - @+x") g 1 2
1 x© 4 4 3
| =g | —— 0
J. xe(x" +1) o J.(1+x7)dX '
1+X—7:t1+x7:u :%+|: —%—(%—%j} :4—§+§:4—%:§
_—gdx=dtx6dx= d7u Q62 @
X n+1
-1 J'f(x)dx:n2
BT n
1 ¢dt 1fdu 1 1 . I3 ‘ p
=2 IT‘? =7 nt-= mu J.f(x)dx _ J.f(x)dx N jf(x)dx N J-f(x)dx N
o) 2 ] 0
1 1 1
=— = /M@+x)—= m@A+x)+c === In 2 3 4
7 7 7 jf(x)olx+ j f(x)dx j f(x)dx
x"+1) 1 ! 2 3
N —7fn(1+x7)+c =4+1+0+1+4+9=19
) Q63 (0
=—z/(A+X)+InxX+cC =2 SiNX
7 Letl=| :
@ 0 1+cos” X
J- 3x* -1 q :J 3x4 -1 dx Let cosx =tand —sinxdx = dt
(x* +x+1)? 2( 3 1}2 Now, X =0=t=cosO0=1and
X xXT +1+= ’
X
T T
X=—=>t=cos—=0
I 3x2 -1/x? dx 2 2
B osinx ( —dt o dt
X3 +1+ = | = 5| —— :—J- 5
X 11+t \sinx 11+t
0 | 7w
1 2 1) :[tanflt] :_{o__}:_
3 — = 3X - =
X3+ 1+ ™ t= ( 2 dx =dt 1 4 4
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Integrals

Q64 (O 3/2

Q65 (1 . _-1 1
066 (2 Ixsmnx dx = 7 - ~
Q67 (1 1
Q.68 (4
2 2 1 3n+1
Q.69 (1) | = ;+n—2+; = Tl',z
T
3 k=3r+1
= [Ux=21+xDx
-1 Q72 (O
2 3 0 logn X
_ J‘|x—2|+dx N I|x—2|+dx N J(—l)dx N | = j e—de
-1 2 -1 logn-log2 1— 008[3 eX]
1 2 3
X
.[O.dx+'[l.dx+_[2.dx put €t & e dx = 3t
0 1 2 3
2 3 n/3 /3
dt Codt 3
= I(Z—x)dx+f(x—2)dx -1+0+1+2 —3_[——3 == cosecztdt
= . = —— =
’ > 7T/61 cos2t 7o 4, sin?t 2 I
2 3
2 2 3 3|1
X XT —2X = —— /3 = —— __\/g =
=x- | + 5 | +2=7 5 Lcotte 2{\/5 } V3
-1 2
Q70 @ Q73 ()
1 1 /2
X ., (2%) xf'(2x)  f(2x)
- | =frEEdx o | 22N AR
I= II m X = [ 5 2 I€n|tanx+cotx|dx
0 0 0
f'(2) f(2) N f(0) _ E_EJFE _ > /2 5 /2 /2
T2 4 4 2 4 4 - Zn(sinz)(jdx: [ tn2ax— [ en(sin2x)dx
Q7 (I 0 0
32 74 2
lesinnxldx Q. @
-1 0
= J'[ze—x]dx
1 3/2 5
- I|xsinnx|dx + jlxsinnxldx Let 26X =t
-1 1 g
—dt
1 3/2 —2e*dx =dt = dx:T
=92 lesinnxldx + I|xsinnx|dx
0 2 1 2
0 1
[t St o [P [Tz
1 3/2 t t t t
2 0 0 1
=2 Ixsinnx dx — Ixsinnx dx
0 1 Q75 (B
' n
Ixcosmdx - _ Xcosmx + sznx f(X) = 0 where n = a1 n=123, ..
n T
=1 else where

1
N ‘
E.;xsm nxdx = Tl: Find :J.f(x)dx =2x1=2

0
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Integrals

b
= [roob - [f0g00ax = 21, =[f) - (1)

x=0 1 x=2 2 2
[f(b)]” - [f(2)]
Q7 (9 L=
Jl'etdt Q8 (1)
A= . 1+t 2 9
. I(X—|nga) dx =2 Iogz(gj
—t e—t 1
I= .[t—a—ldt - I1+a—t 2 2 5
a-1 . ——(log,a)x| = =
Puta—-t=z > (log; ) . 2Iog2[aj
dt = —-dz
2
Tea(za)dz }ez.dz 2-2loga=2log, —
= =-— =—Ag?
1 1+z 01+Z 2-2log,a=2log,2~-2log, a
1=1
Q77 (O a>0 because of log properties.
X
| dt__= Q8L (2
2 2
\Et t°-1 bc
_1 fijdx
-1 1 n = c’ I (C
secix —sect o = 3 ac
dx b
1y = = = E i = —_— = =
seclx= 2 = o Put — =t= — =dt !f(t)dt
1, -, 7 Q82 (4
TEX=5 T, )
3
sec—lx:Tn If(x)dxzsx(3+3)=3o
-3
X = Sec 3n
= 2 .
x=—2
Q78 (3
I_ﬂlz(sinx+cosx)2 _Tclz(sinx+cosx)2 ) 3
- o |sinx+cosx| - ¢ (sinx+cosx)
mi2 Q83 (1
= j(smx+cosx)dx [sinx — cos ]2 = 1 + 1= 2 R P
0 B J‘ (25-x7)"
I = 4
Q.79 €) 5/2 X
b Put x = 5 sing
Let I, = If(x)g(x)dx = dx =5 cos do
a nl2 n/2
d - Icot“@ doe - Icotze (cosecze—l) do
[given &f(x) =g(x)] /6 /6
b 2 2 2
d = |cot“6cosec6dd — |cot“6do
- 1I,= [f(x)jg(x)dxt - j (&f(x)j g(x)dxjdx j j
a
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Integrals

t236 /2
co
= 3 — Jcosecze+9
n/6
3
cot” 0
=- =5 * coto+ 07

_n . (f3) o
_2+ 3 _\/__6_

Q84 @

wl|a

2
-m‘{ J[f(x) f(=x)]
d

-

2
i f[ ][Q(XHQ(—X)]

X

odd function by P — 5

=0
Q8 (3
/2 /
Let | = I sinx dx
Jsinx ++/cosx
..... 0)
Then,

N Jsin(m/2=x)

- ! Jsin(n/ 2-x) ++Jcos(r/ 2—X)

/2 \/—

dx
I Jeosx ++/sinx

= | =

(i)
Adding (i) and (ii), we get

/2 m

2l
-([ Jcosx ++/sinx

+“’ > \Joosx

+ \/SiNX ++/cosx

“2 Jsinx ++/cosx

4 \/sinx ++/cosx

dx

dx

n/2

jldx [X]%2 = E 0

n/2 /Slnx

= |
Jsinx ++/cosx

J>|.=1

dx

Q.86

Q.87

@

Given, | —I «fdx ()
J§+Va+b X
b a+b- .
Note: LJa+b X+\/— (')
Add. (i) and (ii),
2.[ Jxdx +,[b Ja+b- xdx
ax+Ja+b-x ‘aa+b-x++/x

z.[b x+\/a+b—xdx=jb1dxz[x]b
a Jatb-x+/x 2 2

Jd=b_a ~.1=P-2

2
@

3
Let | = J'xsinz xcos? xdx
0

Fromthe definiteintegral property

a

J. f (x)dx=j: f (a—x)dx

0
we have

I:_Z[(i—;—x)sjr?xaszw .. (ii)

( - co x=gin (E—xj&sn x= COSZ(E_XD

By adding (i) and (ii)
o2
2 :—Isin2 X00s xax
20
L2
or 21 =—jsin2 2xdx
8 0

[+ Sn2x=25nX cosX]

r (1- cos4x) dx(.'. c0s20 =1-2sin’ 9)
8

O =y [N

T

sin4x}2
0

=2l =£{X—
8

2
812 32
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VOOO00000O0
{0 (0 (0 (0 (0 0 W o ®
OO RWNFPOO®

Q.97

Q.98

@
3
2
4
4
(1)
(1)
&)
3n
I, = If(cosz x)dx ; periodisn
0
-3 J.f(cos2 xX)dx
0
1, =3l
Similalty 1,= 21,
L, %1, 3,
I, +1;=1
? 2t l3=1y
f(x) =f(a—x)

g(x) +g(a-x) =2

| - jf(x) g(x) dx _ J.f(a—x)g(a—x)dx
0 0

E jf(x) (2 - g(x)) dx = 2 J-f(x)dx iy
0 0

a a
21 = zjf(x)dx - Izjf(x)dx
0 0

@
100

1=y Uol f(r—1+x)de

r=1

1 1
- jo f(x) dx +IO f(1 +x)dx +

1 1
jo f(2 4 X)dX + oot jo £(99 + x) dx

1 2 3 100
fo f(x) dx +j1 f(x) dx +j2 fX)dX +.... + L,g f(x) dx

100
_ jo fx)dx =1 =4

Q.100

Q.101

Q.102

Q.103

Integrals

@
©)

f'(x)
X)) =fx) = W =1
fl
%dxz‘[dx = /mfx)=x+c
f(x)=e*c . @)
f0)=1 = €=1 = ¢c=0
Now f(x) = &

f(x) + g(x) = x2 = g(x) = x2 — &

I- jol f(x) g(x) dx = jol eX {x2 — eX}dx

/2

n‘[ dx
I= o 1+tan® x
Applying King

/2

J' dx
I = 1+ cot® x

0
Add
n/2
_ |dx_ -
21 = E')‘ = | = 2
ey

3 X x2 +1
| = '[ tan "t —— +tan"* dx
1+x X

1 X x2 +1
| = '[ tan ' —— +tan"* dx
1+x X

O is odd function

3
o (:33 4 /3 =J(tan 11+XX2 +C°t_11+ ijdx
.[f(x)dx -0 j-tanxdx+ Icotxdx 1
0 0 nl4 3
= nsecx |3/ + msecx |3 :Ig-dng(z):“
1
=in /2 +n g —/n % =/n\3
MATHEMATICS 73




Integrals

Q104 3 (1 1 1
o)

=lim| =—
h X4 Xx—o| 2 284XZ
= [
Jl+e
Q.107 (3

King Replace x — —x

2 2 1/n
P L= lim (1+i2] 1+2—2 1+n_2
1= [——F h—soo n h h

Jl+e”
2
tx4aser) L = fim L ifn 1+(1]
2] = jmdx N—w n ) n
a1
1
=1 _ jzn(1+ x2)dx
> 0
Q.105 (4) =x/n (1+x?3) —2x + 2tan 1x [}
n 3 T 2
_ lim r mL=/m2-2+ - = L=—7 &?
= 5 R 2 e
r=1 Q.108 (1)
1
n 2
N 5 lim E[Ljsecz [L] - jxsecz x2 dx
_ lim - . e n 0
Nn—oo 2 _
) n4(1+rj Put x2 =t
n 1
1 2
xdx= — = = jsec == [tantll == tan 1
3 1 2 3 2
— 3
_lim S (”j 1] j X
= oo a5 T d1ext dx Q.109 (3
" 1+(rj ’ S 1
n i LN . ~
1= M ; LS = ‘([SlnnXdX_n
_1 4yp _ 1
4 fn @l = 4 fn2 cosnx |
T =[-cost +1] =2
0
Q106 (4 0110 @
2x
_ j xe* dx T,
Consider lim=— — fx) = 1+x + | (n*t+20mi)dt
X—>0 e X 1
” f/(x) = 1 + /n?x + 2/nx
2 ’ -
ZJ Xe* dx f(x)=0
=lim——— (Inx +1)?2=0 = x=¢t
X—>00 264)(
x f—:1+—+jfnt+—znt dt
2 xefd(x?) e e t
- llm 4x2 T T
o 2e it ()
X< 12X 4x
. . e” =1 1 2
_“m[—42—|' e :1+g+t£n2t|%/e:1+g:1+2e‘1
X—0 Ze X X—0 2e X
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Qu1 (3
f(x) = €9

')f t dt
9(x) = 1+ t4
2

gx) =

1+ x4

9@ =17

f(x) = e9%) . g'(x)
f(2) = 909 . g'(2)

2 2
- eo . ﬁ - ﬁ
Qu2 @3
x2 x?
sec?+dt sec?tdt
— lim o — lim 0
x—0 X SINX x—0 X2
2.2
_ lim secx°.2x _ o _
T x0T g X (0=1
QU3 (2
x2 2
J-cost2 dt J-cotz dt
= lim 0 _Ilm o
x—0 Xsinx x—0 X2
_ lim cosx*.2x .
T x0T oy T
Qu4 (2

Tcost dt = ILmdt

a

differentiating both sides w.r.t x we get

ty

d Icott dt_ d J‘sm
sin[x?] dx? sinx?

RHS = X2 K=2>< X2

L.H.S. = a

. . . — dy

a

y -,
Jcostzdt Y _ cosy? dy _dy_ ZL"‘Xz
dx dx ~dx xcosy

Integrals

2 dx 2
I, = Lm = /n (X+\/X2+1) = /n

1

2+45
1+42
_[2dx
2= 1 X
=/n2
1> 1,
QU6 (1
1 2 1
J‘ c X2 CqX
C2X +CX+Co = X220 ——— +CpX
3 2
0 0
C2 1
== + = +
3 2%
=0 than definately one root will liein (0, 1)
EXERCISE-III
NUMERICAL VALUE BASED
Q1 0008

_J- 3x% +2x
(< +x?)?+2(x*+x?)+5

Put x* +x? = t, weget

3 2
.zltan-l[ﬁxﬂj“(
2 2
~A+B+C+D=8
Q.2 0005

cos’x = %(1+ c0s2x)* = %(3+ 4C0S2X + C0S4X)

. jcos4xdx=§x+1§n2x+i§n4x+D
’ 8 4 32
. 8A+4B+32C=5

Q3 0009

| = J‘X13/2(1+ X5/2)”2dx _ J'(Xslz)yzxslz .dx
put 1+x>? =t
2 2,12
[=—=|(t-D°t dt
J-D

o :g g(1+ X5l2)7/2 7&(1_‘_)(5/2)5/2 +g(l+ X5/2)3/2 +C
’ 507 5 3

A+B+C=9

NMUBHERJATICS
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Integrals

Q4

Q5

Q.6

Q.7

Q8

066

) 2tan x/2
UseSNX=—F—-——
1+tan“x/2

X
Put tan—=t

2
0125

.[ cos4x +1 2c0s? 2X
cot X — tanx

SINX COSX

B J 2c0s’ 2X.SiNX COSX
CoS2X

J-sjn4x

dx:—icos4x+c
2 8

:j COS X +Sin2x "
(2—cos’ x) (sinx)

J(1+ 2sin x) cos x
(1+sin®x) (sinx)

- 1+2U 4 (Putsinx = 1)
(L+t5)t

Use parial fractions

1+2t 1 (-t+2)
=—+
t@+t*) t 1+t

033
Itan“ X dx

:J'tanzx(seczx—l) dx
=J'tan2chzxdx—jtan2xdx
:jtanzxseczx dx—_[(seczx—l)dx

tan®x
= —tanx+Xx+cC

I[cosx sin®x

)

dx = Icost sin2x dx

Q.9

Q.10

Q.11

Q.12

Q.13

HenceA=-1B=
05

J‘IogX elog, e Iogezx e
X

I

dx

J' dx
xlog, x (1+1og, x) (2 +log, x)
Putlog x =t

J' dt
t@d+t)(2+1)

1 A B C
wW———————=— 4 —— +
tl+t)(2+t) t 1+t

1 1
A== B=-1C==

2 te=3
0050

1 1
100.([{x} dx :100.([x dx

] e
0.67

2+t

Apply Newton Liebnitz ruleand L' Hospital rule.

2xsnx 2

x>0 3x2 3

0277
Put sinx =t,

1
J'llzlt
0

O ey

2 4 2

_ Et3/2 _ 2_217/2 2 £ w2 _
3 7 11

76

t1/2(1—2t2+t4)dt =J.[t1/2—2.t5/2+'[9/2:|dt

64

3 7 11 231
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Integrals

Q14 Nk 20k 1=K

Ilml%f,/
oo ¥nT | = J‘de+_|.2x/x—1dx
:J:sl 1 1 2
° 1+X =2.1+2.(x- 1)3’22 _, B 34
=2[VIix] =2[2-1]=2 2 3
Q.19 (05
Q.15  (0000) _
I_"J’»2 COSX —SinX o IZJ;\/QJF S_de
1+sinx cosx
\/_+\/ﬂ
oo Zx-anf 2] B st
2 2
| = dx 1
0 1+sin(n—x)cos(n—x) 2A=1=1==
2 2 2
J’» sinX — cosx _Jl‘ cosx—sinX Q.20 (05)
! 1+sinxcosx 3 1+sinxcosx K
l=—l = 21=0= 1=0 = [ xf [x(1-x)ax
Q.16 0003 Tk
T n k
Jf (x)sinxdx+_|'f”(x)sinxdx = = I(l—x)f [(1—x)[1—(1—x)ﬂdx
0 | I 0 I I 2k
=( Of (x)(—cosx)—If’(x)(—cosx)dx} = If[x(l—x)]dx— J xf [ x(1-x) Jax
- [ =1, -1, =1
+ smxf’(x)—jf’(x)cosxdx T
= (f (m)+f (0)+jf '(x)cosxdx}r(o-jif ’(x)cosxdx] PREVIOUS YEAR'S
_ _ MHT CET
=f(m)+1(0)=5 Ql() Q21 Q3@ Q43 Q5()
. £(0)=3 Q6( Q7@ Q83 Q91 QIO
017 omL QU Q12 Q1373 Q141 0Q.I5(2
' Q16(4) Q17(3 0QI8(2) Q1972 0Q.20()
9 Q21(2 Q223 0Q23(1) Q24(1) 02502
H& +2]dx Q26(2 Q27(2 0Q28(1) 0Q29(1) Q301
0 Q3l(4) Q322 0334 0Q34() 03501
. . . Q36(1) Q372 Q332 0394 Q4002
= j [Vx +z]dx+j [Vx+2]dx+ j [V +2]ax Q41() Q42() Q4() Q4
0 1 4 Q.45(4)
1 4 9 |
= [2dx+ [(1+2)dx+ [(2+2)dx= 2+9+20=31 Let!= I@dx

Q.18 1133

el - [
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1
Putlogx=t= ;dx=dt




Integrals

Q.46

Q.47

Q.48

Q.49

L= .[de :jtzdt

X

+C [putt=logx]

3
©)

3 3
_t_+C=(Iogx)
3

VN
Le“:J-tan \/;\/;SGC \/;dx

Put tan \/x =t
sec?\/x

_ptan® Vxesec? Vx
l_jf

dx =dt

dx = j2t4dt

| J‘ dx
~ Jsin? x cos? x

(sn’x+cos’x)
ZJA.Z—['.‘Sln29+C0326:1]
sin® x cos” X

.[(Secz X + coseczx) dx

I(secz xdx + J.cosec2 xdx

=tanx—cotx+C

(€)
etan’lx
Letl = dx
J.1+x2
Puttan?tx =t
dx =dt
= 1%
tant x
I =If+x2 dx = je‘dt
=eg+C [-.-J'exdx:ex]
—g™ x4 C [putt=tan™x]
@
] - LL SN

=

Put X—%=t:>dx:dt

Q.50

Q.51

. T T .
sin—cost + cos—sint

=\2[—4 4 gt

sint

{31

[(cott+1)dt=loglsint|+t+C,|

=

+c[-.~ cl—% = c}

=x+log
©)

x3\2x* —2x* +1
Dividing numerator and denominator by x>,

2 1
2—?+F
1 4 4
Put 2— 2+—4:t:>£F—FjdX:dt
1 2 1
_[ \f C_E 2—7+7+C
@
Given,

I['Og(logx)Jr;z]dx:x[f(x)—g(x)]+C
(logx)

1
LHS= H.Iog(!og x)dx + Imdx

1

=xlog (logx) — jlogx +‘[(Iogx)2dx

=xlog(logx)— Iogx
—j;zdxwtj dx+C
(logx) (Iogx)

= x{log(logx)—@}C

1
+f(x) =log (109X): () = {oq

78
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Integrals

Q52 (@

17X +29° -3Ix+1 1 x*-1
J' :J' xdx _Jll ﬁﬂ dx J.—l ﬁﬂ dx
Let] = \/1_ 2x* \/1_(\/5)(2)2 Odd function Evenfunction
x —1)(x2+1)
Let \/2x% =t =0- szdx
= 2 pxdx=dtbxdx=dt/2,/2
1, dt 1. 2 | 4
| = = -1 C - - —
2\/§J‘\/1_t2 N (t)+ = 2{(3 XHO 3
| :T\%gnl(ﬁxz)+c Q91 (@
Q53 (2 Let = [ o
LetI=I ox Letcosecx =t
2+C0sX b —cosecx cotx dx = dt
dx _r — _
Izjm (1+tan )dx When x = 6,thent—cosec6—2
2+ 2 =J. T n
1+tan2% 2+ 2tan® 5+1 tan® E andwhenx:E,thent:cosecEﬂ
ot dt __J-l dt
seczgdx R T e
|l=|—<¢
» X B 2&2 4 2
3+tan E “ 1+12 |:tan (t):|1
= tan(2) — tan(1)
Lettan§=t = sec?x/ 2dx = 2dt B 1( 2-1 j_ l(ij
- 1+2x1) 1+2
2dt dt
=[ =l 1
3+t () s =tan‘1(:—J
1 1 Q92 @
|=2——tan| == |+C
N (@J [ N
x? -4 x2—4
tan(xj
2. 2 5 4 X—2
|l=—tan"| ——= |+C _ _
= 7 73 + _'[3(1+X2_4jdx_{x+2>< Ige(x+2ﬂ
5-2 3-2
Q54(2) Q552 Q563 0Q57(2 Q58(3) ={5+Ioge[5 2) |ge(3 ZH
Q59(2) Q60(1) Q61(2) Q62(1) Q.63(3 +
Q64(1) Q65(1) Q66(4) Q67(2 Q.68(2 3 1
Q69(4 Q702 Q714 Q723 Q.73(4) =2+log (—j—loge( j
Q74() Q75(4) Q76(3 Q77(2 Q.78(3)
Q.79(4) Q.80(2) Q.81(2) Q.82(2) Q.83(4) 5 15
Q84(3 Q854 0Q86(3) Q873 Q.88(3) _2+|oge( j 2+Ioge( ]
Q.89(4)
Q9 @ Q93 @
117x° —x* +29x° —3x+1 J-n/2(1+sin2x+0052deX
.[—1 X2 +1 w6\  SinX+CoSX
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Integrals

Q.94

Q.95

Q.9

.["/2 1+sinxcosx +2cos” X —1 dx
- (sinx+cosx)

Imz 200sx (SinX +Cosx) 4
X
- (sinx +cosx)

_J' 2cosxdx = 2[sin x]’”2

- 2(sjn3—sjnﬁj= 2(1-%: oxto1
2 9"% 2 2

@

4 _ 4
Let 1= [0

5 X
0 1+x

*-1)(1-x)" +(1-x)

(1+x7)

dx

S

1(1+ X% — 2x)2

“1)(1-x)dx+ [ —— L
A s b vy

T

=[x

i
[oey
“If

) +(1+x%)- 4x(1i1r—x;)}dx

x—l

2 _4
(1+x )+4X+4(1+ xz)}dx

42jdx
1+X
X' 4x5 b5x

1
| XA 5 A atanx
3

0

1

X% —4x° +5x* —4x® + 4

0

@
-+ |z| = real and positive and imaginary part iszero.
. ag|z=0
= [arglz]]| =0
100 100
J'Xzo[arg|z|]dx = jX:Ode =0
@

Given _[_3 (Jx—2+[x])dx

=[°{- ~1jdx + [ —(x~2)+0dx

+f -
= L(_
+_[12(—

x 2+1dx+j x 2+2dx
x+1)dx+jo(—x+2)dx

x+3)dx+j§(x)dx

1 2 2 3
X ox |l Xy |+ X
2 T2 2],

+(-2+6)- [71+3j+(§—gj

Q97 (@

xtlog(1+t)
Given Il | SJ.OtATdt

th|Og(1+t)dt

. Jo 4
x—0 X

Using L’ Hospital’srule, we get

xlog(1+x)
X4+4 =lim

log(1+x) 1
3x? '

3x x*+4

x—0

Q.98

0]

(i)
Adding Egs. (i) and (ii), we get

=Ll 35l 35 e
2o (2] 32

[ logm-+logn = logmn]

21 = logldx=0=1=0
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JEE MAIN
PREVIOUS YEAR'S

J.(x+1 (x+1) e

Integrals

et @ [ (00 +(x))edx
1-x
- dx =f(x) e +c
Letl jx /—1_X2 »
Wheref(x) = —
:I 1 dX—.[ ! dx X+1
xy/1-x2 V1-x2 )
PUtx = FeI= xr1?
t =
1 n X =—3
dx:—t—2 (x+1)
12
- P00 x+2)*
2
:j.l t T d-sint0) +C, fm(l)zg
e 16
_3
J' —dt =7
VE- Q3
=—/(nft+ 2 -1
(l—})(cosx—sinx)
1 [1 1= 3 5 dx
==y " TS0+, (1+sin2x]
V3
1 (1 T .
=—/(nl=+ —2—1—(——005 ijrC1 [ 1) _
XX ? 1-—— |(cosx —sinx
) )
215 x
1 ! 3 T ——+sin 2x
=—mf + 7—1+0081X—E+C1 ( 2 J
1, [1 V3_ 1) hex—s
=g(x)=cos™(x)— /n | —+t 7—1 J‘(z 2](cosx smx)d
, , X
=g(1)=cos*(1)- ¢n|1|= sin60°+sin2x
1 1
:g( J COSFI( j (n|2+\/7| \/§COSX—ECOSX—ﬁsmx+13|nx
J- 2 2 2 2 o
T in V3+1 25in(x+gjcos(x—g)
= 3 \/é—l
T, J3-1 (cos(x—gj—sin[wrgj]
——+/n
e ; o
25in(x+njcos(x_“j
Q.2 @ 6 6
J.( x*+1 )e dx
(x+1)?
EJ' dx _J- dx
I( 1+2 )&’ -dx 2 Sin(er“) cos(x—n)
6 6
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Integrals

Q4

Q5

@

9 = [*d(f (.50

T

- f(t)sect|4
X

agx)=f (%jsec% —f(x) secx

g(x) =21
COSX
. . f(x)
I|r7n1 —-gx)=2— Im; —[—)
H(Ej H(E] Ccosx

Using L’ Hopital Rule

3)
=2_ |im_(ﬂj =2+ —2 =3

H@ —-sinXx

©)

f(X)+f(x+k)=n
f(x+k)+f(x+2k)=n
=f(x+2k)-f(x)=0
=f(x+2k)=f(x)

= f (x) isperiodic with period 2k

4Ank %
|, = jof (x)dx =2n ! f(x)dx

1, = [ dx = 2] f(x)ax

Now,
f(x)+f(x+k)=n

= [Ffex)ax + [ (x+k)dx = nk
= [“fo0ax +[ " f(x)ebx = nk

2k _
N jo f(x)dx = nk

=1,=2n%k, |,=2nk
=1, +nl, =4k

Q.6

Q7

Q.8

Q9

©)

f(x)=x3-3, x<-1
2, -1<x<2
X?+2x—-6  2<x<3
9 3<x<4
10 4<x<5

11 x=5

2x+1 x>5

Clearly f(x) isnot differentiable at
x=2,3,45=m=4

-1 2 27
I= Lz (x® = 3x)dx +I712~dx =
27
"4
@

1= [os{ -] o

2 4 5
I = [ cos(mx)dx + [ cos(mx—m)dx + [ cos(mx —2m)dx
{sinnx}2 [sin(nx—nT [sin(nx—Zn)T
| = + +
T i ) T 4
1=0

@
F() =x+ [, (x-f (ot

F(x) =x(@+ [ (B dt) - [t (1) ot
f(x)=Ax—B )]

= f(t)=At-B

Now, A =1+ [ f(t)dt =1+ [ (At-B)a
—A=2(1-B) e

Also B = [ tf (t)dt = [ (AL - B)ct

Ang e
From(2), (3)

18 , 4

o, |=1—%=j:(1—\/1—7)dy
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Q.10

(1

f(0)= sine+J'f//22(sine+ tcosd)f (t).dt

f(0)= 5|n9+.[ sin6f (t dt+_[ cosetf()d

£(6)=(L+ [ 71 (t).ct)sin0+ [ 1 (1) ctcoso
=f(6)=A.sin6+B.cosd
A=1+ j“’z )dt B :f’fzt.f (1)t
/2 .
A =1+L[/2(A.smt+ B.cost).dt
_j t.(A.sint+Bcost).dt
/2
A=1+0+28B jo cost.dt

B= 2Aj”'2t.sjnt.dt +0
0
A=1+ 28(1)
/2
B=2A (—tcost + _[0 cost.dt)

/2

Integrals
5
=o0=2& B= 3

2a-1 9—x?
Now !=1| s Max{ ,x}-dx
B_é 5-x

_x? /
=j3Max 9-x X ~dx_.[959 X’ dx+j x.dx
-1 5—-X -1 5—_x
233
=I9lsidx+ J~9/59 x2 J~9/525 x% - 25 X+ X
-1 5-x 2 oI5

2 3
_16J‘9/5 dx 9/5(5+ x)dx+{x7j

1 5_x—J1
> 9/5

L7995  , 5\3
:16[£n|5—x|f/15 +{5x +X—} +(X—J
2 -1 2 9/5
81 9 81

=16[(n[16/5] - /né6] +K9+ %J (-5+ 1/2]} + {5‘ %}

—16£n(16j+14+4
30

A=1+2B..(2) B=2A(-tcost+sint),
from (1) & (2) B=2A....(2) =18+16/n(8/15)
A:é+4§/3:>A:—1/3 a, =18,a, =16
:> =
~sin  2c0s0 oy +o, =34

f(0)= 3 3 )
Now Letl = I & @
j"’zf(e).de‘=‘—1j“’2sine+2oose.de‘= [(~cas0-+ 25n0); >  (L+€)(sin"x) +cos’)

° 3% Applying king

1 z dx
:§|(0+2)—(—1+0)|= = j ; _ i

on  [a4 > (1+e™)[sin’(—x) +cos’ (—x)]
9_X2 5 ex
Lety=2— = J Z (€ +1)(sin°x) +cos° x) ~(9)
D+@

ﬂ:( —x)(—2x)—(9—x2)(—1) ]
d 2 2 X

X (5-x7) 2= | (1+€)

J ([L+€)(sin® x +cos’ x)
dy _x*-10x+9 _(x-1)(x-9) 2
dx  (5- x) (5—x)2 Applying NANO Prop.
Socritical pointsx=1, 9 ol = ng dx
1€[0,2] ~ “Jo sin®x +cos®x
9 5
y(O):g; y(1)=2 Y(Z):E _ J' dx
o (D[sin*x +cos’ x —sin® x cos’ X]
divide by cos’x
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Integrals

Q.14 (4

= Iﬂ sec* xdx
- 0

tan® x +1—tan®x gcos (n)
put tanx =t J' T dx,neN
sin
e (1+7) i
o ttr1-t? x
b b _icosznn—cosz(n—l)x
T :
| g " i
Sl P :
tz(t2+t—2—1) Jz-sm (n-Dx —sin® nx
s sinx
. 1+tl2 n
|:.[ —Zdt Jz-sm(an X)(=sinx)
(t-2)"+1 ) sinx
1 3
u _—— =
p LY j in(2n-1)x
joo °
l y2 i1 _ cos(2n-1)x |n/2
T o1 Db
I = [tan™y]” an-1
-1
T T B
L i 2n-1
=3 ( 2) "
Q13 () Now, b3—b2=—%
|imz“ n—2
n—oc r:l(n2+r2)(n+r) b4_b3=__1: 1 y 1 ) 1 arein A.P
7 b,—b, b,-b, b, —b, o
lim zr ; ?2 with common difference—2
n[1+ In(1+ 1) -1
n n bs_bzt:?
0 (L+x*)(1+x) b dx | 49
N 25— =In| —
put X = tan 0 L (X2 =1)(x*—-4) (40)
= j% SeC2 0do
- (st O+ tan0) =5k = __1)1)(3—' 4;1)0' - (fgj
jg cos0do d d 49
e vy bodx b dx | (49
(cosO+sin0) - 4[.[3—)(2_4 L xz—l}_ln(mj
EJ‘% (cosb+sinB)(cosb—sinb) b
= (cos0+sin®) 4 nx=2) 1 |nx__1 |n(4gj
-
4 X+2|), 2 X+1), 40

1=%[e]§ +%(fn |cosB+sinB[)2

b-2 1 b-1 1 49
— In|——|=In| = |-2In|—+2In| = |=In| —
n 1 b+2 5 b+1 2 40
|=—+—(£n\/§)
8 2
In (b+1) In 49
= S4gin2 = b+2 “-17 4] (20
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Q.16

Q.17

MATHEMATICS

( j(b+1) 5_49
b+2) (b-1% 4 40

(b 2)(b? +2b+1) 49

= (b+2)(b°-2b+1) 50

b®+2b®+b-2b*-4b-2 49
= BP_20%+b+20°—4b+2 50

(03=3b—2)50=49(h*—-3b + 2)
b®*—-150b+ 147b—-100-98=0
b*-3b-198=0

=hb=6

(€)

24 vz (2-x%)dx

T (24 xP)V4+x!

V2 2 x?

Letl= J.O (2+x? )\/4+x

I

= x(2+x)x\/42+x2
X X

2
R

= (2+x)\/(x+2)2—22
X X

2
Putx+ — =t
X
2
(1—7jdx:dt
22 dt
IZ_L 2_22

1[ 1tT
= =|sect—
2 2,5

Q.18

Integrals

[C10) ax= [ (F () +f (-x0)ex
‘IZ |x3+x|+|—x3—x|
=l (@) (@1 )N
IZ |X3+X|+ [ X3+ x|
=l (@) (@1 ) X

_[2 X3+ X X3+ X
€ +1) (e +1)

) dx

_J-z X3 +X e<(x+x))
(+e?)  (1+e)

I;(x3 +X)dx

xt x2 T
= |:—+—:|
4 2 o

=4+2=6

@

At right hand vicinity of x = 0 given equation does not
satisfy

1
LHszjtzf (t)dt =0, RHS= lim (sin® X + cosx) =1
x—0"
;

LHS = RHS hence data given in question is wrong
henceBONUS
Correct data should have been

1
= [ £%F (t) dt=sin® x + cosx —1

Calculationfor option

differentiating both sides

—cosx f(cosx) - (—=sinx) = 3sin?x - COSX —SinX
= f(cosx) = 3tanx —sec?x

= f'(cosx)(—sinx) = 3sec?x — 2sec?xtanx

) = T(cosx)(-sinx) = cos’ X cos® x
1r _
:E_sec 1(oo)—secl(\/§)} o _ B 3
) = F(cosx)cosx ="y ™ Gnx-cosx
_1 E_E}
“202 4 2
- When COSX = —: SINX = —
=z V3 NG
8 [ 1 ji_ 9
Answer = X£—3 \/5 \/é \/E
8 Q19 (1
@ N o
1 1
. |x3+x|dx j de:_-[ de
x) = (€ +1) 0 7 L7l
85



Integrals

Q.20

Q.21

:_|n(1—1j—7(2i+3i+4i+...ooj
7 72 T3 T.

4

2 3 4
asIn(l+x) = x- 2 XX e
2 3
[ ;

2 3 4
asiIn@l-x) = x+—+—+—+ 00
2 3

= —In§—7(—ln(1—lj—lj
7 7)) 7
=6In§+1
7
)
J e‘msinxdx
5 (1+cos” x)(e™
Replace X — n—x

e (A)

T

| _ j e “*.sinxdx
5 (L+ cos’ ) (™

Add (A) and (B)

e B)

T sinxdx

1+ cos” x
Put
cosx =t
sinx dx =dt

o dt V4

| =—[—— =[tan*t],' == Ans.
I1+t2 ! Jo 4

@)

f() = max{[x+1], x + 2], [x + 3], [x + 4], x + 5[}

T f (x)dx = ]‘3|x+]4dx+f|x+5|dx
6 3

:—jjx+1dx+}x+5dx
3

5L 5]
ooz

_ §_12 21 21+21 o1
2 2 2 2
Q.22 (9
487 ,(3r sinx
| =— | X°| — =X |————dXx
7;4J; ( 2 j1+coszx -

Apply king property

48 ¢ 2( T sinx
=— | (=X =+ X|-————dx

ﬂ4£( ) (2 j1+coszx ~(2)
D+@

127 sinx 2
| :?Om[n +(7T—2)-X-(7[_2X)]dx (3
Apply king again

12% sinx

== Om[nz + (= 2)(m - x)(2x— 1) | dxy

3+4)
| =2 —2X[2n+(n—2)(7t—2x)]dx (5

Apply king

=67 S
__2~([+C

(5]
(5)+6)
_ E Sinx i
v 1T cos X

[2n+(n—2)(2x — 7)]dx

L et cox=t = sinxdx = —dt
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Q.23

Q.24

Q.25

MATHEMATICS

—dt 3
1+t

©)

1
J'[—8x2 +6x —1] dx
0

3/4

—J( 1)dx+j(0)dx+j( Do

/ s

-3
3+\/ﬁ

8 1

| (9ax+ | (-9

34 3T

34417

=IXIg* +0-[xJ; +-2x],,8 -IXL},
I
4 4 2 8 4 8

1 1 -6- —6-2J17 L3 4 9+3J17
T4 4 8 2 8
1713
-8
(385)

if f (xX)=min{ [x-1],[x-2],...... [x=10]}
Sof (x) =[x-10] =[x] - 10

= [ (x1-20) 0+ ! (0 -10)°0c+ [ 1x] ~10) o

=10X9—100+%10><11>< 914 10x11

=_55+385+55=385
12

F(x)= %jff [%jdx

Letni=2 A=03205x 5w
X X

Integrals

dk__xz_;dx
3
9= 75T 05 % o
1= 751 O 0
3y ( 1\*
Ry )(‘;j (- 1M=3)
0= 2 =3
3
f(X)—E—\/& }\‘Zﬁ
N Jx
=3
X
f (o)=+/30 =6=>30.=36
a=12
@

d
I X) = JE——
0=, (t*+5)"
Applying integral by parts

007 {(t +5)" } =@ +52

2
I, (X) = X +2n_[ t

dt
(x*+5)" o (t? +5)"*
t*+5) -5
l (X) J- ( )n+1
(t*+5)
X
| (X)=———+2nl_(X)-10n1__.(x
n( ) (X2+5)n n( ) n+1( )
X
101 . (X)+(1-2)] (X)) = ———
a0+ 021,00 =
Putn=5
(104)
I:GOI (sm6x sin4x S|n4x sin2x anXJdX
sinx sinx sinx




Integrals

Q.28

Q.29

T
| = 60‘[0?(20055x +2C0S3X +2cosX ) dx

n/2
=104

| = GO(ESH"I5X +gsin3x+25inxj
5 3 0

@

£ (x) = {x} [x] odd
=11 [x even
£(x)

1-x
x-1

T t T T X
1 2 3 4

}
T Y

-2 -1 0 ‘

f(x) isperiodic with period 2 and evenins

Hence | =—J' coswx

L Jack property (P—7) & (P-4)

=— 2 5.[ coswx

| = nUO (1—x)cosmxdx + Lz(x -1) cosrcxdx}
Using by prop.

= i -
@
dy 2e” -6x+9
dx 2+9e
J‘ _J- 2e -6 +9
e F 2+ 96‘72)(
1, I (2¢™ -6e™ +9) & )
2 2 2[ 2+9e-2X) e

o 26 1+ 9e*"
R
2 +9

J o 2t° +9t 6

22\/—2
2

€ -1 = —eza_1—3(£tanl[£j)
3 3

2 22 2

-2 {tanl(\/iea)—tanl {gﬂ

Q.30

Q.31

% = tan™ L—«/Ee“ _ \/2_)3J

9+ 2¢e*

3J2(e -1)

P =1= (e -1)3/2=2¢" +9
e‘*(3ﬁ—2)=9+3ﬁ

L 3(3++72)
V2(3-42)

©

1 (n+1)7
|lm—2(Tj J(K+1) + (nk +2) + ... + (nk + n)]

n—wo N

1] (<o)
ot o[t |

"(K +x)dx = 33[ x*dx
Jo(K+x)ax =3[

K+l=33[ij
2 k+1

(2k+1) (K+1)=66
2K?2+3K-65=0

2k?+ 13K —10K —65=0
(K-5)(2K +13)=0

= K=5Ans.

@

= [[12x- 3% - 3x - 2x + 2|+ ] oy

1 1
I = [ [2x-1(3x=2)(x~1) [1dx + [ 1dx

2/3
| = jo [(2x — (3x® —5X + 2))]dx

1 2
+L/3(2x+(3x —5x+2))dx +1

2/3 Py 1 2

|:jO [-3x +7x+2]dx+L/3(3x —3x+2))dx +1

y=-3x*+7x-2

4/3
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[ 2dx+ j:js(—l)dx +[) odx+ Igjsl.dx

1 2 1
=-20—|=—-a|+=—B=—-a—-B+=
o (3 ocj 3 B=—a—-B 3

y=3x2—3x+2

4/3

2
When X € 5,1

3x2—3x+2€(g, 2]

[3x2—3x+2] =1

Il [3x® -3x+2] dx = 1(1—% =
2/3 3

wlkr

Hence, | =(%—((X+B)J+:—];+l

25_(7—x/§+7+x/f3]

3 6

2 E+ 1

3 6

T -4
6

Q32 @

X
sec? = dx

2 — |2 2

0 3+ 2sinX -+ CoSX

sz dx z

° 2tan? X 4 atan X + 4
2 2
Put tan%=t, 0

= Ild—tzz tan(x+1) = tant2-"
o(t+D°+1 4

Q33 @

f(e’) = _[I m )

nt

f((X) :J.I mdt

fa

f(

:(L
:(L

anoj 1

)_

—/nx ( 1 j
(/n10) (1+ )1(} X

L nx

fnlO 1 x(x+1)

ed)=

/n10

nt=r

dt

1 (¢ /nx

/10 t(t+1)

Add (1) & (2)
f(e) +f(e?)

i 1
L)t

T
t

e

Integrals

x? —x+1).ex]

MATHEMATICS
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Integrals

Q.35

Q.36

fl(x) =2X+1
eX
f'(x)=(2x+1).e

! = = X=——
f'(x)=0 5

f(x) =(2x +1) .e«-—2e+C
f(0)=—1

—1=1-2+C

C=0

f(x) =€ (2x-1)

f[_ij_—_Z
2)" Ve
(10)

Put 1+x?=t?

2xdx =2tdt
xdx=tdt

J215 t - )tdt
V2 +t3
2t(t° - )
B

Putl+t=u?
dt=2udu

2 a)\2
15jf(u ul) x2udu

3ojf(u4 - 2u2)du

5 3 \/5
0 “__ZLJ

3

0 g8~ (42 ) 5((~8) - (2) )

B 3

3

o

. )
Los-a2)-2e5-20)]

(1 8
30__?@1_5&}
—6/3+16v2 = 0/2+ B3

0=16,p=—6
S o+p=10
@

lim, 1+asn(n[x]] [2-x]=-a+2

Ilmasm[n[z]) [2-x]=0+3=3

X—>-1"

Q.37

Q.38

lim _  f(x)exiswhena=-1
Now,

Iof dx—jf(x dx+j x)dx +

If(x)dx+jf X ) dx
_J' (0+1) dx+J' ~1+0)dx +

L(O—l)dx+L (1-2)dx

=1-1-1-1==2

©)

Consider

f(x) =8snx—sin2x
f’(x) =8 cosx —2c0s 2x
f7(x)=-8sinx+4sn2x

~f"(x)<0 Xe(%%)

- £ (x) is{ function

f'(gjd '(x)<f [gj

5<«f '(x)<i

NG
5<f'(x)<4«/§
5x<f(x)<4\/§x

5< m <42

X
‘[n/35<‘[f(x) <‘[n/34\/§
n/4 X nl4

In/35<J-85inx—sin2x <Jn/34‘/§

nl4 X nl4
5r \/ETE
— <l <—
12 3
@

J'Ozon(|sinx|+|cosx|)2 dx

Ijon(1+|§n2x|)dx
20n+40j§|sin2x|dx

2

20 t—20{ cosrt —cos O}
20n+40=20(n+2)

2on+4oj;(——coszsz
0
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Integrals

Q3 B Q41 (4
Letf (x) =2+ |x|-|x —2+|x +1]

_LLIEZkl K2 -X x<-1
n{l+() } f(X)={x+2 —1<x<0
n 3x+2 0<x<1
X+4 X >1
.[1 2dx _ Otanx)!
01+ X _( an X)O -1 X <=1
f'x)={1 -1<x<0
a== 3 0<xx<l1
2 1 x>1
X 3 1 (1 (3
= so:e (GGGl aea
X +1=4
f(x):tan(—j o2 -1 0
2 S(2): lef (x) dx = L—x dx + j (x+2) dx +
a a X 1 3 3 7 11 24
- 2 sl
f(Ej_tm(Ejaze(O'Ej I(3X+ )dx+.[ (x+4) dx 2 2 2 NET)
42 2
F100= 2% ee @ )
I|2x2—3x|dx+[x——}dx
0 2
(fay 1 _ ,fa
(9410 s
2) 2 \4 = [/ 3|+ | {x——}dx
0 0 2
| T _1 2| T _1 2 T 32 2 12
f (zj—gsec (—j —5[1”3” g} = [ Gx=2X)dx+[ (2x°=3x)dx+ [ —Ldx+

3/2 2

j 0dx + f 1dx

12 3/2
3 23y, (26 3%
2 3 3 2

j (Z—SJ

27 916 . 91 1

8 8 3 42 2

Q40 (4
. - _9,64-72-27 9 64-99_19
= [, @-x")"" 1o 2 12 2 12 12
Let I, =I:(1—x”)2” dx Q43 (3
=[(@-x")™"x] - [ (20 +D)(A-x*)? (-nx" ) dx 111 .
0 Let Mo =
1 \/ ,i \/ 7& \/173 \/1_2 1
= (1-x")*""dx = n(2n +1)j0[(1— x")2"]x" dx 2" 73 3 >
) Let2"=t
= —(n|2n+1D[ [(L-x")"[1-x" ~1] dx N— 00 =>t—> o0
1 1
Il=—n(2n+1)(.[0(1—x”)2”*1dx—Io(l—x")z”dx) 4l 1 1 1
S=Ilim= + +ot
l,==n(2n+1)1 +n(2n+1)I, cet 12 1 -1
=(1+n@n+1)]I,=n2n+1)I, t t t

s 1+n(2n+1)=1177=2n?+n+1176=0
n=24
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Integrals

Q.44

Q.45

Q.46

s=im | X
ot 1_5
t
S= dex (-2)V1-x]
=(-2)[0-1]
=2

@
Let|= f:l([sj nax] + €°°20) dx
By using Jack property
. _ 2 . 1 cos2nx]
. I_52IO [snnx]dx+104joé dx

—52j (- 1)dx+104{J‘ edx+I 1dx+j edx}

52

(8]

X, X o, X 7X 2X
x_[of (t)dt — jo tf '(t)dt = (> + €7 )cos2x +—

fi(x)+ j:f (D)t + x-f '(x) = xf '(x)

—2X

= 2(e” —e ™) cos2x — 2(e” +e)sin2x +2
a

Putx=0
4+0=2(— ). COS2X
-2(¢° —e°).0+E
a

4:§:>a=1
a

2a=1

- (2a+1)° . = 2&% —8

1
=@ -(-D~+ Z)

(4 16, 64 256

16

11 1
“1+——=+—
Hoisw

So,{neN:a e (2,30)} ={2,3}

S.Sum=2+3=5
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Application of Integrals

AREA UNDER CURVE

EXERCISE-l (MHT CET LEVEL)

Q1 ©)] Q1L (A .
Givencurve y =logx and x =1, x = 2. Required area

2 2 = % vaxs Py =3 _
Hence required area= J.llogxdx = (xlogx —x)2 = Jlly X__Ly' X+_[0 y.0x=-sq. unit.

2log2-1= (log4—1) sg. unit.

Qz
. . [2 a x2 x=2
Requwedarealsj‘odez_[Oxe dx (-1,0) ;
Y =1 (2,0)
2 dt

We put X =t:>dX=§ asx=0=t=0 and

= — g2, then it reduces to
X=a=t=a 012 @

1 pa? 1 5 ea2 1 . Lettheordinateat x = a dividetheareainto two

Ejo etdtza[et]g = unit. equal parts

Q3 (b

<

Required area = J? tan xdx

@230 B(“'Ej
T 2
= Injsecifs = Invy =% m

Q-4 (C) 0 M D (4N0)

/2 n/2
: /2
Area= Iydx: J.smxdx:[—cosx]0 =1 4 g g Tt
0 0 =| |1+ —=|dx=|x—=| =4
Areaof AMNB L( ij [ XL

Q5 (9

b
Given L f (x)dx=+b? +1-+/2 Areaof ACDM :E(h%jdx =2
X

Differentiate with respect to b
Onsolving, weget 5 — +2,/2 ;Since a>0=

b X
f(b):—2 = f(x)= = a 22
Vb +1 X +1
Q13 ()
Q6 (2 Required area
Q7 @ ”
Q8 (2 = k'[ sinx dx = k[—cosx] 2" = -2k
Q9 (3 x
Q10 @3 Hence, area= 2k sg. unit.
4 4
Requiredarea=.[ xdyzj- ﬂdy Q1 @ .
1 12 Required areais
212 304 7 . (" n | .
= 2.3|y h—3 . unit. A1+A2_ondx+Inydx_4nsq.un|t
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Application of Integrals

Q.15

Q.16

Q.17
Q.18
Q.19
Q.20

Q.21

A 27

o
—
N

@

/4
Required area = j;[(sj Nn2x + cos2x)dx

B [_ cos2x sinZXTI4
2 2 Q.22
—i —cos£+sin£+0030—sin0 =1 i
=5 5 5 =130. unit.
@
4 (3x +4)%/2 ¢
=| +/3x+4dx =|——21—
Area Io + 3.(3/2) Q.23
Y
y=+43x+4 8
c
0] 7 X
2 112
=—x56="=90. uni
9 9 SQ. unit
(€)
@
.24
@ Q
@
y2=xand 2y=x:>y2=2y:y=0,2
. Required Q.25

2
2 3
2 yo 2| _4
area= | (v —2y)dv=(?—y J =2 s, unit
0

@
Obvioudly, triangle ACB isright angled at C.

1
.. Required area = 5 ACxBC

:%XZ\/EXZ\/E:4sq. unit.

Y y=2+x

B (2,4)
~
I
x

(0,2)C

A(2,0)

y=2-x

@
V3

n/3
A1=j cosxdx = —,
0 2

/3 3
AZ:.[ cos2xdx = —
0 4

LAt A, =201
@

9
Shaded area A = 2]4 Jaaxdx

V3

/3
AZ:J. cos2x dx = —
0 4

y2:4ax
I

@

2 3
K 2k
'[02 Xdx = —— = 2 ~1=3k . Now check from

log2
options, only (2) satisfies the above condition.
@
Requiredarea= CDD'C'= 2x ABCD
Y x=1 x=4

y=vax|
/C

B
D'
\£

Mut Cer COMPENDIUM
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Q.26

Q.27

Q.28

Q.29

MATHEMATICS

ZI Vox? dx = 8\/_ sg. unit.
@

2
Areaof smaller part = ZL V4-x2 dx

(0,0)¢ X

A2y

@
Required area

12 12(1—
A:r sinzx.dx:r (ﬂ)dxa
0 0 2

Q.30

4
A= ?/dx J- 2.Jax dx = 2\/_‘[ x2dx 2\/_
a a

Application of Integrals

1+|2|:

+
N
N o

)
We have y? = 4ax = y = 2\/ax
We know the equations of lines x =a and x = 4a

.. The areainside the parabola between the lines

34a

?
2 a

3 13

1
~@2 |- 3a2a2(s-7 B2
3

3
4 — —
=—a?|(4a)2
3 (4a)

= 2[5x/4—x2 + 2sm-1i}2 = 2[2.5{ﬁ_2_£ﬂ
2 2] 2 2 76l] qam q

Given, y = —x?+2x+3and y =0
Therefore, x =—1 and x=3

3. .2
.. Required area = I 1(—X + 2x + 3)dx

3 -
= —X—+x2+3x =—
3 » 3

=l[x]8/2 [sm2x]"/2
2 Q32
1
@ , Givencurvesare, y = x3 and y = /x
Solving y=0 and y = — X<, weget
9y y=4+3x=x7, Weg Onsolving, weget x =0,x =1
X =-1,4. Curve does not intersect x-axis between 1
x=-1and x = 4. Therefore, required areazj()(x3 —/x)dx
125
. Area = 4+3x—x)dx =— 1
I( R 6 Ix* o2xx | 1 2] 5
@ 14 3 |2 3| 12.(Areacan’'tbe
0
0 2 :
Bounded area= J xdx| + I x dx negative).
-1 0 Q33 (@
The parabola meets x-axis at the points, where
( 3.2 .2 :
y=x E(a —-Xx“)=0= x=%a Sotherequired area
= = X a3 2 .2 62 2 2 2
x=-1 x=2 = —(@*—-x%)dx=—| (a“—-x“)dx =4a
I—aa( ) aJ-O( ) 4
unit.
Q34 ()
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Application of Integrals

Since the given equation contains only even powers
of x and only even powers of y, the curveis
symmetrical

about y-axisaswell asx-axis.

Y

(0, b)

A B(a,0)

/
N %

.. Whole areaof given ellipse
a ab 2 2
= 4(area of BCO) =4 dx=4] —Va“ —x“dx
( )= 4x [ yox=af 2

n/2( 1+ cos20
= 4abJ.0 (Tj do | {Putting x = asin6}

/2 /2
=2abU d9+j coszedej
0 0
in20 /2
[6]o [—2

= nab sg. unit.
0

Q3 (@
y=x-1if xs1andy=—-(x-1),if x <1

Area

1 2 2T e P
=.[o(1_ x)dx+L(x —Ddx =[x —710 + {7— x:l

Q36 ()

Q.37

Q.38

Sincethecurveissymmetrical about x-axis, therefore

a /a— X
Required areaA = ZJ-O —~ dx

Put x - asin?@
= dx = 2asin0.cos0 do

nl/2 2
Azzj a‘/acoszeasjnzede
0 asin“o

n/.2 cos@
= aJ- ——2sin0cosOdd
0 sno
A:4a2J‘”/ cos?0d0 = A=4a’.= 17w
2 2 ’

@
. 1
Thex-coordinate of A is a

According to the given condition,

1= Ela[\/%— axzj dx

12 3/21a _ 8 1/a
1=— . — _
— \/—3[ Io” - [ 31y
2l L
3 V3
Y
y=ax*
y==
Ao, 1/a) o
O\\\\\\\\\_- X

@
Solving y? = x and X =2y +3

?=(x-9% ax=x%—6x+9
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= x2_10x+9=0=> (X-D)(x-9)=0=

: B x=9
O;Q X

x=1

=—4[xlogx — X]} = —4(~1) = 4. unit,
(- lim xlogx = Q)
x—0 '

Required area=

poa= [ [ (257

9
2. 323 2 3209 1| X2

=[x +2[x |2 —3x
3[ Io 3[ 13 212

2 2

:18—%[36—18] =18-9=9 gq. unit.

x2 y2
Q39 (4 9x?+4y*>=36=> T+?:1,whichis
equation of an ellipse. Remember areaenclosed by
ellipseis nabi.e
n23=6m.
Q40 (b
y=|cosx —sinx|
Y

»
»

g(x) =sinx

f(x) = cos x

v X

“0 )

Q.48

Q.49

Q1

Application of Integrals

nl4
Required area = 2_[ (cosx —sinx) dx
0

= 2[sinx + cosx];"*

2 :
- 2[3 —1} (2\/5 — 2sg.units

©)
@
@
©)
@
@
©)

Given equations of curves y = COSX and y =Sinx

and ordinates x =0 to X = %.We know that area

bounded
by the curves

X2 n/4 nl4
= ydx = j cosxadx — '[ sinxdx
X1 0 0

nl4

—[-cosx]g

= (sin%—sino) +(cos%—cosoj = (%—Oj +[%
-J2-1
@

2 3

M) e, T
4

Also areabounded by curve y =sinx and x -axisis

2.

Areaof thecircleinfirst quadrantis

3 3
unit. Hencerequired areais %—2: T 7 8
@
1
1 32 3
2 X X 1
X=X)IX=| ———-——| ==
jo(f ) (3/2 3]0 3

EXERCISE-IlI (JEE MAIN LEVEL)

(©)
y=0=x=1,3

MATHEMATICS




Application of Integrals

- o5
5
1 3 Q
Graph of y = 4x —x*-3

3
Area= I(4x—x2 —3)dx = %
1

©
@

T . . . .
x=0,x= a are successive points of inflection

0| n 2n

a

3
81
Required area= 2j(9y—y3)dy =5

T
2

Qz (1
Areaof bounded region = Zjénx dx = 2[-cosx];
_ 2 [1- 0(_1)] _ 4 Graph of y = sin ax
nla
Area= I sinaxdx = E
0
Q6 (3
x=0=y=0,-3,3
3
Q3
The area of the region bounded by the curve
y =f (X) and theordinatessx =a, x = b isgiven 0
by
b -3
-Area= ‘ I ydx‘
a
Figure
According to the question,
y=x[x| =€ x?, x>0
—x%,x<0 0
Q7 (4
2
Area :ZIZ&dX = %
y=x 0 3
Q8 (¥
B Fromfigureitisclear that required
c@0 x=1
w=1 o A(L0)
D
71
y=~x
/2
Required area area= 1+ J. cosx dx = 3
= areaof region OAB + areaof region OCD 2 2
=2 xAreaof region OAB Q.9 ©)
1 2 .
= ZI x?dx = =sg.units
0 3
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YAL

\ 1,1 AB1)
N L‘ ’X

(1,0) (2,0)

Y'y

1 1
AreaA:EX1><1+§><1><1:1

Q10 (¥
y

y= (In X)Zé’%: In x
X < i » X
/1, 0) (e, 0)

€ 2
Azj1 (In% -In x) dx =3—¢

y'y

Qu @

\ /..
N\ iy .

NS

Graph of y = 4%

4

1 7

Area= J‘E\/ydy ==
1

Application of Integrals

Required area= 44 (Areaof the shaded regionin first
guadrant)

- 4J.01ﬁ(y1 —y,)dx= 4J.Olﬁ(x/1— NG —x)dx

- 5 N2
o X L X
2 2 2

0

_LXLAXE_E}
22 V2 2 4 4
_4_1 n 1| 4n n
“42787a) g T

3 Q14 (0
Q.15 (b
Q.12(d) o016 (©
Q17 (3
Ico‘s.?:q
! 4 2
cos X Fromfigure
nl4
Area= cosx —sinx)dx = _
= cosx —cos2x)dx =
AIREE R S 4 Q18 @
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Application of Integrals

1 2 Ay
Area= I(ex ~(1-x)) dx + I(ex ~(x-1)) d Ay =xox
0 1
B >
N ) 2 [9) 1 X
[ x \J x E \J e
—|e"—=Xx+—| 4| ——+X C
0 1
Figure
Areaof OABCO
I-m
A= [ Ga-yo)ox
0
(0,0) A(1,0) |(2,o)
1-m
x=2 2
Figure = J. (x=x —mx)dx =9/2
0
1 1 1 1 =m=-2
- let-1+= | _ 2 _let-=+1
= [ 5| -1+ (e?-2+2) > Case- i
=e-2 4y
Q19 (2
3 0O » X
A= J-Ex——jdx+'[(4 x—gjdx A
X
2
P -
X2 5 , 3 igure
— (7—36nxj + (4x—x——3€nxj Areaof PAOP
NE] 2 2
I (x —x% = mx) dx =9/2
)\/ y:i 1-m
x| — m=4
(2,2
e Q21 (1)
; Solvingx=1,4
N K *
L+
RN y =4-x
Figure
4-3(n3
- 2 . . .
Q.20 y=x-x2:y=mx From graphitisclear that required
first find point of intersection : x —x?=mx 4 1 1
x2+(M-1)x=0 = x=0,1-m area= I(Z&——(2x+4)jdx ==
Case- 3 3
ase- | 1
Q22 (3
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Y4  y=1+sin2x

0,2)r

(0,1)1

. .
X « 1 » X

O a2 3n/2
vl \“y = COS X

3%

A= J (1+sin2x - cosx)dx
0

3n/2 ) 3
A= Io (I+sin2x—cosx) dx =2+ >

Q23 (2

Q24 (1)

Equation of tangent area of shaded region

_1 _
_E|5(_1)_5(1)|_5

Q25 (1)

2
A= I mxdx =2/m2-1
1

Application of Integrals

1(2. 2)

y/= e’
"

= Requiredarea=4-2(/n2-1)= 6-4/n2

Q.26 (3
Therequired areawill be equal to the areaenclosed by

y=f(x),
y-axis between the abscissaaty =—2andy = 6

1 0
Hence, Area = j (6-F(x)) dx + j (f (X) = (~2)) dx
0 -1

6 /
= g 2
2
0
-2
Graph of y = f(x)
Alternative

Clearly g(x) <0Oforx<2and g(x)>0forx>2

2 6
Area = —I g(x)dx+Ig(x)dx
—2 2

y=9(x)
- pal
T

Figure

put x =f(t)

0 1 9
- —J‘ltf (t)dt+£tf (=2

Q27 ()

MATHEMATICS

101



Application of Integrals

Q.28

Q.29

Q.30

Q.31

Q.32

d?y
— =0ax=2s0 A
dx

2
= j xe ™ dx =1-3e”
0
@
39

3/2 q
A=[, vy

@

sin2x— /3 sinx=0=sinx [

x=0onn/6

0 A= joa (sin2x —/3sinx) dx

= 4A +8cosa="7.

@

2

fromat point (1, 3)
A+B+C=3

equation of tangent at (2, 0)

y=4Ax+Bx+2B+2/

comparing with 4x +y =8 (given tangent)

get A,B,C& area.

V3

COSX ———
2

0,
(i)

Q.33

Q.34

Q.35

Q.36

Q.37(a)

@)
Let sheside, r beradius
4s=2mr
s=—r

S 2

Areaof cirdle _mr® _ 4
Areaof square x?> & >1

©)

Lb f(x) dx = (b—1) sin (3b+4)

differentiatew.r.t. ‘b’

f(b)-1= 3(b—1) cos (3b +4) +sin (3b + 4)

so f(x) =3(x—1) cos(
@

curveis symmetric ab

3x+4)+sin(3x+4)

out both the axes & cuts x-axis

I~

(—1,0)\/'\/(1,0)

1
Areaofloop:ZI XV1-x2 dx=2.
0

@

4
3

win

OA =2i+2j+k, OB=ti+]+(t+1)k

s(t) = %|ﬁx@| = % |

k
11
+

- N —
= N—-

t+1

- %\/(2t+1)2+(t+2)2+(2—2t)2

= g\/tz-i-l

)= I%(t2+1)dt
0

4 4
3.4 9.
= —6" +—-6" =
Area 16 8

102

y=H(x)

Figure
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XX -y +2y=1=x=%(y-1)

Bisectors of above linearex =0 &y =1

(10

y=x+1 X+y=1

So area betweenx=0,y=1&x+y=3is Q3
shaded
Region shown in figure.
3
(2.1)
1
N
Q4
EXERCISE-III

Q1 o4

Area = ZISinXdX = 2|—COS|;r = 4 sq. units
0

Q2 o002

Application of Integrals

After shifting the origin at the point (2, -1)
the equation of curve becomes, |x| + |y| =
1 This curve will represent a square as
shown in the adjacent figure.

Areaof thissguareisclearly equal to 4 timesthe area
of triangle OAB. Thusrequired area = 2sg. units.

0004
Bounded fig ABCD is rectangle.

N B }/—IXI-2
-2

01

AB=+1+1=+/2
BC=4+4=22
This, bounded area= (\/E)(Zx/i) = 4sg. units,

0018

4 4
Required areaABCDA Ide = I(ZX +3)dxA
2 2

1
1
1
1| x=4
1
1
1
1

11
i
x-2II
11

Ll

:(16+12)—(4+ 6)
=18 sg. units.
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Application of Integrals

Q5 0004
Curves can also be written as

x-1:x>1
y1=|x_]4={1—x:x<1

3-x:x2>0
y2:3_|X|:{3+x:x<0
()}
Thesetwo curvesmeet at (-1, 2) and (2, 1)
Now, the graph of these functionis

y
y =[x

(-1j0) (1,0) (i,o) (3,0

Required area
0

2
0 1 2

= I(2+2x)dx+j2dx+j(4—2x)dx
-1 0 1
=1+2+(4-3)=4 . units,

Q.6 0009
Graph of the function is

y y=/x
)

X

—
©0,-32) @0 (9,0

Required area
J%«/;dx—ix—_gdx _2yen)’ 1 X—2—3x
) 72 37 o 2|2
1 .
= 18—5(18) =9 s.units
Q.7 0002

Graph of these function is

= I(yz_yl)dx+i(y2—yl)dX{(yz—yl)dX

Q8

Q.9

(0.1)

X
(-1,0) (1,0)>

(0! _1)

This is obviously a square and area
=/2x+/2 = 2 squunits

0027
2 2
: y
Given: —+=—=1
9 5
to find tangents at the points of latus rectum, we find

ae,

ie ae=\Jal-b?=4=2

By symmetry the quadrilateral isrhombus.

/ L(aeb(1—¢))
D 0 B~
L
So areais four times the area of the right angled A
formed by the tangent and axesin the

quadrant.
. i 5) .
— Equation of tanegentat(ae,b (1—e )):(25) is
gx+§_X:1 :L.;.X:
9 35 9/2 3

.. Areaof quadrilateral ABCD = 4(areaof AAOB)

= 4.{1 9 3} =27 sg.units

22
0007
Equation of AB
5
=—(x-2
y=5(x-2)
Equation of BC y—Szﬁ(x_4)
6-4
y=-Xx+9

104
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Application of Integrals

Equation of CA
PREVIOUS YEAR'S
0-3
y-3=——-(x-6)
2-6
3 MHT CET
y== (x 2) Q.1 )]
Q2 (I
Requi red area Q3 @
36 Q4 €]
:—I X — 2dx+j X — 9)dx—zfz(x—2)dx Q5
4 6 6 Q0 @
2 2 2 Q.7 )
_ §[<x—z> ] {(x—g) ] _§[<x—2> ] Y
2 2 ) 2 , 4 2 , Q.9 )
Q10 @
=922 _ol_L[( 32 (52 ]-3[42 - Qu @
_2[2 O] 2[( 3 -( S)J 8[4 O} Q12 @
5 The given region is bounded in first quadrant.
ZX4__[9 25]——[16 0]
i
1 3
= 5-=[-16]->x16 y=6
2[ ] 8 ¥ v
= 54+8-6=7 Sg.unit.
©03)B
X+y =3
Q.10 oon
y=2-x?,x+y=0 ) (3,0)A>\X
=>x2=2-y=-(y-2)
x=0, y=2 y=0,x=%2 Q13 (1)
Point of inter section The equations of given curves are
2= 2=
y=2-x* (puty=—x) y?=4ax and x*> = 4ay
=-x=2-x° N
Y BIPYE \
“\*72) T4 \kyf“ax
A(4a,4q)
=>X= 3+1 (0,00 e
2 2
—ox=2 or x=-1 On solving th ati et the intersecti
. n solving these equations, we get the intersection
Required area points, i.e. (0,0) and (44, 4a).
2 2
I_l(Z—XZ)dx+I_1x.dx i 2
.. Required area= IO (Zﬁf_rajdx
T [T
= 2X—?:| + 7:|
-1 L - 3/2 4@ 3 4
: : _oga XX
372 .72 3/2 12a
X 0 0
= 2x——} + —}
3l Ll2h R 162 168’
- : 3 3 T3
= 4—24—2—% +[g—%:| 3+ gzgsq.unit Q14
- The intersection points of curves x2 + y2 = 4 and
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Application of Integrals

y= % are(0,0) and P(«/é,l)

Y
4

XzWZzV P(3.1)
, Q L x

X< (0,2) o M(20) 7

<

&) v

. Areaof DOPM = %x\/éxlzg

and areaof curve MPQ = .[;x/4—x2dx

[y o]

Jé ENCI:
- Requiredarea= — 3—7—5

Q15

Given equuation of curve=y2=2x

(i)

Q.16

Q.17

Whichisaparabolawith vertex (0,0) and itsaxisparalel

to X-axis
and another cux2ex y? = 4x

..{ii)

whichisacircel with centre (2, 0) and radiusis 2. On

substituting y? = 2x in Eq. (ii), we get

X2 +2X=4x
= X=X
= X(x-2)=0

= Xx=0o0rx=2

= y=0ory=+2  [usingEq.(i)]

Now, the required areais the area of shaded region

YA
A2 Xy=4x

©0) Bzl >~

y*=2x

Q.18

Areaof acircle (2
.. Required area= ——jo J2xdx

@

4

Fofieacnni 5]

2\/_[2\/— 0] = (ﬂ—gjsq.units

Wehave, x >0
oSnx<x

sinx

= —x<1
X

R

©/4SiNX T
or j ———dx<=
o X

@

4

Givencurveis|x|+y=1

.. Curveisx+y=1,whenx>0and—x+y=1,
whenx <0.

The graph of the given curve is as shown below,

.. Required area=AreaCAOC + AreaOABO
0 1 0 1
J:lydx + _[0 ydx = J:l(x +1)dx + _[O (1-x)dx

{

0 2 1
X X
—+x} J{x——}
2 -1 2 0

P

@

—+£—1 unit
2~ %
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.. Required area= Areaof shaded region

Application of Integrals

37 D(4,44/2)
= 14(—Y)dx:j4x2dx={x—} rd
! ! 34 A1,242)
c,2\2)
_64 1863 (12)
3 3 3 B | x=1
=21 sq units O(0,0)
JEE MAIN
Ql
1
3+(x+1)+(x—§], x<-1
1
Areaof AABC ~ (12) .1= V2
1 1 2 2
y=<3-(X-1D+| x—=|, -1<x<=
2 2
1) 1 Area between two curves = J'A(«/&—\/g)dx—ﬁ
3—(x+1)—(x—5], Esx ~Jo 2
|:2\/§X3/2 NG :|4
%+2X, <1 312 2
32V2
y= § —1£x<1 :—\/_—8\/5
2 2 3
§—2x, LIox 8/2
2 2 =—
3
N _ 82 1 82 V2 132
RequiredArea= —(———F#== ————= ——
(0.3/2) = 3 V27 3 6
(12)
Casel : x2+y?<a& = Circle
—7/4,0) A ! 2 2
=0 = 0 E X—2+y—221:> ellipse
(1.0) (Lo] a b

Areabounded = ar (ABF) + ar (BCEF) + ar (CDE)

EHHEaHEGH

—gsq units
g

Q2

MATHEMATICS

areaof circle—areaof elipse=30n
neé—nab=30n = a&—ab=30 .. ()
Casell : x2+y?>b?>=circle

Circle
Ellipse
(-a,0 (@0
2 2
’;—2+§s13 dllipse
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Application of Integrals

Q4

Q5

(0, b)

A
Circle
Ellipse
N

(0, -b)

Areaof (ellipse) —Areaof (circle) =18n
nab—nh?=18r = b?=ab-18 ()]
(i) + (ii)

&+b?-2ahb=12

(a—h)?=12

[19]
Givencurve = y=x3
& = y*=x

X2—8x +16=2X

Q6

x?—10x+16=0
x=2,8

22

A= [ l4-y) Ly

2 3

v Y Y
=[4y > 6]_4

((s-2-)-(15-0.%
3 6

Y3 6
6

_180-8-64 108

6

0
2X—1=4x-3
x=1
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Q7

]

v

Given curves

y?=16(3—x) and y2=8x
8x=16(3-x)

=>X=6—-2X

=>X=2

=>y=%4

Area bounded between curves
A =2(areaOAC)

2 2

=2[)[@- 1) 1dy=2 10(3—5

y' T
—o|3y-L
2|35

2=[12-4]=16

Q8 (6
A, ={(xy): XI<y? x| +2y <8} and
A, ={y): X[+ Iyl <kj.

MATHEMATICS

3dey

Q.9

Application of Integrals

area(A) = 2“02y2dy +[ (8- 2y)dy}

- Ky—;]oﬂw—yz);‘]

: 20 40
area(A) =2x 33

y
R

x+y=k

1
Area(A,)=4x k2
Area(A ) = 2k2

Now
27 (AreaA)) =5(AreaA))
9x4=k?

k=6
yAy=>0

(36)
X+y>0

31
A= _J‘(l_ X2/3)3/2 dx
29

Letx =sin®0
dx = 3sin?0cos0do

nl2

A =§ j (1-sin*0)¥?-3sin* 0cosH d
0

/2

_3 _[ 3sin®6cos* 6do
2 0

n/2

_2 _[ sinfcos* 6do
2 0
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Application of Integrals

= 8=2x°

9, 181 ¢ = x=0& 4
2 (2+494)(2) 4 \
9t B4A Area: :jzﬁ&—ﬁxdx
>A=—=—=9 1
64 s
256 3 )
56A 3 4
= =36 2 2
T =22 % —\/E(X?j
Q.10 & 5 1
Area of shaded region !

- 2? (\JO+y—+/9-y)dy+ 2} (\9-y)dy =¥(8—1)—%(16—1)

_28V2 152 112

3 3 9
=2| [(9+y)"?dy- [ (9-y)"*dy+ [ (9- y)”dy} 32 6

. ° ! Q12 (2

y=2¢" y =In(x +¢€)
y=x-9
(0,9) ly=9-¥ 7. ~yet
/\ -3 &
\V4 \VA
(=3,0) (3,0) x = In2

_ 2{%[(% y 3/2]2 J%[(g_ y)3/2:|2 _g[(g_ y)wﬂ Required areais

0 5 m2_
=J.7 ,In(x+e )—1dx+J‘0 2e* -1ldx =1-e-/n2

:2[12\/5—27+ 6\/6—27—(0—6@)}

Q13 (@

x2<y<min{x+2,4-3x}

4
:5[24J§+12J6—54]
= 8(4/3+2V6-9)

QU @ \
y2 =8x (1) X +2 /\y\min
y?=2x? Area= juz(x+2—x2)dx+r (4—3x—x2)dx
-1 1/2
x? 2 el el
- —+2X| +4X ——
Area . 211 3 .
=(E+1 (1, +(4_§ _(2_§ R
8 2 2 8 3 3
:—+1+3 2—§ 3_2
2 2 8 3
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Q.14

Q.15

MATHEMATICS

A 4

Application of Integrals

& x*+y?+4 [3x—4=0
Points of intersection of (1) & (2)
X2+8x+4+4./3 x4=0

x2+8x+4 /3 x=0
X(x+8+4./3)=0

x=0,x=-(4./3 +98)
ax=0y+2
= (0,2) and (0,—2) are points of intersection

A=2 I:(Jlfi——yz—%@)—{%jdy

2
y 7 awny y> y
=2/ L 16-y? +8snt X 23y L 1L
{2 y 4 3y 24 21

=2{\/16—4+8—g—4\/§—%+1}

412034 8n
2l ]

Q16 &
Y = X2
[x-1]<y<~5-x2
Whenx—1|= /52 K=l =y
= (Xx—1)?=5-x2
=>Xx2-x—-2=0 01
A E(2,0)
=>x=2,-1 /2,1 B
Required Area=Areaof AABC +Areaof region BCD (<1,00 0 (10
1 1 0 1 Area=ABCDEA
T
=212 1 1+ (B -2 (5)’ . ) VP
27, ] 4 2 :2(]0(1—(1—x ))ax+ [ (1-(x —1))dxj
8
_5n 1 =30¥2-Y)
4 2 3
Q17 (@
©) 3. 364
L xay = 3
0,2 3 . 364
2 Joyey =5
/x =/16-y? -2.3
ya+1 3_@
a+l] 3
3a+1_1_@
a+1 3
(01_2) a:5
2 —
y?=8x+4 @) Q18 [4
111



Application of Integrals

Q.19

A\

» X

Areaof shaded region =
4 4 \/y
2], (= x;)dx=2f 3y -* )y

54 15
=2x Ejo (\/y)dYZE

2 2410, 2 10 80
=5 2y2?| == (4)2=—x8=—
52y [ 5 (97 =5 x8=2

3
Total area=xy -8=A +A,

3A,
Xy -8= e D (-A=2A)

A= Lf (x) dx valueof A_putineq (1)

Now, differentate both side the equation (ii)

dy 3 dy 3
—+y=—f (X)= X=—+y=—
de+y 2 (0= dxer 2y
dy 1

dx 2

Solvethedifferential equation get,y = ./xC -.- (iii)
Now from equation (ii) , put x = 4 both side we
get,dy—-8=0=y=2

Now put the Value of x & y in equation

(iii)weget C=1

Now equation of curveisy = \/x

dy 1

dx:2\/§

1 1
Slopeat (x,y,) = I 6 X=9&y=3

1

Ponit on curveis(9,3)
Now equation of normal =y - 3=—6(x-9), 6x+y-57=0
ponit [10, — 4] is not satisfy the equation.
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Differential Equations

DIFFERENTIAL EQUATION

Q1

Q2

Q3
Q4

Q6
Q7

Q9
Q.10

Q.12

Q.13

Q.14

MATHEMATICS

EXERCISE-l (MHT CET LEVEL)

@ Q15 (3
Given differential equation can bewritten as dy
2 2 Lety=4sin3x:>d—:120033x
X
y2+x2(ﬂ) —2xy.ﬂ:a2(ﬂj +b?
dx dx dx dy
—= =-368in3x =-9x4sin3x =-9
Hence it is of 1% order and ond degree differential = dx? Snex xasnSx y
equation. o
&Y oy=0
@ w0
2 Q16 (O
d3y 3 dzy dy Q.17 (l)
— | +4-3 +5—=0 Q18 (2
( dx® dx*  dx @
:L —=1+=
y X+1 vy X
2 3
0 I P S L Y.
dc ) | Td dx y* ox x> 7 7 d
Itisadifferential equation of degree 2. Q19 ()
@ 4
((j;) y=Asinx +Bcosx = d—§=ACOSX—BSinX
(4) = y:—Asinx—Bcosx =—(Asinx+Bcosx) = -y
4)
@ d2y
2 = W+ y = Oistherequired differential equation.
@
Order is2 and degreeis 2.
@) Q20
Making fourth power both the sides, we get the Given equation y = acos(x + b)

(dy) dy)’ . . d :
differential equation Lﬁ =y+ [d_z] Differentiateit w.r.t. x we get d_i =-asin(x+b)
Obviously, order is2 and degreeis 4. d? d?

@ Again —)le—acos(x+b):—y or—)2/+y:O_
Clearly, order =2, degree=3 ox x
© ’ ’ Q21 (@
a2 34 @ 13 y:ces""flx Differentiateit w.r.t. x, we get
y y
1+ = = —
[ +[de :| {dxz] ﬂ:cesmilx_ 1 -y d_y= y
dx Vi-x2 1x® Tax 1oy
o] (&)
= 1+ (d—xj Z[w] Q.22 (1)
Clearly, degreeisa x%y = a (On differentiating)
113




Differential Equations

Q.23

Q.24

Q.25

Q.26

Q.27

ﬂ+y (x) 0= x2=L+2xy=0

dx dx
:ﬂ.’_ﬂzo

dx X

@
Since the equation of line passing through (1,-1) is

y+1l=m(x-1)

Q.28

5 yr1= 2y 5 y=x-p 2

@

Given y? = 4a(x + a) . Differentiating, 2){%) =4a 0.29

Eliminating afrom (i) and (ii), required equationis
2
y|1- (ﬂj =2X d_y
dx dx

@
The displacement of x for al S.H.M.is given by

d . .30
x = acos(nt + b) = d_)t( =—hasin(nt +b) N

d2X 2 d2X 2
= ——=-n“acos(nt+b) = —=-n“x
dt? i ) dt?

d?x

2
= —+n°x=0,
dt?

@

The equation of amember of the family of parabolas
having axisparallel to y-axisis

y=Ax?+Bx+C ....(i) where A, B, C are arbitrary

constants.
Differentiating (i) w.r.t. X, we get

Q.31

Q.32

dy
— =2Ax+B ii
i (i

Which on differentiating w.r.t. x Q33

d? Q.34
givesdTZ =2A .. (iii)

Q.35
. - . d’y
Differentiating w.r.t. x again, we get v =0,
@
It can be written in the form of
sec’y e*
dy=-3 dx
tany y = & Q.36

tany
= log(tany) = 3log(1l-€*) +logc =
tany = c(1-€*)*

@

dy
dx

= &ldy = (x% +€*)dx

=&V +x%eY =e V(e +x7)

3
Now integrating both sides, we get €' = X?+eX +C

)

We have,

_y+3:>—dy_—
y+3 X

Inx+Inc=Incx

dy dx
d

intergrating, 2In(y +3) =

=In(y+3)" =Incx=(y+3)" =cx
whichisafamily of parabolas.

@

The equation is,

g—y =sin(X-y)—-sin(x +y) = 2cosxsin(-y)

X

= _d—y+ 2cosxdx =0

siny

= I cosecydy + 2.[ cosxdx =C

y

= Iogtan§+25inx =C

@
@
©)
@

@

2
ﬂ+1+x
dx X

=0 = dy+(1+xj dx=0
X

2
On integrating, we get y+Iogx+X7+c:O

@

Mut Cer COMPENDIUM
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dy _ cosx-sinx

dx SiNX + COSX

dy:_(cosx—snx)dx

Differential Equations

=log(y +1)+log(e* +1) +logcor
e =c(y+1)(e" +1)

SiNX + COSX Q42 (3
On integrating both sides, we get B dy L av -
— y=—log(sinx + cosx) + logc Let X—y=Vand i dX,thus the equation
dv v+2 2v+5
_ — = dv=| dx
=Y IOg[sinXJrcosxj = reduces to dx 2v+5:>I V+2 I
e/ (sinx+cosx) =c. 2. av=[ dx —
jj[ (v+2) I
Q3T @ 2v+log(v+2)=x+c
;ﬂ:(l+x)(1+y2) = lfyz = (1+ x)dx 2(x—-y)+log(x-y+2)=x+cC
X
On integrating both sides, we get Q43 (9
2 x2 (1-x%)(1-y)dx = xy(1+ y)dy
1, X =tan| ——+X+C
tan "y = 2+x+c:y (2 j i) -
o ldy=| ——~dx:
Q38 [ ) [ .
d 2 2 . .
d_iZF = dy=7d><,Nowintegrateit. Now integrateit.
Q39 Q4 (1)
X%Cyﬂzl - secydy:d—x We have y?dy = x2dx
dx X .
On integrating both sides, we get Integrating, wegety® —x®=c= x*-y®=c
log(secy + tany) =logx +logc = Q45
SECy +tany =cx . Given sin%za; dy =sin"tadx
Q40 (1; Integrating both
y oW sides, [ dy = [ sinadx
\/1 x? Nl x2 ’
Onintegrating, we get y:oos’1x+c y:xsin’1a+c and y(0)=0+c=1, -.c=1
T i1 . 1 - =1 - y_l
:>y:§—sm X+C= y+sin"x=cC Ly=xsna+l= a—smT.
Q4L (4
46 4
(€* +2)ydy = (y +1)e*dx Q @
dy dv dy dv
X Put x+y=v = 1+— -
vy dy = € ldx dx dx  dx dx
= y+1 e+l dv
vz(d——ljzaz
X X
{1—i}dy= € o
v+ &1 ﬂ_a_2+l_a2+v2 v dv =dx
Tk VvV @
{1_y_+1}dy ‘[ e"+1 a2 v
= (1— a2+V2]dV=dX = v—atan’15:x+c
MATHEMATICS 115




Differential Equations

Q51 (1)
1 X+y
—atan!
= ( a j"‘C- Gi ﬂ:l@ogl.ﬁ[}
VN ax ~ x X
ear 9 aut y=wo Xy
dy _ dx Y=V= “dx
2y-1 2x+3 dv
S V+X.—=Vv(logv+1)
Liog(2y -1 = Liog(2x +3) +1 X+3_¢ o
= 5l00(2y~1) = log(2x +3) +loge = 5 = N N
V+X—=vlogv+V = Xx—=vlogv =
5 Q dx dx
© dv_dx
dy _ xlogx®+x_ viogy ~ x
dx siny+ycosy’
. . . . dv dx
Separating the variables and integrating Integrating both sides, I viogv =I ?
J(Qny+ycosy)dyzf(xlogx2+x)dx
= —cosy+ysiny+cosy loglogv =logx +logc = logv = xc=log(y / X) =xc.
Q52 (1)
X—zlogxz—jx—z.i.Zde+J'xdx+c 2 2 43
2 2 %2 ydx — xdy +3x“y“€“ dx =0
2 ydx —xdy . 5 @
:yﬂnyzx—ZIogx—jxdx+jxdx+c ;T3 e dx=0
2 y
2
= ysiny=x“logx+c d(5j+de>‘3=0
y
Q49 (
X 3
i - ~+e" =c
;ﬂtany:sin(x+y)+sin(x—y) Onintegrating, we get y
X Q53 @
sin .
;ﬂ(tany)zzgnxcosy - coszy dy = 2sinxdx ydx + xdy + xy?dx — x?ydy = 0
X
) ydx+xdy dx dy
siny . 1 —22 t, 7,70
- J.?dy:ZJ'smxdx — ——=-2C0SX+C X7y Xy
cosy cosy Onintegrating, we get
", SECY+2C0SX =C 1 1
——+logx-logy=k — Iogiz—+k
Q80 @) . Xy y xy
It is homogeneous equation
dy _ x?+3y? Q54 (9
dx 2xy xax — y3dx + 3xy?dy =0
Put y=Vx and %:V+X% Put y*=t = dt=3y’dy
X X
, XdX —tdx +xdt =0 = xdx + xdt —tdx =0
So, we get xﬂ=l+v ax t
dx 2v — —+d|—1[=0
X X
2vdv  dx
= 2= t
1+ve X Onintegration, we get |OgX+;=|<
Onintegrating, weget x?+y? = px®
3
= Iogx+y—=k
X
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Q55 (1)
yeVax - (xe™Y +y3)dy =0
e (ydx - xdy) = y’dy =

gy (KX)o

y2

_ X
. led(;j =Ydy |, Integrating both sides, we get

k_e—x/y :y_ y —x/y =k

2 2
Q56 (O
ydx—2>(dy —XdX _, d( ]:—xdx

y y

Integrating both side, we get

x  x?

—=-—+cC

y 2

= 2X+x%y=2cy = 2x+X2y =Ly [A=2c]
Q57 (@

x2dy + y?dy = xydx =
X (xdy — ydx) = —y?dy

(ydx — xdy) X [xj dy
X~——r=dy _, =d| = |=2
= ¥ = v) 7y
X2
Integrating, F:mgeerC

1
Giveny=1= C_E

X2 1
5 :Iogey+5

Now y(xy) =€ X—S—Iog e—l—o
Y(Xo) = 3262 e~
:>XS:362

= X, =+/3e

058 (2
L+ y?)dx —(tanty —x)dy =0

dy 14y dx tanly x

Tk tanly-x dy 1+y2 1+y?

MATHEMATICS
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Differential Equations

-1
der X tany

= @ 1+ y2 1+ y2
Thisis equation of theform
dx

+Px =
dy Q

1
So.LF _ ey _ Ju2® _ arty.

Q59 (3

ﬂ+ y= smx[typeﬂ+py Q}
dx X d

7 _ ™ g _x
.'.S)l.ist=J-XS.nXdX+C
= x(—cosx)—fl(—cosx)dx+c

=—-XCOSX+Snx+C
= X(y+cosx)=sinx+C

Q60 (3

Q61 (O
Givendifferential equation asfollows:
dy 2X
ax X1’ X-1’

Thei ntegrat| ng factor |I.F.

2x
=@ x2-1 — e[n(X27 )

=x*-1
Thus multiplying the given equation by (X2 —1),

weget (X —1)%+2xy=1

= Sl

On integrating we get y(X2 —1) =X+C
Q.62 (cd)

Qe (3
Q&4 (9
Q65 (3
Q66 (3
Q67 (3
Q68 @




Differential Equations

Q.69

Q.70

Q.71

Q.72

Q.73

dx  (dy/dx) =
dy )2 ,dy
x(—yj -y?=243=0
dx dx
Henceitisanon-linear differential equation.

@

ﬂJr% = Xzisof theform

Thegiven equation ix

dy 1
o TV =Q.S0LR= IS goox _y
Hence required solution Xy :I x.x2dx +¢

4
X
= Xy:T+C = 4xy:x4+c.

@

xﬂ+y:x2+3x+2 N
X
ﬂ+xzx+3+g
dx X X

1 2 -
HereP==,Q=x+3+= thereforel.F. J,& _
X X e =

Now solveit.

@

d X
X2%+y=ex canbewritten as d—)):+x—y2=% ,Which
isalinear equation.
@
Y

+3y=X =
X

ﬂ—kﬂ:l
dx X

d
Itisin theform of d—i+PY=Q

1
So, |.F. :e[ Pdx :e&[ ;dx :e3logx _

Hence required solution is

X3

2 X 3 X4
Y+X“+2X+2=Cce =YX :7+c.

M
2 by

y+Xx°= dy

2
——Vy=X
dx = dx y

This is the linear differential equation in y, where
P=-1Q=x>
I.LF. — e(P.dx _ e(—dx — e—x

Q.74

Q.75

Q.76

Q1

Q.2

Hence solution, y.(I.F).:.fQ.(I.F)dx+c
= ye ¥ =—x%eX-2xe X -2 +c
= y+x2+2x+2=ce".

@

dy _-2xy  dy = 2x
dx (x2+) Ty x2+1

Onintegrating, we get

dx

logy = —log(1+x?) +logc = y(1+x?) = ¢
Since curve passes through (1, 2), we have

c=2(1+1) = c=4

Hence solution is y(x?+1) = 4.

@
h OI—y—l—i —x+1+c

We have ax 2 = Y= "

Thi th h(ZZj SR T
is passes throug D) >

=c=1
Thus the equation of the curveis

1 2
y:x+;+1 orxy =Xx°+x+1.

)

dy _x+y® oy

& x2_y and X isthe slope of the curve,
:l+0:l

&)
dx .0)

EXERCISE-IlI (JEE MAIN LEVEL)

1-0

4
y =k sin(x +C) -k, &

k,:C,+C,;k,=c,e®s
order : 3

@

tangent to x? = 4y

X=m +i
=my -

_dy (9 1
M="x =X Ydx) * (dy/dx)
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order = 1
degree = 2
Q3 @
Ax?2+By?=1 .. (@)
d Q9
Ax+Byd—3:=0 ...... @)
d’y dyj2
+B|—| =0
A+Byd (dx ..... €))
From (2) and (3)
2 Q.10
- ydy B(dyj +Byﬂ:0
dx? dx dx
Dividing both sides by —B, we get
dy | dyj2 dy
X -y—=0
Yz " (dx Y
WhichisaDE of order 2 and degree 1
Q4 @ Q.11
Putx=sin®andy=sin¢
= C€0s0 +cosO =a(sinb—sin¢)
:>2005mcose ¢ 2acose+¢ —¢
2 2 2
:cote—;j):a:e—d):Zcot‘lm
=sin"x—-sin"y=2cot™a Q.12
1 B 1 d_y_
Differentiate\/l_xz \/1_y2 dx
so the degree is one
Q5 (O
Q6 (D
Q7 (D
Q8 (4
[ d?y 2 i dy -
y(d7J + x2y? — smx-—SX[de Q.
Q.14

MATHEMATICS 119

Differential Equations

3

2

d?y : d
2 2,2 y

—| +X sinx | — bt
[y[dxzj ’ } ‘gxs[dxj
hereorder =2=p
Degree=6 =

p<q

order =2 =a
degree=3=b
a+b=5

®
ax?+ 2hxy + by?=1
order : 3

(©)
y =em™




Differential Equations

D3y —3D%y —-4Dy+12y =0

m3 @™ — 3m2 @™ —4me™ + 12 €™ =0

m3—3m?-4m+12=0

m?(m-3)-4(m-3)=0

m=3,2 -2

Two Natural numnber of m possible
Q15 (4

y=mx +c

y'=m

D2y — 3Dy — 4y = — 4x

0-3m-4(mx +c) =—4x

—-3m —4mx —4C = —4x

-dm=-4= m=1

3
—3I’T'I—4C=034-C:—3m:C:_Z
Q.16 (3
dy ey
ax T€ T T Txre
=0, x=5=c= 2
y_ [} - = - 2
y(xy) =3
ji_x_gjx_e6+9
2 02 o 9
Q17 (3
Let equation of St. Line
Y —y=m(X —x)
. . mx —y
Distance from origin = > =1
1+m
o (mx—y)2=1+m?
2 2
dy dy
——X| = bl
(y dx J l+(dj
Q.18 (1
x2 +y?
y = x2 _y?
, _1+4 5
Yoo =14 7 73
Q19 (2
y =a+ bx + ce*
y' = b - ce*
y'" = ceX
yru:_ce_x
y!/!:_y/!:y!/! +y” :0
Q20 (1
(X—h)2+(y—k)2:a2
—(x-h)

=M+ -ky =0=y =",

Q.21

Q.22

Q.23

Q.24

(y +k)°
(1) option satisfy the given conditions

1+(y-Ky +{¥)?=0=y"=

3

y:e(k"'l)x

y = (k + 1)elk * Dx

yn - (k + 1)2 e(k+1)X
d>y  dy

2 —4 4y =0
k+12-4(k+1)+4=0
kZ+2k+1-4k=0
(k-12=0

k=1

@

2,2
X<+

X>+y?>-2ay=0 = a=(2—yy)
2X+2yy' —2ay' =0

X2 +y?
X+yy — 2y y' =0

y2 = x2

X+y 2y =0
2xy +y' (y?=x?) =0
y (X®—y?) = 2xy
(©)
dy dy
dx —ky =0, y = kdx
ny =kx +c¢
ax=0y=1..C=0
Now /ny = kx
y=e*
i — Lim X —
)I(_l)r‘r\':(')y_X—)aoé< _O
k<O
@
dy

ax Cltxty+xy =(1+x)(1+y)

N jli—yy - I(l+x)dx

2
=Ml +y)=x +X7 +c

Mut Cer COMPENDIUM
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Q.25

Q.26

Q.27

MATHEMATICS

1
y(—l)—0:>c—5

2 2

X 1 (1+x)
/n(1 + =X+ — 4+ - = ——
(1+y) 2 2 2

(1+x)2

S>y=e 2 -1

@

ﬂ+2y:1:>ﬂ:1—2y
dx dx

Il 2 J‘dx—%log|1 2y|=x+C

at x:O,y:O;—%I091:O+C:>C:O

1_ e—ZX

2

1-2y=e*=y=

I IR )m

dx

=Inx® =

b or'[xlnxzdx jydy

2 _ .1 Y
Put X _t:>2xdx_dt..§j|ntdt_7

C+tint—t=y’or y*=x*(Inx*-1)+C
©)
dy dy)
—X—==
We have Y ix (y +dx
= ydx —xdy = ay?dx + ady
=Yy(l-ay)dx = (x +a)dy
dx dy

= - =0
x+a y(l-ay)

Intergrating, we ge

log(x +a) —logy +log(1—ay) =logC or

(a+x)(1-ay)

log =logCi.e.(x+a)(1-ay)=Cy

1
Since the curve passes through (a, —5]

Q.28

Q.29
Q.30
Q.31
Q.32
Q.33

Q.34

Q.35

Q.36

121

Differential Equations

s2ax(1+1) = —%i .eC=-4a*

So, (x + a)(1—ay) =4y

(©)
Since, (e + 1)ydy=(y + 1)e‘dx

dy 1+y (1 )

-5
= (e[

After integrating on both sides, we have

l+y _I1+e

= J.ldy—jl:/y dy= Ilfex dx

= y-log|(1+y)=log|(1+€")+logk

Hencey =log [k(1+y)(1+ €]
@

@

@

@)

@

X dy =y dx

d_y d_x /n /nx=c
y = x =M -

y = kx
.. straight line passing through origin
@
ydy =
y2 =X - ﬁ +C

2 2
x2+ y2_2x-C=0
@
yiny + xy' =0

dy dx dy

yiny + x ax =0=> ~ + W =0
nx + ¢n (¢ny) = (nC
X(tny)=C
yh=e
he=C=C=1
@)

dy _
dx =100 -y

—/n (100 -y)=x+C;y (0) =50

(1 —x) dx

X (ny)=1




Differential Equations

Q.37

Q.38

—/n (100 —y) =X — /N 50 = C = — /n 50

100 -y
/n 50 =—X

100 —y = 50 e

y =100 — 50 e*

4)

ydx + xdy + x (xy) dy =0
t

y

Letxy=t=x=
xdy + ydx = dt

t
dt + (yjtdy—o

dt dy o 1 ) c
- +— = -+
2 Ty = TyTtE

jﬁdt L
Integrating factor (ILF) =€ ™ =em

Q39 (@

dy _f ), v

We have —
dx f x)" f(x)

! 2
_dy f Ly

dx f(x) f(x)

o Ldy L f(x)

Divideby y?:y 2Lyt 21—
A R A

Ly _d

dx  dx

_ 1
f(x)

Puty *=z= -y

dz f(x)()_ 1

dx  f(x)

dx f(x)
dz +f (x) .

f(x)
_ 1

f(x)

Iogf(x)

F (X
ILF. =¢ '™

—f(x)

Q.40

Q.41

Q.42

. Thesolutionis
2(f () = | %(f (x))dx + ¢

=y (f(X)=x+c=f(x)=y(X+cC)

@
Givendifferential equationis

d + {4 ) ~ 4000 ()} dx =0
= Ly = 40900
X

whichisalinear differential equationwith

P=9'(x),Q=0(X)-0'(X) ;g
L=l 0% _ g
. Solutionis y.e"® = j 0(x).0'(x)e"dx + C

= y.el® = j 0 (X)€" (x)dx +C

=y = ¢(x)e"" ~ [ ¢'(x)e"dx +C
= y.e'® = (x)e'™ —e' 1 C
= [9(x) —1]+ Ce*®
@
Givendifferential equationis:

x cosx dy/dx +y(xsinx +cosx) =1
Dividing both the sides by x cosx,

dy+xysinx+ycosx_ 1
dx XCOSX XCOSX XCOSX

=

dy

=—+ ytanx+X=
dx

X  XCOSX

SecX

== dy (tanx+ jy_
dx X

d
Which isof theform d—§+ Py=Q

Here, P=tan x+landQ=ﬁ
X X

Integrating factor ej Px _ ejm%dx

:e(logﬁcxﬂogx) - elog(secx.x) =s9eC X

©)

dy
~10v3) L 4y =
(2x~10y%) - +y=0

122

Mut Cer COMPENDIUM



Q.43

Q.44

Q.45

MATHEMATICS

Differential Equations

3
dy y dx _ 10y” -2x EXERCISE-III
dx _ 10y3-2x 7 dy y
dx
— 4+ == — 102 Q1 0005
dy y Oy We have
X+ ]
I.E = elydy = y2 yzclcos<2x+cz)—(c3+c4)a C5+c6sm(x—c7)
=¢,Cos(2X+C,)—c,.a%.a +c Sin(x—c
X (y2) = ley“dy G ( 2) ] 6 ( 7)
y2X:2y5+C WhereC3+C4=C8.
Since the above relation contains five arbitrary
1) constants, so the order of the differential equation
Yy + Yo — o' =0 satisfyingit, is5.
y+¢' (y-¢)=0
dy+¢ (y—¢)dx=0 Q.2 15
Leto=t= ¢ dx=dt o m_ Oy ,du
dy + (y—-t)dt=0 Hint: y=u :&—mu o
dy
gt ty Tt Hence 2x*.u™m um’l.% =u'm=4x°
ILF=¢
du 4x°®—u®" 3
vé = Jrea & amur AMTEEMT
ye'=tel — e + C
y=t-1+cet Q3 0002
y = o(x) — 1 + ced® The eguation of any tangent to the parabola
. a
©) y? =daxis y=mX+—, where m is any arbitrary
xdy ydx constant.
x2+y2 T x%+y? —dx . - dy
Ondifferentiating w.r.t. x, we get o m
xd)Z/—y(;x = _dx On substituting the alue of m in (1), we get
X<+
Y dy a
Yy=X—+——
xdy — ydx dx dy
X2 ] d(y/x) o
2 F—-X=> 5 =-
1+(y/x) 2
1+(y) = x(d—y) —yﬂ+a 0,
X dx dx
y y whichisadifferential equation of degree 2.
danl>)=-dx=>tanl = =—-x+C
X X Q4 05
% =tan (C-x) =y =xtan(C-x) Let m, :% for required family of curvesat (X,y)
X
(€) Let m, :% for the hyperbola xy=2.
Then m, :ﬂ:—%.
dx X
Since the required family of curves is orthogonal to
the hyperbola.
123




Differential Equations

Q5

Q.6

Q.7

m,x m,=-1
= d—x —%):—1

X 2x
N dy _x°

dx 2

x2d

= dy=—adx

y 2

3
Integrating, we get y:%+c which is the required

family.
0012

Since y = e* +2¢™

= y, = 4e™ — 27
= y, =16e™ +2e™
= y, = 64e™ — 27
Now,

y, — 13y, = (64e™ — 2e7) -13(4e™ - 2e7)
=12e™ +24g* =12(e* +2e*) =12y

C YWy
Ty

0.25

2
g—i =2c€e” +C, e —ce” % =4ce” +C, €+
d3y 2% X _X . .
pvo 8ce” +c,e° —c,e |, Putting into the
given differential equatiopn.
We get, 8+4a+2b+c=0,1+a+b+c=0,
-1+a-b+c=0
= a=-2,b=-1,c=2
a+b’+c 1
Thus — =— —.
Hs abc 4
0004
let m, istheslope of y=f(x) and m, istheslopeof xy=4
mm=1
4 dy

- L 4dy = x’dX then integrating both side

y=X .8
12 4

= —d[ijzﬂ = —izlogy
y y y
= eV =¢y = ye”Y=c ax=0,y=1c
=1 y.e¥=1
Aty=e ee’*=1 e/*=ze! = x=-e a=-—
b,b=e
. a+b=0
Q9 0003
Thedifferential equationis
d(, dy)_
o)
= yj_i:X_;Jrcl = ydy:(%+c1jdx
y2 X3 ) X3
=> -="—+4CX+C, = Y =—+CX+C,
2 6 3
(ch—wl)
2c, > ¢,
= A=3
Q.10 05
. dx . .
Given r =cos?nx. Differentiatew.r.t,
g =-2nsin2nx=-ve
dt
ZT)Z( =0 = - 2rsn2ix=0=sn2nx=sn~n
= 2nXx=n=>Xx=1/2.
PREVIOUS YEAR'S
MHT CET
Q1 Q.2(4) Q.3(3) Q.4(1 Q.5()
Q.6(3) Q.7() Q.8(2 Q.9(4) Q.10(2
Q.11(4) Q12(1) QI3(2 Q142 Q1512
Q16(2 Q17(2 Q.18(1) Q.19(2 Q.20(1)
Q2149 Q222 0Q23(3) Q241 Q.25
Q264 Q27(4 Q284 Q29(3) Q.30(2
Q314 Q324 033 0Q34(@ Q352
Q36(2 Q37(1) Q381D Q.39
Q.40(3)

The genera equation of a parabola having vertex at
the origin and axisalong positive Y-axisis
x2=4ay ()
Ondifferentiating Eq. (i), we get
dy

2X = 4a—
dx

Mut Cer COMPENDIUM
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Q.41

Q.42

Q.43

MATHEMATICS

dy _ X = 2a

= o 2a  dy/dx
Putting value of 2ain Eq. (i), we get

X dy
x?=2 X—==2
[dy/dxjy:> Y

@

. .. |dy dy
/— 4= _-7x=0
Given eguationis i dx

dx dx dx

Obviously, it is first order and second degree
differential equaiton.
@

Given equation cab be rewritten as

2
. ﬂ:16(d—yj +49x2+56xﬂ

1
[1+§] dy =—e* (cos?x —sin 2x) dx

On intergrating both sides, we get
y+logy =—e cos®x + ] e sin 2x dx

Q.44

Differential Equations

x(y+1)
logs ——~+=logC

X(Xy_+ll) —C (i)

Onputtingx=2andy =1inEq. (i), weget
2(1+1) C=22=4
= = @)=

Putting valueof C=41in Eq. (ii), We get

X
X+ _,
x-1
= Xy+X=4Xx—-4=xy=3x—-4

@

=C>

X2+2

y
Integral curve satisfyingy’ = x2—2 ,¥(1) =2, hasthe slope

-y
at the point (1, 2) of the curve, equal to

5 5
-3 @-1 @1 @3

. Ans.  Letx®+y?2—-2ky=0
—Jersin2xdx+C . -
= y+logy =—e‘cosx +C On differentiating w.r.t x, we get
Atx=0andy=1, dy _ dy
1+0=—€e’cos0+C 2X+2ydx deX—O
= C=2 [given]
.Required solutionis K= X by
y +logy =—€*cos’x + 2 - dy
= y+logy+e‘cos?x =2 dx
@ .
Given, differential equation FromEq. (i),
dy y+1 _ dy dx 22(X+j:0
- = = = xX2+y?-2 Yy
dx x*-x y+1 x*-x dy / dx
On intergrating both sides, we get d
grating 9 = (%) d_z_z)(yzo
I dy _J dx
+1 I x2—x Q45 (2
! Given, (x2+xy) dy = (x> +y?)dx
Now, y2 —y x(x-1) x x-1 . &=X2+Xy
1 A B
. = . dy dv
“x(x-1) x x-1 (1) Puty =vx = &=V+X&
= 1=x(x-1)+B(x) s .
Putting x =0, then N V+X_V:x2+v2x
1=A(0)+B(1) dx X“+X%Vv
= B=1 ,
FromEg. (i), we get N v+x%:11+v
X +V
dy ¢ 1dx 1
Jy+1_ X x—ldx - ﬂ:hvz_v
= log(y+1)=—ogx+log(x-1) +logC dx 1+v
= log(y+1)+logx—logx—log(x—1)=logC
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Differential Equations

C1evi-v-v? 1-v
- 1+v 1+v
= dv(“—vj = ax = dv£—1+ i] = ax
1 X 1-v
On integrating both sides, we get
—v-2log(1~v)=logx+C

y y
~-X _2log|1-2
= X g(x

jz logx+C
y -
= —;—2Iog(x—y)+2|ogx-|ogx+C

= ¥+2Iog(x—y)+C=Iogx

Q46 (2
. dy . T
leen,—x+2ytanx:smx,0<x<§

Whichislinear differentia equation.
Here, P=2tanxand Qsinx

”: Jde _ eZJ.tanxdx _ eZIogsecx _ 3602 X
.. Required solution of differential equation,

y.IF= [(QxIF)dx+C
=y sec’x= J.(SiI’IXXSECZX)dX+C

= Itanxsecdx+c
Lysec?’x=secx+C ()

T
As, y(gj =0
2

T T
—|=sec—+C=C=-——
:Osecz(Gj 6 NE

S SeC?X = SeCX — % [fromEq.(1)]

2
:y:cosx—ﬁcoszx

= —i(cos2 X —%cosx]

3

—_ i[cos2 X —ﬁcosx +[£J2 —(ﬁjz —[ﬁjz}
V3 2 4

2 2 BY
=2—\/§—E[COSX—TJ

3
Minimum value of (COSX —T] isO.

Q.47

Q.48

Q.49

Q.50

. Maximumvalueof y = — =3

- Maximumvalueo N

(4

The given equation cannot be written as a polynomial
inall thedifferentials.

.. Degree of the equation is not defined but order = 2
@

Given, eguation of plane passesthrough (2,5,-3) is
a(x—2) +b(y-5)+c(z+3)=0 (i)

Which is perpendicular to the planes,
X+2y+2z=1landx-2y+3z=4

Then,a+2b+2c=0 (D))
anda—-2b+3c=0 (i)
Eliminating a,b,c from Egs. (i), (ii) and (iii), we get
X—2 y-5 z+

1 2 2 |=0

1 -2 3

= (x2)(6+4)—(y-5) (3-2) +(z+3) (2-2)=0
= 10x-y—-4z=27
)
L et equation of thecircleto
X2+y2—2gx=0
Differentiating w.r.t.x,

dy dyj

—Z _92g= = | 2X+2y—
2xX+2y i 20=0=>2g ( ydx
Putting 2gin Eq. (i),

X2 +y?—| 2x+2 —)jx:o 2= y2 _dy
y ( ydx = y?= X2+ 2Xy i
@

Given, differential equationis

(1+ y2)+(x—e“’“fly)j—i =0

tant

— (1+y2)2—§=—x+e y

tanly

dx X
:>d_y Ty :W , which isalinear differential

equation.

-1

1 etén

P=—— _ Q=—_
Here, 1+ y2'Q 1+y?

1
ngwzgmﬂzéwy
.. Solution of differential equationis
X.IF=[/Q.Ifdy+C
tan~ly

=™ Vdx + ¢
2

tanly _
X = -[ 1+y?

. -1 -1
. zxelan y :e21an y+C

Mut Cer COMPENDIUM
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Differential Equations

Q51 () JEE-MAIN
d y PREVIOUS YEAR'S
We have, g X+ XY Q1 @
2ye* dx +(y?> —4xe’Y )dy = 0
dx X+\/7—£ i x/y? 2
= dy y y Ay 2e" (ydx —2xdy) +y“dy =0
2 —
dx dv 2eX/y2 M + yzdy =0
Putx = vy = a=VHY y
Divide by y® both side.
dv dv _ o (Y2 dx—2x
:>V"'yd_y—V"‘\/ija—\/V 2y (y . ydy)+1dy:0
y y
dv dy d
= .[ .[_ 2¢V d[ j+—y—
W y vy
Integrating both side
= 2Jv =logy+logC'= 2\/Z:Iog(C'y)
y
J'ZGX/yzd(LZ]+J‘g:
= C'y=ez(m):>y=ée2(m) Y Y
26" +lny+c=0
= y=ce' [+ 1/C=C] (0,1) liesonit.
28°+Inl+c==c=-2
Required curve:
Q52 (1) )
Wehave, (2x—2y +3) dx — (x -y + 1) dy =0 26" +Iny-2=0
Forx (e)
QZM 1€ — I
= dx x—y+1 2€"¢ +Ine—2=0=>x=—-€"In2
2 2
Putx-y=v Q (d)
y
—— =2tanx cosx—2tanx.
- _ﬂ_d_vzd_y 1- dv:>1 dv_2v+3 dx y
dx dx dx dx dx v+l 4
dy A
:ﬂ_1_2v+3_—(v+2) dX+(2tanx)y—25mx
ax v+1 v+1 e(mnxdx 1
il Integrating factor = = ox
= =
(VJrZ]dV dx ( ) J-Zsmx
L cos’X COSZX
= 1——j dv =—dx i
( v+2 0 yseczx:—2 +C
On integrating both sides of Eq. (i), We get cosx
y =2cosx + C cos’x
j(l— ij dv = —.[dx T
V+2 Passes through Z’O
= v-log(v+2)=-x+C
= x-ylog(x-y+2)=—x+C (i) 0:\/§+9:>C:—2«/§
Onputtingx =0,y =1inEq. (i), weget C=—1 2
w X=y-log(x-y+2)=—x-1 f(x) =2c0sX— 2,/2 COSX.
= 2X-y-log(x-y+2)+1=0 Required curve :
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Differential Equations

Q.3

Q4

J':/zydx = 2_[:/zcosxdx —Zﬁ_[:/zcoszxdx
2X /2

N \/—[x sin }
4

=2sinx o

=2—

N

@

xdy
dx y=

dy y+4y?+16x?

dx X
Lety=vx

y? +16x>

ﬂ =V +ﬂ
dx dx
xdv _ vx++4vx® +16x°

dx X

V+xd—V:V+\/v2+16

dx

V+=V+

- [
v?+16 X
v+ Jv2 +16 [EInx+InC

2 1 2
Y, Ny +16
X X

=Cx

y+\y?+16x* =Cx*
y(1)=3

C=8

ax=2

y+4Jy’ +16x =32

y?+64=(32-y)?
y?+ 64 =y2—69y + (32)?

64 (1+y)=32x K2

y(2)=15

@

dy \/5 = x etan-l(m 2x)

dx 2c0s’ X — cos2x

F_ -[2005 X—C0S2X

dx
= 2~[oos4 x+sin®x
e

_[ cosec’x
e 1+cot* x

Q5

I F = —tan’l(‘/imzx)
e

ye—tafl(\/ﬁanX) - J. xdx

2

ye—tm’lﬁcotZX - X_+ C

2

T T
T2 e es
y(4j 32 - =c=0

2
y - X_etan—l(\/ECOtZX)

LA 2 tan l(ﬁcmz—;)
y 3 _Ee

=3a2=2

©)

(1+ ezx)%+ 2(1+y*)e =0

j dy :_J' 2¢* dx

(1+vy?) 1+e*

Puter=t > e - dx=dt
d

_[ yz___.. 2 t
1+y 1+t

tan(y) =2tant+C

Giveny(0)=0=x=0,y=0
tze=el=1

tan}(0) =—2tan'1+C

0=-2%+c=c==L
4 2

S tanty = —2tan 't +g

2t P14
tanty+tan ==
y 1-t* 2

_ 2
tan‘lercot‘l—1 L
2t 2
1-t?

2t

Ioge«f t=+3, y—lz((\/\/:))

Ly=

y(log,v3) = —%
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Differential Equations

dy Q7 (1
Now, (1+€”)-—=+2(1+y?)-€ =0 dx
dx y—=2x+y*(y+1)¢’,x(1)=0
Asx =0, (1+€) - y'(0) +2(1+(y(0))) —€'=0 dy
(1+1)y'(0)+2(1+0).1=0 & 2x
y(0)=-1 &y Y 2(y+1)€
. 6(y'(0) +y(log, V3)?
dx+£ ij y*(y+2)€ (it is linear differential
—t - € (it is linear differenti
=6(—1+5j:6x-3:-4 dy y (
3 3 equation)
Q6 (14
d
&y, x, 1 ||:—eI oL
dx x-1" (x-1?
linear D.E. 1 1,
SXe—==|=5-y*(1+y)-e'dy+C
: =y
IF.=¢gx1
X
2x-2+2 1 eyd C
:ej( 22 o 7 I +y)-edy+
2
_ ef(“xi]" =y€+C 4 x(1)=0 . C=—e
— e2x+2|n|x—:u x= y3_eV— ey2
_ e2>< .eln(x—l)z X(e) =gl.eeee
=ele—¢
= lF=(x-1)%¢&* =e¥(e-1)
1 Q8 @
x-1)%e” = x —1)?e™dx
L R el v-y=Yx-x)
dx
2g2x _ e” dx
=ylx-De _TJFC forQ Y:O,X:x—ya
y(2) = 1+e
4 4
:{1_]_c
2¢ 2
:Cz1
2
e +1
3 =
y(3 be
: ox
€ +1) o €+ Zx_ydy_
pe” 2 q
y
X = 2
a®+1) € +1 ydy I J
= —_—
Be’ 8e° =2 y¢ny= gnx+gnc
ass (3, 3
(o, B)=(6,8) ic£3 )
a+p=14
=Yy?=3X
lengthof L.R.=3
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Differential Equations

Q9 (@
AN S
dy xy—xy*-1

2

dy _ x’y*-xy+1
dx x?

Qu @
X2dy = Xx2y?dx—xydx+dx 5
x2dy + xydx = (x2y2+1)dx dy 2y .-
X[xdly +ycx] = (xy>+1)dx o ox .
Linear Differential Equation
(909 _ o :
1+x%* Y x ILF= e,[&dx =x2
tan(xy) = /nx +¢ =...(1)
pass (1, 1) yx2=j e x2dx
. yxX?= X2e“—2xe + 28 + ¢
2=¢ Puty (1)=0
—e—2e+2e+c=>c=-€
DY n ZX) = x2e* — 2xe* + 28" —e—€*
tan (xy)—gnx+4 2 e 4
putx=e Z(x) = X268 + 2xe* — 26 — 2X€* + &
=x%e-e =0
T
ey(e) = tan [1+—] =x=+1
4 Z(¥) = Oxe* + X&' — €
1+tanl Z(1) =2e+e—e=2e>0
&¥®= T a1 - _2.11
Q10 (2 Z(0) " e e e
2 Loca maximumatx =—1
dx x 2{x ()= =+-+--e=—-e
e e e e
L S T
dx xy 2x Q12 3
d
1, 1o _a d—i+e*(x2—2)y—(x2—2x)(x2—2)ezx
dx dx .
y yz Linear D.E.
dt t 3 X (y2_
= |F.= gfeoc-au
dx x 2x° e[
q 3 = e(x2—2)ex—ex(2x)+29“
t t
& ; = F - yeex(x2—2x) — J'ee" (x2-2x)(x2-2x)(x2-2) & .& dx
a Put e(x*—2x) =t
IF=dx —e™ -
m=€7 =67 =X [e(2x —2)+e-(x*—2x)]dx = it
e(x?-2)dx =dt
tx:jidx ( )
2 ye® (20 = I et dt
X _Simx+cC “te-e+C
y € 1,2 X (2
=e" (X —ZX)[e (x —2x)—1}+C
Ux=gy=2 Puty =0
3 0=1[-1]+C=c=1
e 3 3 3 Put=x=2
—=—+C=>C=3-—=— y=—1+1=0
e 2 2 2
3 y(2)=0
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Q13 @
X=yY (oY _

d,27@-)_

dx 2°-1
X,y>0,y(1)=1y(2)="?
dy  —2(2'-1)

dx  2(2*-1)

2 2
J2y—1dy__12*-1dx
1 ¢2In2 1 2n2
In2d 221> In2? 22-1
L nj2c1e ZLinj2x-1)+c
In2 In2
Atx=1,y=1

Putting thisvaluesin above relationweget C=0

Inj2—1]+In[2=1|=0
2-1)(2-1)=1

2-1= 1
2°-1
Atx=2
p=1i1=2
3 3

4
y= Iogz§ =log,4-log,3=2-log,3
Q14 (2

dx  x tanty

—+ =
dy 1+y* 1+y°

1
—
.[ 2% :etan—ly

IF=e™

1

1
xe@ 'y J'—tfn 2y ™Y . dy
+ty

X-€Y = (tanty-1)e* +c
-+ (1,0) liesexitc=2

2
For y=tanl = X:E

Q.15 (320)

(1- xz)% =xy+(x®+2)v1-x*
X

:39x+(;2gjy_zi:£

dx (1-x° N
X

Fodo™ _1ox?

= y(X)-V1-x? :j\/l—x2 -j::%dx

MATHEMATICS
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Differential Equations

4
y(x)-v1-x? :XI+2x+c

y(0)=0=c=0

Vo0 = X
1-x°y(x) = 2 +2X

4
X
—+2X

:wm=%:g

required value

4 1
:IM [X—+2x]dx:E-ZIﬂ2x4dX+2-J.21de
-v2{ 4 4 0 -
1 sy _ 1
=—(X e
10" “ 320
1=320
@
dy 3X 2
(x+1)d——y=e (x+1)
X

Q—L:e“(wrl)
dx x+1

,Iﬂ
IFe X+l —
x+1

1 J—
X+1

Syx J.e3xdx

3X
Y €
x+1 3
Giveny(0) =1/3
;}:}+C
3 3
C=0
o e¥(x+D)
..y_i3
dy 1

™ 5{e3X +3e3x(x+1)}

3X

:%{3x+4}

dy dy
dX<0 / dx>0

N

o

-4
So, X = 3 isapt. of local minima.
©)

y?dx + (x?-xy +y?)dy =0
@y

dx X’ —-xy+y’




Differential Equations

puty = tx

d 5
dx X2 —tx* +t2¢°
dt —t?
+X—= 5
dx 1-t+t

t t°+1 X

-logt +tant=Inx + C

—Iog(yJHanl(yJ: Inx+C
X X

Puttingx=1,y=1weget C = z

X*+4=t

2xadx=ct
Ly _pa
(X2 +4)3 t3

y _ -1

= +C
(x2+4)°  2(x*+4)?
Passes through origin (0,0)

y -1t 1
(xX*+4)° 2(x*+4)° 32

4 2 2 3
—(x“+4) (xX°+4)
= +
Put y =+/3x y 2 32
—og(v3)+tan(+/3) = Inx+ %
og( ) ( ) 4 y(2):—4+8X8X8
32
y(2) =—4+16=12
AIn(3=2-Z_-1
3 4 12 019 @
QI8 (12 dv__ 1
dx 1+sin2x
(4+x?)dy —2x(x>+3y+4)dx
(x? +4)d— = 2x° + 6xy +8x (Sin X+ cosx)?
X
1
(7 +4) Y~y = 2 +8x Y ==y *C
X
1 1 1
dy 6x _ 2X+8x y(%}=§:>§=_§+c;c:1
dx x*+4 X°+4
-1
X) = 1
Ll—y+py:¢ y( ) 1+tanxJr
-1+1+tanx
o= —6X ¢_2x3+8x y(x):ﬁ
x> +4 X +4
tan x
6X R 2 +4)= 1 X) =
I.F.= e-IX“4dx :esme( Iy )/( ) 1+tan x
Solvingwithy =+/2sinx
y 1 _J~ 2x3 +8x " .
AP I (AP (X +4) NX__ [2sinx
1+tanx
y 2X(X% +4) sinx=0,i:sinx+cosx
3 :I 2 372 V2
(Cra) (CHA(C+a)
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H 1
e2 +sin‘15: In2a+1
= In2a :\/E+%—1

= 20= exp(%%/é—lj

Vs Vs
X+—=7r——,27r+€
= Otzlexp(ﬁ-i-\/é—lj
57t =« X_137T_7Z' 2 6
6 47 6 4 Q21 ()
=7_7z- e 231 x(l—xz)g—z+(3x2y—y—4x3)=0
12 12
Sum of solution x(1—x2)%+(3x2—1)y=4x3
7
— +_7Z'+_237Z' d 2 3
12 12 _y+(3x -1 _ 4x
ax (x-x¥)" (x-x%
Lrn+7n+23r  42n Kz
12 12 12 j—y+Py:Q
— k=42 X
3X2’31dx_ 11y 3
Q20 () Foehoe =€t (Ix-x)
1
y y _ ..
[%”XJX%:X*[%WJV T X (x>0
X -y X -y
1 4x3 1
- X y( 3 j:j gX 5o X
= ex(xdy—ydx)+ﬁ(xdy—ydx):xdx X=X X=X" X'=X
X -
y _ —4x d
Dividing both side by x2 _J.—(Xz_l)z X
Y (xdy — ydx 1 xdy —ydx ) dx
:ext yxzy ]+ 2( dyXZy ]:T = 2 +C
(3
" y[ L j— 2 ¢
vy 1 ) dx x*-x) x*-1
= exd(—j+—d(—j=— x=2,y=-2givesc=-1
X yy¥ \xJ) x
l—() 1 2
X y x3 =X :xz—l_1
Integrate both sides Putting x = 3; givesy =18
y Q22 [3
jexd(lj_;,.j%d(lj: d_X 3 2
X A y X X d_y=4y + 2yX
x dx  3xy®+x°
y B dy av
— e +sin‘1(ljzlnx+c Let y_vx:&_v+x&
X
It passes through (1, 0) ) 3v2+1dv_ dx
1+0=0+c=c=1 "-[v3+v _.[7
It passes through (2a., o)
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Differential Equations

Q.23

Q.24

In|v®+v|=Incx

3
(zj Y ooqym-1
X X

..c=2

Y3 +yx2=2x4

Forx=2,y(2) setisfiesy®+ 4y = 32
Letg(y) =y*+4y—32
g(y)=3y*+4>0

.. n=3Ans.

(6]

j:f (x)dx = (y/x)*
differentiate
f(x) =3(y/x)d(y/x)

g(1)+C:>C=3

x> 3
—==(y/x)*+3
> 2(y )

= Put y = 6410
X=6

@

= ethanxdx
= eZ(Inwcx)

=seC?X
y(sec™) = [ (sinx)(sec?) dx
y(sec?X) =secx + C

Put X=—,y=0

wla

c=-2

()

Q.25

Q.26

Q.27

y(sec?x) = secx —2
Y = COSX — 2C0S°X

(o) %
y=-2|| coOsx—=| ——
4 16

_y 1
_ymax_8
@

1
dy 1 _(x—l)z
dx x?-1 x+1) '
d
Z+Py=Q
dx
IF_e[de_(X—ljz

Xx+1

1) 1Y
x—1)2 X—
— | =||—= | dx
y(x+1j J‘(x+1j
=x-2logx+1|+C

1
2, —
Curve passes through [ \/EJ

5
C=2log.3—-—
= ge 3
ax=8,
J7y(8) =19-6log, 3

@

Equation of circle passing through (0, —2) and (0, 2) is
X2+ (y?—4)+x=0,(A € R)

Divide by x we get

X?+(y? - 4)
X
Differentiating with respect to x

+A=0

x[2x+2y-dy}—[x2 +y>-4)1
ax 0

X2

= 2xy-ﬂ+(x2—y2+4):0
dx

@
(x-y?) dx+y(5x+y?) dy =0
dy y’-x

Yax ™ y? +5x

Lety?=t
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1d_ tox
2dx  t+5x
t=vx
ﬂ—z(v_l)
VK ax (V+5)

|HDE

dv. 2v-2-v?-5v
dx vV+5

v+5 dv
Iv +3v+2__-[ o

J'(i_ijd\,:_ dx
v+l v+2 X

40, (v+1)-3(,(v+2)=—I1 x+C

| Y e
(v+2)3
<y2 +x)4 = C(y2 + 2x)3
Q28 (1)
dy x+y-2 (x-D+(y-J
dx X-y x=-)-(y-2
x-1=X,y-1=Y
d_Y_X+Y
dX X-Y
Y =VX
dy av

—=V+X—
dX dX

2
vaxdV _1+V dv V24l

dX 1-V dX  1-V

J-l V dXx
1+V? X

v 1.2vdv  dX
I1+v2_§I1+v2:IY

tm‘lv%lln(1+ v)=Inx+c

2
tanl(ij—lln 1+Y—2 =In(X)+c
X) 2 X

tanl(y__lJ_lln[l-}- (y_l)z]: |n(X—l)+C
x-1) 2 (x-1)

Passes through (2, 1)

O—Eln1:In1+c
2
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Differential Equations

..c=0
Passesthrough (k + 1, 2)

. tan™ I I 1+i2 =Ink
k 2 k
2
Ztml[ljzln 1+k +2Ink
k k2

2tan” (kj In(L+k?)

@

dy 2x*+11x+13 | x+3
dx (x°+6x*+11x+6 x+1

[p(x) dx |F. = el P

1 (2% +11x +13) dx
I )dx_j(x+1)(x+2)(x+3)

Using partial fraction

2x*+11x+13 A N B N C
X+D)(x+2)(x+3) x+1 Xx+2 x+3

=+ [ p(x)dx = AIn(x +1) + BIn(x + 2) + CIn(x +3)

:In((x+1)2(x+2)j

X+3

(X+1)*(x+2)
(x+3)

LF. = el PP _

Solution y(IF):_[Q.(IF)dx

X+3 x+1 (x+3)

y((x +l)2(x+2)j=J~(x+3j (X +1)%(x+2) o

2 3 2
y w :X_+3L+2x+c
X+3 3 2

2
Passes through (0, 1) C= 3

Now, putx =1

=>yD==




Differential Equations

Q.30 (2) I.E :e[(8+40012x)dx _ eBx+2In(sjn2x)
ﬂ.;.y: 12>< =e&.sn2x+C
dx l+e . Solutioniis

So, integrating factor is g/t _ g

y(e>.sin?2x) = [ 2e* (2sin2x + cos2x)dx + C
So, solutionisy. e =tan(eX) + ¢

=e™*. sn2x+C

I
. . O, had T .
Now as curve is passing through ( 2) S0 Given y(z] —e"—>C=0

c=C e
—~c=—
4 Ly=
Y sin2x
= lim(y-€) = m@an'l(e*)ijf—" e
¢ 4 4 P e 6 2 ,%‘
Y E :—n:ﬁe
sin| 2.—
Q31 (2 ( 6)
Xdy:(\/X2+y2+Y)dX
Q.33 (1)
x dy —ydx = \/x? + y?dx dy y,(X)
—=X+y<
ay-yex _ [y o o y.x)
NG X2 X y,(0)=0,y,(0)=1
diy/x) dx ﬂ—yzx
— dx
1+ X - —L.dx
< LF= ot _ o
syet = J'xe’x .dx
2
y, [y “= e
el 2] +1] 2 yeX=—*(x+1)+C
|n{x [Xj J—lnX+R y=—x—1+C€‘
y,(0=0=C=1
2 2 y,(0)=1=C=2
A ) A S S0,y,(X) =X 1+ &
X Y, (X) =—x—1+2¢

- Forintersectionof y, (x) & y, (X)
—x-1+e=-x-1+2¢

y+ ’y2+x2 =cox?

x=1,y=0= 0+1=C=C=1 —e=0
curveisy + ./x2 +v2 =x2 which is not possible
yTNxry So, number of pointsof intersectionof y, (x) & y,(x) is
X=2,y=a 0.
a+V4+o® =4
Q34 [1
4+ o®=16+0"-8a’
. \/_ : 2 T
g3 sn(2x2)ln(tanx2)dy+(4xy—4 2xsm(x —zj]dx
2
=0
32 @
Q @ 4\/§xsin(x2—nj
o . . dy . Axydx 4) 40
Given differential equation can bere-writtenas -+ In (tan x?) dy + sin(sz)_ sin(2x2) X =
o H 2 2
+ = inx + sSinX“ —cosx
(8+4cot2x)y sin® 2x (28inx+cos2x) d(y.ln(tanx2))—4\/§x ( ) dx =0

H 2 2
Which isalinear diff. equation V2x2sinx* cosx
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Differential Equations

4x(sinx2—cosx2) x° x2
dx=0 =Yy +
d(y.In (tanx)) - (sinx2+coszx)—1 5V1- V1-x
ot V3 NN
2 _ 2 f(x)dx=2| 2 dx =
:jd(y.ln(tanx ))+2J.t2—_1—C J‘;\z/é (x) _[ X2 X=sino
dx = cosdo
:y.ln(tanx )+2%Int 1 Cc 2
t _Zj SN Y 0s6d0
. SO
, sinx?+cosx?-1)
y-In(tanx?) +1n | Gz cosx? +1 =J'0§(1—00326)d9
— — Tc T
Puty=1andx = s :{e_sinzeja
2 0
1.3
(2+2_1J 1.3
1|n(i (1 B -C 3 2 2
V3 R A
2" 2" ©_A3
3 4
(idj_l} Q36 3
Nowx—\/EDy(ln[)+ln 1 3 ﬂ—y 2-¢”
“\3 A3 (++1J dx
2 2 islinear differential equation
I.LF.= e
CRUE = :
=In 3 +In J3+3 —e*
( 1} 3 =je’X 2—e’x)dx
(1 =In| 73
y-(In y3) "3 __[Ze ’zxdx
3y=—1 —2X
vl= - 2e*+& _4cC
2
Q3 x
|E = dex =>y=-2+—+ce*
- 1
1o 1, limy(x)=finite
jefémzezln(l—x): 1—)(2 X—m
Solutionis, (“2):_71("‘0)
x* +2x 2
yv1-x* = x“dx X+2y+3=0
IV 1-x° azz
7 X0 -3
yv1- :€+x +C b:7
4(0,0) a-4b=-3+6=3
C=0
_ x°+5x?
5V1-x?
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