Three Dimensional Geometry
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THREE DIMENSIONAL GEOMETRY
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MATHEMATICS

EXERCISE-1 (MHT CET LEVEL)

@

The planesXQY, YOZ and ZOX, called, respectively
the XY-plane, Y Z-plane and the ZX-plane, areknown
as the three coordinate planes.

@

Thepoint (=3, 1, 2) liesin second octant (i.e., X' OY Z)
andthepoint (-3, 1,-2) liesinoctant VI (i.e., X' QY Z")
see the table given in solution 16)

@
Coordinate of any point on the X-axis is (X, 0, 0).
Therefore, both y and z-coordinates are zero.

()
@

Equation of x-axisis y =0, z=0.
Hencey and z remain fixed.

©)

Any point onthe XZ-planewill have the coordinate (x,
0, 2), theitsy-coordinatesisO.

(4) Itisobvious

€

Since, L isthe foot of perpendicular form P on the x-
axis, itsy and z-coordinates are zero. The coordinates
of Lis(3, 0, 0). Similarly, the coordinatesof M and N
are(0,4,0)and (0, 0, 5), respectively.

@
Here a=4+4+1=+/9,b=1+4+4=49

and c=\1+16+1=18 -

Obvioudly it isaright angled and isoscelestriangle
©

-4+1 2-3 -2-2
@5 4752 2
&)
Distance from origin =.1+4+9=414

y-axis = \1+9 =110 -

or A+2=12or A=10.

and

from

@
Fromx-axis = \/y? + 22 =/4+9 =+/13
Fromy-axis = ./1+9 =+/10

Q.14

Q.15

Q.16

Q.17

Q.18

Q.19

Q.20

Fromz-axis =\1+4 =+/5.

(B-(-2) -6-4  -8-7

(1) Here,

1-3  -2-(-6) -2-(-9)
_3_35_.5
= 27 2 2

Obviously, pointsare collinear.

@

Let P(x,Y, z) Now under given condition, we get

[\/(xz + yz)}2 J{\/(yz + 22)}2 +[\/(22 + xz)}2 =36
=X?+y?+7°=18
Then distancefromoriginto the point (x, y, z) is

VX2 +y?+72 =18=32

(1) Letpointbe (x,y, ) then x2+y2+2z2

= (x—a)?+y?+ 22 =x*+(y-b)?> + 22 =x*> +y? +(z—0)?

Therefore x=2,y=2 and 2=2
erefore 2,y 2an 5

@
LetA = (1,1,1) ; B =(-24,1); C=(-1, 5, 5) &
D=(2,25)

AB=9+9+0 =3/2,BC=1+1+16 = 3/2ad

CD = 3/2 and AD = 3,/2 . Henceitisasquare

@
Required distance _ /32 .52 — /34 -
©)

AB =/(-1-1)? + (-1-2)? + (-1-3)?
AB=+/4+9+16 =/29

€)

Distancefromy-axisis /y2 ; 72
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Q.21

Q.22

Q.23

Q.24

@

It isafundamental concept.

Q)

AB=4(a-1)?+3?+0=5

= a-1=44 =a=-35

CD=y(a-1)?+(a+5)7+(a-1)2 =6

= a’-2a-15=0=a=-35

But common solution of (i) and (ii) is—3.

©)

Let thegiven poitnsareA and B. Let P(x, y, ) theany
point equidistant from A and B

. PA=PB

i.e., Distance between P and A = Distance between P
andB

P

B
= J(x=17+(y-2 +(2-3)

Jx=3 +(y-2) +(2+2)°

= (X=1D2+(y-2)?2+(z+1)?
=(x=3f+(y -2y +(z+1)?

= X2+ 1-2x+y?+4 -4y +72+9-67
=X2+9-6X+y?+4—-4dy+72 +1+2z

= 4x-8z=0= x-2z=0

which isthe required equation.

@
LetthepointbeP(x, Yy, z). Then, itisgiven PA+ PB =10

= J(x=4)?+(y-0)*+(z-0)?

+\/(x+4)2+(y—0)2+(z—0)2 =10

= \(x=4) +y2 +2% =10— \[(x +4)’ +y? + 22

Squaring on both sides, we get
(x=4)?+y*+ 72 =100+ (X + 4)*+y?+ 2

—20,(x +4)2 +y?+272

= X?+16-8x=100+x?+ 16+ 8X

—20,)(x +4)* +y? + 22

Q.25

Q.26
Q.27

Q.28

Q.29

= —8x—8x—100= —20,/(x +4)" +y? + 22
— —16x—100= —20 (x+4)2+y2+z2

= 4x+25=5 |(x+4)* +y?+7?

(dividing both sides by — 4)

Again, squarign on both sides, we get

(Ax+25)? =25[(x+)?+y?+ 22
= 16X+ 625+ 200x =25[(x + 4)? +y2+ 77
= 16x%+ 625+ 200x = 25[x? +16+8x +y? + 77
= 16x? + 625+ 200x = 25x2 + 400 + 200x + 25y2 +257°
= 9x%+25y? +25722-225=0
which isthe required equation.

@

Reterring to he previous solution.

In case Risthe mid-point of PQ, then,m:n=1:1,so
X1+ X,

yi+Ys 2,+2,
X = Y= z=L"22

that 5 y 5 and 5

These are the coordinates of the mid-point of hte

segmentjoining P(x,,y,,z,) and Q (X, Y., Z,).

o (X1+X2 YitYo Z1+22j

2 2 2

(c)
@
The coordinates of the point R which divides PQ in
theratiok : 1 where coordinatesof Pand Qare(x,,y,,

m
z,) and (x,, y,, Z,) are obtained by taking k= ry inthe

coordinates of hte point R which divides PQ intermally
intheratiom: n, which are as given below.

kKX, +X; Ky,+y;, kz,+27;
1+k ' 1+k ' 1+k
Note Generally, thisresultisused in solving problems

involving a general point on the line passing through
two given points.

@
SinceZOX planei.e.y=0 dividesthejoinof (1,1, 5)
and(2,3,4) intheratio) : 1.

S N SR
A+1 3
@
X_m1x2+m2x1 _ My, +mMyy,
From == o m  my+m,
|+ My 1+ My
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Q.30

Q.31

Q.32

Q.33

Q.34

Q.35

Q.36

MATHEMATICS 3

S MZ Mz, 20 Q37

’ X=

@
_-5+9_ oo -5(9+3(-5 _25
-2 -2 2
,_5(3)+36) __3
22

X

Q.38
©)

a-2+4
=——F—=a

0 =-2,0=

MT+7:> b=-8

and O=3_2+C:>c:2 _

@

5
Required ratio= —(_—Zj =5 ie,5:2
@

[2+1 4-0 —2-1 Q.39

111 }:(3’4'_3)
@
6h+1_ 1

- z=0——=0=A=—=
For xy-plane, i1 6

X_—5+18_1_3 y_—1+24_§
5 5’ 5 5

@
Let point C dividesthelineAB intheratio 1: A .

9 +3
A+l

-5 :>4k:2:>k:%

Hencerequiredratiois2: 1.
@
Suppose PdividesQRintheratio A = 1.

BA+2 A+2 —20+1
A+l TA+1" A+l

Then co-ordinates of P are [

o ] .. B\+2

Itisgiventhat thex-coordinateof Pis4.i.e. TR

= A=2

<o 2-coordinaten pis ~2E AL
,z-coordinateof Pis ————=—"""=

Three Dimensional Geometry
@

3) 3
- Ratio= 7| 5|75

Required co-ordinates of the points are,

{6—6 10+3 —14+24}_( 13 ]

0,—,2
5 5 5 5

@

LetYZ-planedividestheline segment joining A(4, 8,
10) and B(6, 10, -8) at P(x, Y, z) intheratiok : 1 Then,
the coordinates of P are

4+6k 8+10k 10-8k

k+1 ' k+1 ' k+1
Since, Pliesonthe Y Z-plane, its x-coordinatesis zero,
4+6k_0 K= 2
ke T3

Therefore, Y Z—plane dividesAB externdly intheratio
2:3

i.e

&)
LetQdividesPRintheratiok: 1.

——k—— ——1—
P »R
(3!25_4) (5,4,_6) (9181_10)

Here, the point Q dividestheline PR internally, soits
coordinates are

mX, +nx, ) ((my,+ny, ) ( mz, +nz
m+n JU m+n ) m+n

Q_(k><9+1><3 kx8+1x2 k(-10)+1x (-4)j

k+1 k+1 k+1

_ 9%k +3 8+2 —-10k—-4
U k+1 " k+1’ k41

But given, Q= (5, 4, —6)
On comparing the cooresponding coordinates

%k+3_ 8k+2_, -10k-4_

k+1 T k+1 O k+1
= 9k+3=5k+5,8k+2=4k +4,
~10k-4=—6k—6
= 4k=2
1
k==
= 2

Hence, point Q dividesPRinternally intheratio 1: 2
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Q.1

Q.2

Q3

Q4

Q5

Q.6

Q7

EXERCISE-1l (JEE MAIN LEVEL)

@
Since, L isthe foot of perpendicular segment from P
onthe XY-plane, z-coordinatesis zero inthe X Y-plane.

M
P

O Y
L

Hence, coordinatesof L are(3, 4, 0). Similarly, wecan
find the coordinates of M (0, 4,5) and N (3, 0, 5).

@

Since, L isthefoot of perpendicular from Ponthe XY-
plane, z-coordinate is zero in the XY-plane. Hence,
coordinatesof L are(6, 7, 0)

@

Since, L isthefoot of perpendicular from P on the X-
axis, y and z-coordinates are zero. Hence, the
coordinatesof L are(6, 0, 0)

@
Locusof thepointy =0, z=0is X-axisbothy =0and
z=0

€

Since, L isthe foot of perpendicular segment drawn
fromthepoint P (3, 4, 5) onthe XZ-plane. Since, they-
coordinates of all points in the XZ-plane are zero,
coordinates of htefoot of perpendicular are (3, 0, 5)

@

L isthe foot of perpendicular drawn from the point
P(3, 4, 5) to the X Y-plane. Therefore, the coordinate of
thepoint L is(3, 4, 0). The distance between the point
(3, 4, 5) and (3, 4, 0) is 5. Similarly, we can find
htelengths of the foot of perpendiculars on YZ and
ZX-planewhich are 3 and 4 units, respectively.

Z
N
M(0, 4, 5)
(305N P13 4,5
O —Y
X L

@

Three points are collinear if the sum of any two

Q.8

Q9

Q.10

disatnces is equal to the third distance.
PQ= \/(—2— 2)% +(-2-4) +(-2-6)
= /(16+36+64) =116 = 229
QR = |/(6+2)*+(10+2)° + (14+2)°
_ J647 1447256 /764 — 420
PR = (6-2)° +(10-4) + (14-6)’

=16+ 36+ 64 =/116 = 2,/29
Since, QR = PQ + PR. Therefore, given points are
collinear.

@

Thepoint onthe X-axisisof form P(x, 0, 0). Since, the

PAZ=PB? i.e, (x—3)?+(0-2)? +(0-2)2
=(x-5)?+(0-5)?+ (0—4)?

49
= 4x=25+25+16-17i.e,X= 7

49
Thus, the point P on the X—axisis (7 0, OJ whichis

equidistant from A and B.
@

Let Pbethepoint onY-axis. Therefore, itisof hteform
P(0,y, 0). Thepoint (1, 2, 3) isat adistance /10 from
(0, Y, 0). Therefore.

J(1-0)+(2-y)?+(3-0)° =100
= y?-4dy+4=0=(y-2)’=0=>y=2
Hence, therequired pointis (0, 2, 0).

@
LetP(0,7,10),Q(-1,6,6) andR (-4, 9, 6) bethegiven
three points.

Here,

PQ=11+1+16 =32
QR=4919+0=3/2
PR=+16+4+16=6

Now, PQ? + QR? = (3\/5)2 +(3\/§)2

=18+18=36=(PR)?
Therefore, APQRisaright angled triangle at Q. Also,
0OQ = QR. Hence, APQR is aright angled isosceles
triangle.

Mut Cer COMPENDIUM



Q.11

Q.12

Q.13

Q.14

Q.15

Q.16

)
LetA(5,-1,1),B(7,-4,7),C(1,-6, 10) and D(-1, -3, 4)
bethe four poitns of aquadrialateral. Here,

AB=+/4+9+36=7.
BC=/36+4+9=7.
CD=+/4+9+36=7

DA =+/36+4+9=7
AC=/16+25+181=+122
BD =/64+1+9 =+/74

NotetheAB =BC=CD =DA andAC = BD. Therefore,
ABCD isarhombus.

@
Since x-coordinate of every pointin'Y Z-planeiszero.
Let P(0,y, z) beapoint ontheY Z-plane such that PA =
PB =PC. Now,

PA=PB
= (0-2*+(y-0*+(z-3)?

=(0-0)* +(y-3)* +(z-2).

iez-3y=0
and PB=PC
=y +9-6y+22+4-4z=y?+ 72 +1-2z.
ie,3y+z=6
Simplifying thetwo equations, wegety =1andz=3.
Here, the coordinate of the point Pare (0, 1, 3).

@

LetL befoot of perpendicular from point Pon the Y-
axis. Therefore, itsx and z-cordinatesare zero, i.e., (O,
4, 0), Therefore, distance between the points (0, 4, 0)

and(3,4,5)is 9+ 25i.e, 34

@

Let L bethefoot of perpendicular drawn fromthe point
P(6, 7, 8) to the X Y-plane and the distance of htisfoot
L from Pisz-coordinate of Pi.e., B units.

@

Let M isthefoot of perpendicular fromPontheY-axis,
therefore, its x and z-coordinates are zero. The
coordinates of M is (0, 5, 0). Therefore, the
perpendicular distnace of hte point P from Y-axis

V32 +6% =./45

)
Let htejoint of P(2, 4, 5) and Q (3, 5, —4) bedivided by
XZ-planeintheratiok : 1 atthepoint R(x, Y, 2).
Therefore,

. 3k+2 5k+4

_ —4k+5
k+1 Y k+1'

© k+1

Q.17

Q.18

Q.19

Three Dimensional Geometry

Since, the point R(X, y, z) lieson the XZ-plane, the y-
coordinate should be zero, i.e,,
5k+4 o
k+1

4
K=——

- 5

Hence, therequiredratiois—4: 5, i.e., externaly inthe

ratio4:5.

)
Let P(x,y, ) betherequired point, i.e., dividesAB in
theratio5: 1. Then,

P(x,y,2)=

5x10+x1-2 5x—6+1x0 5x-12+1x6
541 ' 5+1 ' 541
=(8,-5,-9)

@

AB=(5-3)* +(3-2)° +(2-0) = Ja+1+4-3

2

AC:\/(—9—3)2+(6—2)2+(—3—0)
={144+16+9 =13

Since, AD is the bisector of Z.BAC, we have

BD_AB_3

DC AC 13

i.e, DdividesBCintheratio3: 13

Hence, the coordinates of D are

(3(—9) +13(5) 3(6)+13(3) 3(-3) +13(2)J

3+13 3+13 3+13
_(19 57 17
8'16'16

@

Lettheverticesof atriangleareA(x,, y,, Z,),
B(X, ¥, Z,) and C(X,, Y, Z,)

A(XyY1,Z,)
(0,8,5) D(5,7,11)
B(X.,Y2Z,) C(X3Y2)
F(2,3-1)

Since, D, Eand Farethemid-pointsof AC, BCandAB,

DXt Xy MatYe 417 ~(0,85)
. 2 ’ 2 ] 2 1Yy

= X, +X,=0,y,+y,=16,2,+2,=10...(i)

MATHEMATICS 5
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Xo+Xs YotV¥s 2,275 ~(2.3-1)
2 ’ 2 1 2 i) ]

= X, +X,=4,y,+Y,=6,2,+2,=-2...(ii)

[X“X?’,y1+y3,zl+z3j=(5,7,11)

and 2 2 2

=X, +X,=10,y,+y, =14,z +z, =22

..(iii)

Onadding Egs. (i) (ii) and (iii) and (iv), we get
X,=7,X,=3,X,==3
Y,=2,y,=12,y,=4

and z,=5,2,=17,2,=—7
Hence, verticesof atriangleare(7, 2,5), (3,12, 17) and
(=3,4,-7).

Q20 (O

LetR, and R, arethe pointswith coordinates (x,, y,,
z,) and (X,, ¥,, ;) Which trisect theline segment AB.
P 1 ]
A R, R1 B
(213) (%Y12) (X¥22)  (5-83)
Now,AR :RB=1:2
- Xl:1><5+2><2:g:
1+2 3
B 1x(-8)+2x1 -6

i WA QP
Vi 1+2 3

q 7 _1><3+2><—3_—_3__l
an "2 T30
< R==(3,-2,-1)
Smilarly,AR,:R,B=2:1
« _2><5+1><2_E_4
= 2T 3
2x(-8)+1x1 -15
1+2

3
2><3+l><(—3) 3
an 2 142 3

- Coordinatesof R, are (4,-5, 1).

3

Q21 (@
For centroid of AABC
X_a—2+4_a+2
3 3
_1+b+7 b+8
3 3
q 7= 3-5+c c-2
an 3 3

But, given centroidis (0, 0, 0).

Q.22

Q.23

Q.1

3
3
3

@
Let point P(x, y, z) dividesthelinejoining the pointsA
andBintheratiom: 1

m ]
A B
(5-3-2 (1,2,-2
Since, point Pison XOZ-plane
. y-coordinate=0

2m—3:O

m+1

o 3+2x5 13
- 3+2 5
_ 3x (—2) +2x (—2)
- 5

O -

3
=>m==
2

Now,

=-2

and z
13
.. Required pointis [E’O'_Zj

&)
Let the point R dividesthelinejoining the points P(2,
4,5) and Q (3, 5, —4) in the ratio m : n Then, the

3m+2n 5m+4n —4m+5nj

coordlnateﬁofRare[ man | men ' men

For yz-plane, x-coordinateswill be zero.

' 3m+2n_O m_-2

m+n n 3

Alternate Method
Theratioinwhich Y Z-plane dividesthe line segment
=X,:X, =-2:3

EXERCISE-III
(6l
x-2_y+1_z+1 da+b+c=0
a b
()

2X+y=0=x-y+z =|2 1

R O X
1

Mut Cer COMPENDIUM



Q2

Q.3

Q4

MATHEMATICS 7

i1-0)-j(2-0)+k(-2-1) = i-2j-3k

a—-2b—-3c=0 .. (ii)

From (i) & (ii)

4a+b+c=0 =a—-2b-3c=0 =
a b c a b c

"3+2 1+12 -8-1 "1 13 9

" equation of theline
X-2 y+1 z+1 3-2 o+l PB+1
"1 13 9 T 1 13 9
=oa=-14 andB=8= |a+p|=6.

4 Q5
L XA YIS 2o ay+ze5=0
T3 s 2

=2x+3y+4z-k

Any point onthefirstlineis(3r—4, 5r—6,—2r + 1)
Aslines are coplanar therefore this point must lie on
both the planes representing the second line

3(3r—4)—-2(5r—6) +(—2r+1)+5=0 =
r=2

and 2(3r—4)+3(5r—6) +4(-2r+1)-k=0
= k=4

(32

Since3(2) +4(-3) +6(1) =0 and 3(1) +4(2) + 6(-3) + 7
=0
.o X-1 y-2

. theline > T 3 " 1
+4y+62+7=0.

Inthenew position againthelineliesin the plane. Let
the equation of the new position of the plane be ax +
by +cz=0,then2a-3b+c=0anda+2b-3c=0

3
liesintheplane 3x

a b c
927116 413 &a=h=c
", equation of therequired planeisx +y+z=0 Q.6
[27]
Sincetetrahedronisregular AB=BC=AC=DCand
angle between two adjcant side = /3 Q.7

consider planesABD and DBC vector, normal to plane
ABDis= 3xp

vector, normal toplaneDBCis= p x ¢ anglebetween
these planesis angle

between vectors (axb) & (bxc)

Liz12 1212
~ cosp - @xD).(xE) :M:_i
feBped  3jal|s[]el
4

Three Dimensional Geometry

. . . 41
Since acute angleisrequired 6 = cos 1(5] =
secH =3 = sec®0 = 27

[17]

circum-radius = distanceof circum centrefromany of

the vertex

a+b+¢
4

= distance of from vertex D (0)

[tetrahedronisregular]

1. - -
Circumradius =Z‘a+b+c‘:

J/a2 +b? + G2 + 2(ab +b.C + C.4)

2 2
I
8
r 1 R k 3 k
—=— —=r=— = — =R= —k&r:—
R 3 3 24 8 V24

S 2
R2+ 2 — _k
= r 12
= minimumvalueof p+q=17
[13]
3% 4+4% 4122 =13

[11]
lal=|b|=|¢|=]a-b|=|¢-b| =|a-c|=a
D(_))
2
1/ 1
A c(c)
(@) 2
B(b)
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Q8

On solving we get

- = - . a R ~ .
a.b=b.c:a.c:?:>Ia|:|b|:|c|:a
e_(28), __[b 1.

Tl 3 ) &F=13 areaofACEF:E|(;EX F

1(2a ) (b . Q9
= — | —-c|x|—=—-cC -
2\ 3 3

1122 2.2 = 1= -
= |=(axb)+=(cxa)+=(bxc _

‘9( % ) 3( x ) 3( x ) =
1‘(2+6+3Jax6

2 9

2ol xb| = b b|sn
T2 b= glxI: 18| |b|

11, 3 _11
60> —. 8. —="=
318 2 36
9
; . X 'y z

Equation of the planeABC will be E+B+E =1

Now d = distance of the plane from origin O =

S S S
1.1 1 d® a® b ¢
a’ b? c?

and m=0M = /g% 1 p? 4 ¢?

[i+i+ij>9
a? b? c?)

1 1
Hence (&2+b%+c? (— +—J =9
3-2 b2 CZ minimum

[240]

1
Volume(V) = 5 A1 h1 = h = A_l

3V 3V 3V
Iy, =" hg="p_andh,= 2

So (A, +A,+A,+A)(h, +h, +h, +h)=
3V 3V 3V 3V
—t—t—
A, A, A Ay
= V(A + A, + A+ A

1 1 1 1
—t—t—+—
Al A, Ay Ay
Now usingA.M.-H.M inequality inA;, A, A A, we
get

(AL +A,+A +A4)[

A1+A2+A3+A4> 4
4 (1 1 1 1
—t—F+——+
Al A, Ay Ay

L (AA A A [i+i+i+i] .16

Al A, A; A,
Hence the minimum value of
(A FAFAFA ) (h+hy+ho+h,) =3V (16) =48V =48 x
5=240Ans.

2 2 2 2 2 2
a~ b b c c a
e R A I
a C a C
, wheret=€ Plt]=3]
m
= [dem =3+6=9 Sol.  Letpositionvectorof A,B,Cbe a, b, C respectively.
By using A.M.—H. M. inequality, we get . 25 +56 +10E::o ...... 0]
2, W2, ~2 . T
a“+b°+c 3
> S @+ Taking cross product with a in (i)
3 1 1 1 Z o -
St 0+5axb +10axc =0
a? b? c?

Mut Cer COMPENDIUM



B(b)

= aXB ZZEXEI

Taking cross product with E: in(i)
2axC +5bxC +0=0

= bxc=—=cxa

gl N

Areaof AABC
Areaof AAOC

1ax5+5xe+exq

2 =
1axa
2

-

2Cx 5+EE:>< a+cxa
5 17

cxa 5
oot =3
Qu [9
X+2 y-3 z-k
= = = - + +
1 > 3 Ar=>(A=-2,20+3,3L+K)
forA,A=2
k
A(0,7,6+K) =for B X:—E =
B —2—5,3—2—k,0
3 3
ZAOB=90° = AO.OB =0 =
9
7(—3+2—kj =0 ork=—=2k=9
3 2
Q12 [#4
P=xi+yj ;ﬁ:(x—l)i+yj ;ﬁ;z(x+1)i+
yi
PA-PE=X'-1+Y" OA.OB=-1

Now (PAPB)+3 (OA.OB)=0 =X2+y2-4=0

Q.13

Q.14

Three Dimensional Geometry

=x*+y?=4

IPA|IPBI=  (x=1)%+y? y(x+D?+y?
V5 —=2x+/5+2x
|PA||PB|= /25— 4x?2

Now fromx2+y?=4  put x =2 cos0 y
2sin6

|PA||PB|= 25-16c0s20 : |PA||PB | =
J25 =M

|PA||PB|,= /9 =m
=34

M2+ m2=25+9

[2]
The planes are
y+z=0

-1,1,1) (1,1,-1)

x+y=0
X+y+z=1...... 4

Solving above equations we get vertices of the
tetrahedron as (0,0,0), (-1,1,1), (1,-1,1) and (1,1,-1)

-1 1 1
Required volume = 11 -1 1]||=
1 1 -1
0 2 1
12 0 1 _4.2 t—2 3t=2
6 6 3 T3 %7
0 0 -1
[4]
X_Yy_z-¢_ : X _
Ll'o_b_—c =r L, =
y_z+c _
0" ¢ '

Dr'sof ABare —a/, br,—cr—c/+2c = AB is
perpendicular to both the lines

s 0(=al) +b.br+ () (—cr—c/+2c)=0 =
*+cAHr+c =22 . @

MATHEMATICS




Three Dimensional Geometry

and a(-a¢) +0(br) + c(-cr—c¢+2¢) =0
(@+c?)l—cr+2c2=0
(@+c)+cr=2c

= —

from (1) & (2)

2b%c? o 2a°c?

,g =
a’b? +b?c? +c%a? a’b? +b?c? +c2a?

Alo 2a’bc? . a’b? +b?c? —c?a?
"a%? +b2%c? +c?a?’ | a%? +b%c? +c2a?

(0,0,¢)
A(0,br,—cr+c)

_—
B(a#,0 ,ci—c)

(0,0,—c}

2ab’c?

B i
a%b? +b%c? +c?a?

0 c b2c? —a%b? —c?a?
" a%? +b%c? + c2a?
4a%pic?

= +
(a?b? +b%c? +c?a?)?

d2

4a*b?c? . 4c?(a*b?)
(@®b? +b%c? +c?a?)?  (a’b? +b3c? +c%a?)?

4 (@®h? +b%c? +c%a?)?
d> ~ a?b’c? +a%b%c* +a*b?c?

a’b? +b%c? +c%a? 4 1 1 1

a’b?c? =2 a_Zer_erc_2
PREVIOUS YEAR'S

MHT CET

Ql (o

Q2 (o

Q3 (@

Q4 (@

Q5 (@@

Q6 (@

Q7 (@

Q8 (b

Q9 (@

Q10 @

Qu @

Q.12 (d)

Q.13 (b
Q14 (d
Q15 (b
Q.16 (o
Q17 (@@
Q.18 (b
Q19 (d
Q.20 (b
Q21 (o
Q22 (d
Q.23 (d
Q24 (3
Q25 (o
Q.26 (d)
Q.27 (d
Q28 (2
Q29 (d
Q30 (0
Q31 (d
Q32 (b
Q33 (@
Q34 (@
Q35 (d
Q36 (b
Q37 (0
Q.38 (b
Q39 (d
Q40 (9
JEE-MAIN
Q1 O
Direction ratio of normal of plane
i3 k
2 1 -5=181-J+7k
3 5 7
SO equation of plane
18x—-y+7z=d
It passes through (2,3, — 5)
36-3-35=d..d=-2
Eq" of plane
18x—-y+7z=-2
—18x+y-7z=2
s.a=-=18,b=1,c=-7,d=2
a+7b+c+20d=—18+7-7+40=22
Q2 (1

10
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P(1, 2, 3)

Ro, B, v)

A
Vi1 x—6_y—1_2—2
3 23

Qx.y. 29| 2

Let M bethe mid point of PQ
S M=0CA+6,20+1,31+2)

Now, pvi = (3L +5)i +(2h—1)j + (3h -1k

+PM L (3 +2j+3K)

Three Dimensional Geometry

P(2)-q(-1)+(-3)=5=2p+q=8 ...(i)
Thelineisparalléel to plane

. 3P+29-1=0

(i)

From (i) and (ii)

P=15q=-22

Eqg. of planeis15x—22y +z—5=0
Distancefromorigin

5 5
152+ (222 (@) 710

_[B_[5
V710 V142

Q6 (B
S306A+5)+220-1)+3(31-1)=0 Imageof P(1, 2, 1) inx + 2y + 2z2—16=0
-5 Isgivenby Q(3, 6, 5)
A= 1 Equation of plane T
5117 Xy z+
“Mlrnn 36 6|=0
since R ismid-point of PM 11 2
03 (2C2)(a+[3+y):l25 o721
' By options, (1, 2, 1) liesonplane T
a-2 b-4 c-7 -2(6-4+28-2)
3 -1 4 F 412+ 42 Q7  [84]
-84 28 -112 X=7 y-1 z+2
:—+2,b=—+4, = L, — = =
=813 BT O T R
2a+b+2c=-6 SOpoiNtA(3A+7, —A+1,1-2)
X -7 z
Q4 (¥ LZQEZVT:I
PointsP (1, 2,-1) and Q (2, -1, 3) lieon same side of )
the plane. Perpendicular distance of point Pfrom plane SO point B(2u, 3y, 7u)
o -l+2-1-1 1 L,
SV 22 3 A
Perpendicular distance of point Q from planeis L
—2-1+3-1)_ 1 B
?+12+22| /3 L
PQ is paralel to given plane. So, distance between P - D.R.ofABis
and Q = distance between their foot of perpendiculars. A+T—-24, A+1-3p—7, A—2—q1
DA — o2 2 [ 1_a2 3 —2u+7,—A—-3u—6, \—1—2
= IRl \/(1 7+ (@D +(-1-9 givenDR'sof ABarel,—4,2
=26 D+7-20 -A-3u-6 A-p-2
?=26 1 -4 2
5 B
Q ® A+7-2u —A-3u-6
L:x—2:y+1:2+3 1 B -4
3 02 A ) 6 A-p-2
Plane: px—qy +z=5 3 ~A7H
Lineis satisfying the plane -4 2
S0 (2,-1, -3) satisfyingpx—qy +z=5
MATHEMATICS 11



Three Dimensional Geometry

A2-28+8u=A-31—6 —2A—6u—12=—4% +4p+8

= 3(al)*=a-atl

11-11+22=0 2—~10u-—20=0 = 30-6ar3=d-a+l
= 2a&-5at+2=0
A-pn+2=0 (1) A—5u—-10=0 et -0
-2 2a(a-2)-1(a-2)=0
SolvingEq. (1) & (2) al28& [a=2]
r=5 & p=3 Ans. 2
- A(=8,6,-7) & B(-6,-2,-3)
9
AB = \[(-8+6)" +(6+2)° +(~7+3)° % @ -
[(a,—a)(b,b,)]
AB=+/4+64+16 SD-=""15xb,|
(AB)* =84
122
Q8 [2
= 2 A 2 n |2 3 }\’l
Ly P =(-+3K) 42 (i -a) 1 45  (15-40)-210-1)+2(5)
_x+1_y-0_z-3 ] kT [(A5-40)i - j(20-2) +k(5) |
i ainir ) » 31
Lyt T =(j+ 2K)sp(i-j+k) Las
x-0 y+1 z-2 ? 1 5-21
1 1 1 = V3 J15-40)7(10-2)*+5°
2 = (15402 + (10-1)% + 25 = 3(5-21)2
Given shortest distance between Ll& inS = g = 225+ 1602 =120+ 100 + A2 —20A + 25
=75 +12)2—60A
502 —80A+175=0
X1=Xp Y1=Y2 Z1-7, A—16A+35=0
& b, “ L, + %,=16
& b, C |_ |2
‘b1Xb2‘ 3 Q.10 (o
(r—(-1,0,2))-[6,-4,2]=0
6(x+1)—4(y)+2(z2)=0
=3x-2y+z+1=0 .P
2X+y+3z=1 P,
~1-0 0+1 3-2 cop — 2X3+U=2)+30)
1 -a 0 V14 14
1 -1 1 2
- - AR 6-2+3 1
J(-a) +(2-0f +(-1+2) =" 2
e L .
.. CO =5 =0= 3
A1 [51
| 1~ 1(-1+a)| ? =
I1:8x+4\/§y=1
\/a +1+a +1-2a |
l,:-8-63z=1
2a-2 2
Joa?—2ar2| V3 |1;alz(i,o, o] and a2=(o,i,oJ
8 42
2
M:g P ‘a, — 1 1
2(a2—a+1) 3 12 8 4[
12 MuT CET COMPENDIUM



i i K
1 1
A=PxP,=|-= —— 0
172 8 42
1 -1
= 0 —
8 63

ﬁ:f[zﬂjéj_][mbﬁj_&( 21J§j

ﬁ:ﬁ@,zﬁ,a\@

E:(al—bl):(%, 0, oj

Three Dimensional Geometry

6 digit numbersformed by digits 1 and 8 only
for anumber to bemultiplefo 21 it must bedivisible by
both 3 and 7
Tomakedivisibleby ‘3
sum must be divisible by 3
possible cases
() All digitsare1's— 1
(i) All digitsare8's— 1

6!

(ii)31l'sand3 8’ S_’ﬁ =20
To makedivisibleby 7

[2(Iast digit)— (remaining number)| =7k, k € Z
total possibilities=2°

total numbersdivisibleby 21 =20+1+1=22

22 22
p= ?:;96p: —x96=33

64
(A)
1+m-n=0
32+n?+cl(l+m)=0
32+m?+cl?2+clm)=0
(3+¢)l2+clm+m?=0

1, 1.
(3+0) (m) +c(m) +1=0 (D)
d= cn - liesareparallée
[A| Roots of (1) must be equal
=D=0
_ 1 _ 1 C?-4(3+c)=0
V16+8+27| 51 C?—4c-12=0
(c-6)(c+2)=0
:>i=51 c=6orc=-2
d? +vevaueof c=6
Q12 (3
Equation of family of planes passing through line of (137)
intersection of two planes2x +y -5z =0and 3x —y +
4z-7=0 Pabc)
is(3x—y +4z-7)+M2x+y—-5z)=0
(3+ 2)x + (=L + L)y + (4-51)z-7=0 —>DR6,b-B.Cy
(D is perpendicular to plane
2x+y-5z=9
(B+20).2+(-1+X).1+(4-51)(-5)=0 tM
=6+4L-1+XA-20+251L=0
=301-15=0
o5 1
T30 2 .
Put . in equation (i) @b B.v)
1 1 5 (A)
3+2x— -1+— 4——|z_7=
( ijx+( ij+( 2)2 7=0
y 3
:4X—E+EZ—7=O,:8x—y+32—14=0
= Point (1, 0, 2) satisfy equation.
Q.13 [33]
MATHEMATICS 13



Three Dimensional Geometry

PAL—-2,2.+1,2-1) 4,232 [, xn,] =~/100+64+16 =~/180
— op_ 108 108 18

J180 65 5

Q.18 (B)
Equation of L

x-1_y+l_z+1_,
oA 1 1 1

(1,2, 4 X=A1, y=A-1, z=2-1
Putting in equation of plane

A+l+A—1+A-1=5
x+2:y—1:z+1:K Ih=6

4 2 4 r=2
(X,y,Z)=(47\.—2,27&+1,37»—1) R(3,1,1)

AP=(40—-3)i +(2L-1)j+ (3L -5)k

+P(1,0,1)
AP.b=0
A4\ —3) +2(20—-1) +3(3L-5)=0 X+Y+Z-5=0
290=12+2+15=29

/

P=(23.2) Q(lmage)
3X+4y+12z+23=0 QR*=PR?=4+1+0=5

_|6+12+24+23
J9+16+144 Q19 O
L,:v=(000+21(1,23)
4-1%_5 L:F=(L31)+1(1,1,5)
13
Q17 (A i J k
x-3_y-2_z-1 directionof 1 of plane= - 2 I= 7 _23_k

2 3 115
Xx+3 y-6 z-5 for point of intersectionof L, and L,:

2 1 3 A=1l+p e
A=(3,2,1) B=(-3,6,5) 2) =3+ 1 —.(2)
ﬁ1:2f+3]_|”< 3%?14—5“ ...(3)

o Solving (1), (2) and (3),
n, =2i+j+3k A=2, p=1
A A A .524,6)
BA =6i -4j-4k Equation of plane 7(x—2)—-2(y—4)—(z—6)=0
[ﬁn_ F] Tx—2y—z-14+8+6=—0
SHORTEST DISTANCE =-—+* 1x=2y-z=0
[n,xn,] a=7,b=-2,d=0
atb+d=5
i ]k Q20 (
A xi,=2 3 - | X=2_y+l_z-2
213 '3 2 0
=101 -8j -4k I _x—l_y+%_z+5
[BA N, n,] =60+32+16 =108 | % 2

14 Mut Cer COMPENDIUM



Three Dimensional Geometry

_ -2
| _x-1_Y %:Z+O Hencek:?
* 3 -2 4
45 -2 85 4
3-0+0) TherforeBis(—,—y—jE(—y—:—j
IlJ_I2:>—2:O:>a:3 36 3 6 6 6
V31, +a Ja_b_c
angle between |, & |, 8 5 4
Q22 @B
1% (=3)+(-2)(a/2) +2x4
cosO = -
\/1+4+0;\/9+16+4
-3—0+8]
cosf = ———x-—" :
o’ :
5+-— /29 i
4 :
O
Q T R
put o=3
2 4 —X+2y—-z=0
COSQ :TZE 3X—5y+22=0
RE ]k
A=l-1 2 -
0 =cos™ (ij =0 =sec™ (gj 38 5 2
29 4 ) o
Q.21 () =i(-)-j@)+k(-1)
L et equation of rotated plane be: R
(2x+3y+z+20)+)\(x-3y+52-8)=0
(2+)X+H3-3N)y+(1+51)2+20-80=0 _ Xy z
Aboveplaneis perpendicular to 2x+3y+z=20=0 Equationof LOl is 1171
S0, (2+1).2+(3-31).3+(1+5)).1=0=A=7 dr'sof PT 5 (01, 0 +2,0—3)
=Equation of rotated plane: x-2y+4z-4=0 dr'sof QR (1, 1, ’1) ’
-1 S (@-1)x1+(a+2)x1+(a—-3)x1=0
Mirror image of A(Z’E'Zj inrotated planeis 3o=2
B (ab,c) azé
Equationof A 2 = Y2 _X=2_ 1 64 49
quation o : = = = A
1 -2 4 99 9
-1
L et coordinate of B be (2+k’5—2k,2+4k) PT? :%
k -1 V114
MideintofABis(2+§’7_k’2+2kJ =73

whichwill lieon the plane x—2y+4z—4=0

MATHEMATICS 15




Three Dimensional Geometry

Q.23

Q.24

cosp_ V14 1 _ 57 _+19x3
3 3& 9 3x3

Jis

33

00326_2X19 1= E
27 27

$n20— 1Y) _ /38416

27 27

4

-~ /38

27\/_

Area= %Xﬁsmx%@

18 4 36 4
== 27J_ = 38= J_
(A)
Equation of plane passing through the intersection of
planes
Bx+8y +13z-29=0and8x -7y +z—-20=0is
Bx +8y +132—-29+A(8x -7y +z—20) =0andif itis

7
passing through (2, 1, 3) then A = >

P, : Equation of planethroughintersection of 5x + 8y +
13z-29=0and
8x—7y+z—-20=0andthepoint (2,1, 3)is

5x+8y+132—29+%(8x—7y+z—20):0

=>2X-y+z=6

Similarly P, : Equation of plane through intersection of
5x +8y +13z—-29=0and 8x -7y + z—20=0and the
point (0,1,2)isx+y+2z=5

T

3
Angle between planes= 0 = cos™ (WJ =3
®)

Equation of plane passing through line of intersection

of planes P:F-(i+3]-k)=6 and
F-(-6i+5]—k) =7 is

P+AP, =0

(F-(i +3]—Kk)—6) + A(F-(~6i +5]—K)—7) =0

1
and it passes through point [2, 3 Ej

N (2+9—%—ej+x(—12+15—%—7j =0

Q.25

Q.26

=>Ai=1
Equation of planeis 7-(-5i +8) — 2k) =13
|af=25+64+4=93 d=13

13ap
Valueof| d2| =93

[B]
X+1:4—3:Z—1:x
2 3 -1
0 (2h—-1,3+3,-2+1)
DRof PQ2L—-1-3,30—-1,A-1
Now PQ andlineis1r
S0,2(2A-1-a)+3(3r-1)(-r-1)=0

77 7
Distance between PQ

( 2a-3 jz (3a+ 27
7 7

= /6 (given)

35x+42a+91=14°%x6

3/a’ +42a-1085=0
5&+6a—155=0

(2a—3 3a+27 5—aj

a=5, a———( a>0)
soa=5
_5+2
C 7
Point Q (1,6,0) ismid point Pand R, so
o, +a  a,+5
2 2
Similarly o= 8, 0, =—2

=1

1=

=a,=-3

3
a+ zoc1 atoto,+o,=5-3+8-2=8

4b,-3,0

/
[/

(land?2)

16
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Three Dimensional Geometry

i j ok vz‘iﬁx&:‘:m
.. _la b ol_; ; 6

D.Rof lineis= =i (bc) +j (ac) + Ok

abc (V.p)=(24,-13)
D.R. of line(b, a0) Q.29 (BONUS
Ox+y-z+2=0 DR’sof line of shortest distance
(01,-1)
- a 1 i j ok o
SN6= "5l 2 0 1 1=-i+2j-2k

2 21

J2a=+a +b?

&=b> D a=bora=-b

[2
L L Angle between line and planeis cos™ Ezoc
a10=( 55

2 . 5
Q27 (@ 0=\ T 3B
x-1 y-2 z-3 ' —1,—
Given: L, - :yl == DR’snormal to plane (1,-1,-1)
sno|__—32t2 5
ond L, X¥26_y+18_z+28 Jararai+141 33
2 3
are coplanar V3|a|=5va? +2
322 =252 + 50
27 20 31 Ans. Novalueof (a) [Bonus)
A1 2|=0
=
-2 3 A Q30 (3
=A=3 _ _ P(1, 2, 3)
Now, normdl of planeP, which containsL,L,
i j ok
3 12
-2 3 3
60°
o n N Q R
=-3 -13j+11k
= Equation of required plane P: X+2y+z=14
3Xx+13y—-11z+4=0 .
(0, 4, 5) doesnot lieon plane P, Length of perpendicular
1+4+3-14
Q28 ( PQ=T=J€
Normal of planeP:
Dk QR=(PQ)cot60° = /2
con r 1
=|-2 1 -3 =4I—]—3k AreaofAPQR:E(PQ)(QR):\/é
-1 2 2
Equation of plane Pwhich passesthrough (2,2,-2) Q.31 (4
isdx—y—-3z-12=0 A(2,3,9); B(5,2,1); C(1,1,8); D(1, 2,3)

Now, A(3,0,0), B(0,-12,0), C(0, 0,—-4) [TB AC E] -0
=a=3,p=-12,y=-4

=>p=a+pP+y=-13

Now, volume of tetrahedron OABC

MATHEMATICS 17



Three Dimensional Geometry

Q.32

Q.33

Q.34

3 -1 -8
-1 12-3 -1j=0
A-2 -1 -6

= [-6(L—3)=1] -8(1— (A=3)(L—2)) + (6+ (h—2)) =
0

3(—61 +17)—8(=A?+ 5L —5) + (L +4) =8
8)\2—571+95=0

A, =2
8
@
A(-1, 4, 3)
£ (3, -1, -4)

7 3

Let B befoot of L coordinates of B = (—Z E Ej
Directionratio of lineABis<2,1,3>s0
m=1,n=3
X+l y-4 z-3

3 -1 -4
SopointCis(3L—1,—A+4,—4x +3).ButCliesonthe
plane, so
6L—2—-A+4-121.+9=4
=>A=1=C(2,3,-1)

= AC=+/26

=\

S0, equation of AC is

(10)

(a,—4a,-7) L to(3,-1, 2b)

a=2b @)

(a—4a,—7) Lto(b,a —2)

3a+4a-14b=0

ab—-4a2¢+14=0 (2

Fromequations (1) and (2)

2b?—16?+14=0

b’=1

&=4?=4

x4l y-2_z_,
5 3 1

a=5k-1,p=3k+2,y=k

As(a, B, y) satisfiesx—y+z=0

5k-1-(3k+2)+k=0

k=1

Lo+B+y=9%+1=10

(450)

DR’sof RS= (o, —1,8)

56 . 43 , 111
= —+2,—+1—-1
DRof PQ (17 7t j

z(@@%j
171717

LT Wi W
17 17 17
900, +94p = 60
60— 90a
94

~30(2-3a)

T

(32-2)
94

p

p

B=-30

15
47

B 3a-2
15 47
=pB=-150=-15
02+ 2= 225+ 225

=450

B (3a-2)

4
2x+ky—5z=1and3kx—ky+z=5k<3
aremutually perpendicular then
2(3k) +k (=k)+(=5) (1) =0
—k?+6k-5=0
= k?-6k+5=0
= k?-5k-k+5=0
= k(k-5)—(k-5)=0
=k=1,5
=k=1 k<3
.. given planes are
2x+y-5=1 -1
and3x-y+z=5 (2
Now eq" of plane passing through intersection of (1)
and (2)is
(2x+y—-52-1)+A (3x-y+z-5)=0 e
Now (3) madeintercept of unit length on x-axis, i.e., it
passes through (1,0,0)
=(2-1)+1(3-5=0
=1-20=0

A==
=575

1
At 7»=§|neq”(3)

2o -3

=>7X+y-9z2-7=0 .4
for finding intercept ony-axis; (y,0,0) satisfies (4),

Mut Cer COMPENDIUM



Three Dimensional Geometry

y=7 Q.38 [125]
therefore, correct answer isD. S p A AL
036 [17 R, =(i—J+3(1-¢)k
E%uatlon of planedax —y +5z—7a+ A (2x -5y —z-3) A, —T+29-k
thissatisfies (4,—1,0) g ‘
1l6a+1-7a+Ar(8+5-3)=0 0 1 3(1-¢
9a+1+100=0 Directionratioof line= | (1-0)
Normal vector of theplaneA is(4a+ 2k, —1—5\, 5-1) -1
vector along thelinewhichiscontained in the plane A
isi—2j +k =(60-5)i +(3-20)3+ (20 +1)k
S dat+ 20 +2+ 100 +5-1=0 A ' .
11 +4a+7=0....(2) 3x-8y+72—4W|IIAc0nta|ntheAI|ne
Solve(l)and (2)togeta=1,1=-1 (60-5)i+(3-20)J+(20+1)k
Now equation of plane Normal of 3x - 8y + 7z =4 will be perpendicular to the
X+2y+3z-2=0 line
x-3 -2 z-3 - -
Let the point in the line ~— =y_1 ==, -tis = 3(60-5)+(3-2/)(-8)+7(2/+1)=0
(7t +3,—t + 2,4t + 3) Satisfy the equation of planeA = :E
S Tt+3-2t+4+9-12t-2=0 3
t=2 57
Soa+p+y=2t+8=12 directionratioofline(—lglgj
Q37 [2 Anglewith axis
?:(f+1)+k(f+aj—k) cosf =23
25 49
I . 1+ 554+ 22
r:(|+1>+M( |+J—ak) 9 9
s 4 o ,. 25
i j k .. 415c0s O:gx415 125
n-=1 a -1 Q39 ()
-1 1 - o
i ] k
=i(-a*+1)-j(-a-1)+k(1+a) ni=1 1 -
1 -2 3
(-a +1a+La+1>
(-a? +1)(a-1)+(a+1)(y-1)+(a+1)z =0 (i -1 +k-3)
=i-4j-
—a’+1)+4(a+1 ‘ i i
( : ) ( ) _f3 Equation of line
\/(—a2+1) +(a+1)2+( X—lzy—222—4:7\
1 -4 -3
= (-@+da+ 57 =3 (& + 1Ij*+ (a+ 1P+ (a+ 1)) _
= & +16&* + 25—8a° + 409 — 1092 PM-(1,-4,-3)=0
= 3(a'+1-2a +2a¢ +2+49) = (A, —4A+4,-30-1)- (1,—4,-3)=0
= &+ 162+ 25—8a° + 409 - 1092 = A+16L—-16+90+3=0
= 3&+3+6+12a —260=13
=24 + 82— 622 —28a—16=0 1
= & +4a8-32¢—14a-8=0 A==
= (a+1)2(a—2) (a+4)=0 2
=a=-1,2,—4
Largest valueof a=2 PM \/1 A+ §= 13 4 = 2?1
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Three Dimensional Geometry

Q.40

Q.41

[153]

V26

P4, 2, 7)

PQ?=26

(A+1-2))2+ (2+2-3))2+ (7T-1-2)1)°=26
(5—20)2+ (4—3L)2+ (6—20)2=26

— 25+ 40— 20\ + 16+ 9)2— 243, + 36+ 412241, = 26
— 170~ 68\ + 77=26

— 170~ 681 +51=0

—A2—4).+3=0

= (A=3)(L-1)=0

—1=1,3

- Q11,3

R(5,7,7)

P(4,2,3)

%=3f+]+4f<
ﬁ=f+5]+0l2

- % |i(0—20) - j(0—4) +k(15-1) |

o b

1IA ]
A=—|3 1

2

15

:%|—20f+4]+14l2|

1
:E\/400+16+196
:%\/612

a2 1 _
AT = (612) =153
€

o
Il

N
|
N

N P X

=i(-3-i®+kO

L A=—i-]

- Planeis-1(x-1)-1(y+1)=0
P:x-y=0=x+y=0

=

DistancefromQ(a, &, 2)

- 2

@
X+7 y-6 z-0

a+a
J2
=6

a=3ora=-3
P1,-1,1)& Q3,3,2
PQ?=4+16+1=21

=32

=7, =(-671)

-6 7

X-7 y-2 z-6

-2 1 1
A

nxn,=|-6 7 1
-2 11

=0, =(-211)

=i(6)-i(4+k@®) = (32.4)

a=(-7,6,0), b=(7, 2, 6)

L8, =

IR,

n, |

(B_é)'(ﬁlxﬁz)

(14,-4,6)(3,2,4)|

J914+16 |
42-8+24| 58
= — =229
s | Vw2
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Probability

PROBABILITY

EXERCISE-l (MHT CET LEVEL)

Q1 Q4
Inour day-to day life, we perform many activitieswhich The sample spaceis
have afixed result no matter any number of timesthey S={6,(1,6),(2,6),(3,6),(4,6),(5,6),(1,1,6),(1,2,6), (1,
are repeated. Such as, given any triangle, without 3,6)....}
knowing the three angles, we can definitely say that Hence, infinite number of possibilities occur.
the sum of measure of anglesis 180°
We also perform many experimental activities. Where Q.5 @
the result may not be same, when they are repeated They are basically independent.
under identical conditions, Such as when a coin is
tossed it may turn up a head or atail, but we arenot Q.6 @
sure.whlch one of thgse results will actually be P(A; UA,) =1-[1- P(A)][1- P(A,)]
obtained. Such experiments are called random
experiments. =P(A7) +P(A;) —P(A1).P(A) .
Anexperiment iscalled random experiment, if it satisfies
the following two conditions Q.7 (4) They are mutually independent.
(i) It has more than one possible outcome.
(i) Itisnot possibleto predict theoutcomein advance. Q.8 €)
It is obvious.
Qz (I
Clearly, the coinsare distinguishablein thesensethat Q.9 @
we can speak of the first coin and the second coin. Since A B ad A ~B aremutually exclusiveevents
Since, either coin canturn up Head (H) or Tail (T), the _
possible outcomes may be such that A =(ANB)U(ANB)
Heads on both coins= (H. H) = HH - P(A)=P(A N B)+P(ANB)
Head of first coin and tail on the other = (H,T) =HT _
Tail on first coin and Head on the other = (T, H) = TH = P(ANB)=P(A) -P(A nB) =P(A) - P(A)P(B)
Tail on both coins=(T,T,)= TT (. A,B areindependent)
Thus, thesample spaceisS={HH, HT, TH, TT} _ B
= P(A nB) =P(A)(1- P(B)) = P(A)P(B)
Q3 @) , ~. A and g areaso independent.
LetH and T represent a head and tail.
Let red ball represented by R;, R, and black ball Q10 ()
represented by B,, B, and B.,. . _
BuC isindependent toA, so Sjistrue
BN C isasoindependentto A, so S, istrue.
| Q11 () P(AuB)=P(A)+P(B)-P(ANB)
v v 5 2 1
T H e -
| | 5=3'3 P(ANB) =P(ANB)=0
Box R. R, 123 o .. Events Aand B are mutually exclusive.
B., B, B; 4,56 012 @
) Recall that union of two setsA and B denoted by AUB
The sample space is contains all those elementswhich are either inA or in
S:{Tng Tsz TB,,TB, TB,, Hl_' H2H3 H4, H5, He} B or in both. When the sets A and B are two events
Hence, infinite number of possibilities occur. associated with asample space, then'AUB' isthe event
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Probability

Q.13

Q.14

Q.15

Q.16

Q.17

Q.18

‘either A or B or both'. Thisevent 'Au B'isalso called
'‘AorB.
Therefore, event'AorB'=AUB
={ow:oec Aoro ¢ B}
@
Weknow that, intersection of two setsA N B isthe set
of those elementswhich are common to both A and B,
i.e., which belong ot both'A and B'.
If A and B are two events, then the set AnB denotes
theevent'A and B'.
Thus, AnB={ow:0wcAando € B}
For example, inthe experiment of ‘throwing adietwice
Let A bethe event 'score on thefirst throw is6' and B
isthe event 'sum of two scoresisatleast 11'. The,
A={(61),(6,2),(6, 3).(6,4),(6,5),(6,6)}

and B={(5,6),(6,5),(6,6)}
So,AnB={(6,5), (6,6)}
Notethat theset A B ={6, 5), (6, 6)} may represent
the event 'the score on thefirst throw is 6 and the sum
of the scoresis atleast 11'.

@

Let E=Thedieshows4={4}.

Let F = The die shows even number
={2,4,6}

SJENF={4} #¢

Hence, E and F are not mutually exclusive.

@

2
4
Required probability = £§j =—.

©)
Required probability is

P(getting8) + P(9) + P(10) + P(11) + P(12)
5 4 3 2 1 15 5
= —t—— ==
36 36 36 36 36 36 12
@

4
Required probability =—

7"

@

Q.19

Q.20

Q.21

Q.22

Q.23

Q.24

Q.25

1

1
The chance of head = E and not of head = E

SinceA hasfirst throw, hecanwininthefirst, third, ...
. Probability of A’swinning

1 (1¥%1 (1)1
==+ =| =+ =] =4
2'\2) 2712) 2

1 (1) (1) 2
=—4| = | +| =] F+.urn.e. =_—.
2 |2 2 3

©)
Required probabilit -4l
equired probability ==~ =o-

4
() Required probability = 5 13"

@
Here P(A) =0.4 and P(A)=0.6

Probability that A does not happen at &l = (0.6)°
Thusrequired Probability =1-(0.6)®=0.784 .

@

1
Required probability = >

O

Number of tickets numbered such that it is divisible

10000

————=500.
by 20 are 0

) . 500 1
Hencerequired probability = 10000 = "

@
Favourable cases for one arethreei.e. 2, 4 and 6 and
for other aretwoii.e. 3, 6.

. . 3x2 1 11
Hence required probability = || ~5¢ 2—§ =35

{As same way happen when dice changes numbers
among themselves}

(4
The probability of students not solving the problem
1 2 1 3 1 4

1-2=21-2-° gg1-==2
ae 4 43575
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Thereforethe probability that the problemisnot solved

Probability

_4,6 _10_2
2.3 4 2 1515 15 3°
by any one of them :§XZX§:§ 1515153
Hence the probability that problem is Q.31 (2
| ed—j__g_§ Required probabilit _52-16 _36_9
solv s equired probability = 5 13
Q26 (4 Q32 ()
4.4 8 Sincethetota ‘13’ can’t befound.
Required probability = =5 51 X2~ =ag’
52.51 663 033 @
Three dice can be thrown in 6x6x 6= 216 ways. A
Q2zr @ total 17 can be obtained as (5,6,6) , (6,5,6), (6,6,5) .
L A total 18 can be obtained as (6,6,6) .
5 1
4, 2 Hence the required probability =i=i-
Obviously numberswillbe | 5 4 |. 216 54
1, 5
Q34 (¥
i iy == 2 Required probabilit _&
Hencerequwedprobablllty—6_5—15. equired pro ”y_64'
Q28 (1) Q3 .
Let E, bethe event that man will be selected and E, the Itis obvious.
event that woman will be selected. Then
Q36
1 = 1 3 1
P(E) =~ so P(E))=1-—=— and P(E;) =7 . L 11 1
4 4 4 3 P(tail in39) .P(tail in4") = =.= =~
) 22 4
So P(Ep) ==
23 | Q37 @
Clearly E, and E, are independent events. Primenumbersare {2,3,5,7,13.
So, P(E, E,) = PE)xP(E,) = 3,2_1 Hence required probability
43 2 1+2+4+6+2 15 5
020 @ 36 36 12
Since both heads and tails appears, so 038 (1)
n(S) ={HHT,HTH, THH,HTT,THT, TTH} ' Required probability
N(E) ={HTT,THT, TTH}
3 1 _1_5 1_1 1_1 _234_2
Hencerequiredprobability=E=§- B 3 4 5) 345 5
Q30 03 @
4 Sincefavourablewaysare 6. Total waysare 36.
Probability for whiteball P(W)=— 6
15 Hence probability = e
. 6
Probability for red ball P(R) =15
Probability (whiteor redball) = P(W) + P(R)
Q40 (D)
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Q.41

Q.42

Q.43

Q.44

Q.45

Q.46

n = total number of ways — 24 —16
m = Favourable number of ways=3
Sincethe value of determinant is positivewhenitis

10/(10/|11 _ N
o 1/'l1 1l'lo 1| Hence required probability

©)

. . 16 4
Required probability = =-13

(Sincediamond has 13 cardsincludingakingandthere Q.47
are another 3kings).

@

Let R stand for drawing red ball B for drawing black
ball and w for drawing white ball.

Then required probability

= P(WWR) + P(BBR) + P(WBR) + P(BWR) + P(WRR) +
P(BRR) + P(RWR) + P(RBR).

322 322 332 332 321

= + + + +

876 876 876 876 876

321 231 231
+ + +
876 876 876

2 2 3 3 1 1 1 1 1
=t —t—t—t—F—F—+—=—,
5 56 56 56 56 56 56 56 4

@
Favourable ways are (2, 6),(3,5),(4, 4),(5,3) and

5
(6, 2). Hencerequired probability = 36

2

It is obvious.

@
Probability of getting at least one head in n tosses

1" 1)" Q.48
zl—bj Zo'gj(Ej <01=2">10=n>3

Henceleast value of n=4

@

L et asampl e space of an experiment be
S={o, o,
Let al theoutcome areequally likely to occur, i.e., the
chance of occurrence of each simple event must be

same.
i.e.P(w)=p,foral o, € S,where 0<p<1

Since, _%P((oi) =1,ie,ptp+...+p(ntimes)=1

1
n
If S be a sample space and E be an event, such that
n(S) =nand n(E) = m. If each out comeisequally likely,
thenif followsthat

m _ Number of outcomes favourable to E
PE)=" " Total possible outcomes

OR np=1li.e,p=

@
To find the probability of event 'A' or 'B', i.e.,
P (A U B). If Sis sample space for tossing of three
coins, then
S={HHT,HHH, HTH, HTT, THH, THT, TTH, TTT}
LetA={HHT,HTH, THH} and B ={HTH, THH, HHH}
betwo events associated with 'tossing of acoin thrice
Clearly, AUB={HHT,HTH, THH, HHH}
Now, P(A U B) =P(HHT) + P(PTH) + P(THH) + P(HHH)
If all the outcomeareequally likely, then

11 4 1

11
=S4+t =—==
PAVB)=g*s 88 87 2

Also, P(A) = P(HHT) + P(HTH) + P(THH) = g

and P(B) = P(HTH) + P(THH) + P(HHH) = g

3 3
Therefore, P(A) + P(B) = 8+ 8 8
Itisclearthat P (A UB) =P (A)+P(B)
The points HTH and THH are common to both A and
B. Inthe computation of P(A) + P(B) the probabilities
of point HTH and THH, i.e., theelementsof A U B are
included twice. Thus, to get the probability P (A E B)
we haveto subract the probabilities of the sample point
inAuw B fromP(A) + P(B).
i.e, P(AUB)=P(A) +P(B)-XP(0),& o, e AUB
=P(A)+P(B)-(ANB)
Thus, we observe that,

A UB)=PA)+PB)-PANB)

@

We know that, A U B denotes the occurence of atleast
one of A and B and A n B denotes the occurence of
both A and B, simultaneously .

Thus, P(A UB)=0.6andP(A nB)=0.3

Also, P(A UB)=P(A) + P(B) —P(A N B)
=0.6=P(A)+P(B)-0.3

= P(A)+P(B)=09

[ P(A)=1-P(A) andP(B)=1- P(B)]
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=[1-P(A)]+[1-P(B)]=0.9

Probability

Thus the probability of not winning the prize

— _ 36
= P(A) + P(B) =2-0.9=1.1. _"GC _18
%c, 35°
Q49 (@ 18 17
ThesamplespaceisS={HH, HT, TH, TT} Hence probability of winningtheprize =1-—=
Let E be the event of getting atleast one tail. 3B 35
E={HT,TH,TT}
. Required probability P Q56 (9
Number of favourable outcomes N o 'c, 1
= Total number of outcomes Probability that both balls are white = 5c, 5
_nE)_3 8c, 4
= - _ 2
n(s) 4 Probability that both ballsare black = 15C E
2
Q50 (3 Probability that one ball iswhite and oneis black
13c2 1312 1 . 8
Required probability = o5l 17 _GxG_8
' 15C2 15 -
51 3
Q ® Q57 (2
I %C,.70¢C, Total number of ways
R - HH B SEE——
equired probability %2Cq =4C, % 5C, + 4Cyx 8Cy+ 4Cyx 8C, +4C, x 5C, + 5,
=60+120+ 60+ 6+ 6= 252
Q52 (3 _ N No. of waysin which at |east one woman exist are
Required probability = 4C,x 5C, + 4Cyx 8C,+ *Cyx 8C, + *C, x 5C, = 246
7 7
— gt == H ed probability = o =2
C, °Cs 126 9 encerequired probability = 5
Q53 (2
8 Q58 (3
Total ways of arrangements = >z, Total number of ways to form the numbers of three
eWeXeyeze digitwith1,2,3and4are * =24
Now ‘S’ can have places at dot's and in places of If the numbersared|V|S|bIeby threethen their sum of
, digitsmust be 3, 6 or 9
W, X, ¥,z wehaveto put 2A’s, onel and oneN. But sum 3isimpossible. Then for sum 6, digitsare1, 2,
41 3
Therefore favourable ways = 2 21 Number of ways = 3!
Similarly for sum9, digitsare 2, 3, 4. Number of ways
_ 54214 1 =3
Hencerequired probability =5y g™ 74" Thus number of favourable ways = 31+ 3!
. 33 12 1
Q54 @ Hencerequired probability =~ =54 = 5"
8c
Required probability = —*.
= e Q5% @
m rupee coins and n ten paise coins can be placedina
Q5 (@ ~ (m+n)!
In50tickets 14 areof prizeand 36 are blank. Number of linein “min1 Ways.
ways both the tickets are blank = *C,
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Q.60

Q.61

Q.62

Q.63

Q.64

Q.65

Q.66

If the extreme coins are ten paise coins, then the
remaining n— 2 tenpaisecoinsand m onerupeecoins

(m+n-2)!
canbe arragnedinalinein m ways.

Hencetherequired probability

(m+n-2)!
_mli(n-2)! n(n-1
~ (m+n)!  (m+n)(m+n-1).
min!

€

Thetotal number of functionsfromA toitself isn"and
the total number of bijections from Ato itself is n!
{Since A isafinite set, therefore every injective map
fromAtoitself ishijective also} .

) . n! (n-1)!
-. Therequired probability :F = o

@
12 C1

3
Required probability = 2o s

O

S

Number of ways of selecting two good mangoes =
6C, =15 Number of waysthat at least one of thetwo
selected mangoesis to be good = 6C, x °C, =54
. Required probability = 15 = > .
64 18
@
°Cy

Required probability =7 C, x

Iefts)
~Ie

@
5C B5x4x3 1

. 3
Required probability = 16C3 T 16x15<14 56 -

@

Required probability

_ ¢, x*C; 20x20x2 _ 20
“c, 40x39 39

)

3 cardsaredrawn out of 26 red cards (favourable)

Q.67

Q.68

Q.69

Q.70

Q.71

Q.72

®c, 26! 31491 2

= = X = .
2c, 31231 521 17

@
Four boys can be arranged in 4! ways and three girls
can be arranged in 3! ways.
-, Thefavourable cases = 4!x3!
Hencetherequired probability
=4x3 6 1
70 7x6x5 35°

(1)
R i edp babili - .
equir ol it
y 90(:5 801

@
Total number of ways =°C,,

Favourable cases =8C x 'C;

8C6x7C5
Required probability =~ 5c :
11
@
5 3
_C+7C 2
P(Black orRed) =2 3.
)

The total number of waysin which 2 integers can be

chosen fromthe given 30 integersis *C,. Thesum of

the selected numbersis odd if exactly one of themis
even and one is odd.

. Favourable number of outcomes = 1°C, 1°C;

15c,.15¢, 15

. Required probability = 3°C2 59 -

)

The total number of ways in which 3 integers can be

chosen from first 20 integersis 2C,. The product of

three integers will be even if at least one of them is
even.
. Required probability = 1 — Probability that noneis
even

lOC
3 _

- 2 17
ZOC3

=1 =L
19 19

26
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Q8L @
Q73 @ Required probability is
Total ways=2! °C, =30 P(Red + Queen) — P(Red n Queen)
Favourable cases =30-6=24 = P(Red) + P(Queen) — P(Red m Queen)
. 24 4 26 4 2 28 7
.. Required probability = 0 5 =5 —+— 0= 5 57 13
Q74 (9 Q82 ()
i~ 18
3 ball canbedrawnin *°C; ways P(AmB)—E 5.6_1
8 8 8 8
Favourable cases = °C,
-. Required probability Q83 @
C,  6x5x4 5 P(neither A nor B) = P(A N B)
C; 18x17x16  204° — P(A).P(B) = 0.6x0.5=0.30.
Q75 (9 Q84 (1 .
456 24 It is obvious.
Required probabilit o1
eaureep Y~ c, e Q8 ()
Let A be the event to be multiple of 4 and B be the
Q76 (O event to be multiple of 6
| ey 1 1 2 pe)- 10 _8
Required probability =~ 5oy~ 17 " 1510 - So, P(A) = P(B) = 100 andP(ANB) = 100
. Oddsagainst=10: 1. Thus requi red probability is
P(A UB) = P(A) + P(B) - P(A " B)
Q7 O P(A LB 25 16 8 33
We have P(A + B) = P(A) + P(B) — P(AB) =P(AuUB)= 100 100 100 " 100"
5 1 4 2
:>E_§+P(B)—— P(B)_G_3 08
121 P(A UB)=P(A) + P(B) 1,10
Thus, P(A). P(B)_E §=§:P(AB) “4°5 20
Hence events A and g are independent. { Sinceeventsare mutually exclusive,
So P(A nB) =0}
Q78 (2
Since here P(A + B+ C) = P(A) + P(B) + P(C) Q87
2,11 13 P(A) = P(A N B) + P(A U B) - P(B)
VRN , whichisgreater than 1. 1 52 3 1
Hence the statement is wrong. 3 6 3 6 2
Q79 (B Q8 (O
Sincewe have P(A +B) = P(A) + P(B) — P(AB) Since we have
P(A
=0.7=04+P(B)-02=P(B)=0.5. P(A UB)+P(ANB)=P(A) +P(B) =P(A) +_(2 )
80 @
Q80 (4 L _3PA) L pay= L
11 1 8 2 12
P(A+B)=P(A)+P(B)-P(AB) =+ -0=".
Q89 (2
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Q.90

Q.01

Q.92

Q.93

Q.94

Q.95

Required probability is

P[(Awill dieand B alive) or (Bwill dieand A dive)]

=H(AnB)uU(BNA")]
Since events are independent, so

Required probability = P(A).P(B') + P(B).P(A")

=p.(1-0)+ql-p)=p+g-2pa.
@
P(A nB) =P(A).P(B) =%
P(Km@):%zl—P(AuB)

1

1

1
Hence P(A) and P(B)are 5 and 3

@
Since events are independent.
So, P(ANB')=P(A)xP(B') = %

= P(A)x{1- 2P(B)} = 2—3; ..... 0

Similarly, P(B) x{1-P(A)} = 2% ..... (ii)

Onsolving (i) and (ii), we get

1 3
P(A)== and >
(A) 5and5.

Q)

P(AUB)=P(A)+P(B)=0.45+0.35=0.8.

©)

It isafundamental concept.

©

For mutually exclusive events
P(Au B)= P(A)+ P(B)
= P(A)=
®)

From the given problem:

~N N

P(AUB) =, P(AUB) -

NG

=5 =1-[P(A) +P(B)] +% = P(A) + P(B) =

Q.1

Q2

Q.3

Q4

Q5

Q.6

Q7

P(AC):ézl— P(A)=P(A)=1-

P(AUB) = P(A) + P(B) —P(A  B)
— P(B) = P(A U B) + P(A ~ B)—P(A)

wIinN
Wl

EXERCISE-Il (JEE MAIN LEVEL)

©)
A coin istossed once, then the sample spaceis
S={H,T}.

@

When three dicetossed together, then the total number
of outcomes = 6°

=6x6x6=216

)

The sample space Sis

S={HH, TH, (HT, 1), (HT, 2), (HT, 3), (HT, 4), (HT, 5),
(HT,6),(TT,1),(TT,2),(TT,3),(TT,4),(TT,5),(TT, 6)}
Hence, total number of outcomes=14

©)
The sample space is
S={T,HT,HHT, HHHT, HHHHT, ......}

@

The sample space associated with the given random
experiment isgiven by
$={(1,2).(1,3),(1,4),(1,5),(1,6),(2.1),(2.3),(2.4). (2
5),(2,6),(3,1).(3,2),(3,4),(3,5,(3,6),(4,1),(4,2), (4,
3).(4,4),(4,5),(4,6),(51),(52),5,3),(54),(55), (5
6),(6,1),(6,2),(6,3),(6,4),(6,5)}

Now, when outcomes is doublet, then coin is tossed.
So, sample space

={(11,H)(11,7)

(22,H) (22, T)

(33,H)(33,T)

(44,H) (44,T)

(55,H) (55, T)

(66, H) (66, T)}

Hence, total number of sample points= 42

4
The sample spacefor this experiment
S={RR,RB, BR, BB}

)

Let W denotes the white ball and R denote the red
ball.

We know that, when a die is rolled, then the sample

Mut Cer COMPENDIUM
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Probability

space={1,2,3,4,5, 6} Then
Now, according to the question, required sample space P(AUB)=P(A)+PB) [-- (AnB)=¢]
is P(A)+P(B)<1
SHWWWRRD R 2.FI R R.E PA)+1- P(B) <1
P(A)<P (B)
Q8
|. Thereare 13 lettersintheword'ASSASSINATION". .15 (1)
I1. Thereare 10 | ettersin theword 'NAGATATION' Giventhat, P(A UB)=P(A N B)
= A=B=P(A)=P(B)
Q9 (@ Q16 (2
Let white ball denoted by W and black ball is denoted Three numbers chosen from
by B. Now, two balls drawn at random in succession
. 20x19x18x17!
without replacement. 1t020=*C.= ————
Then, the sample spaceis : 17!x3x2x1
S={WB, BW, BB} =20%x19x3=1140
Now set of three consecutive numbers = 18
Q10 @ . 3
The defective items denoted by D and non-defective P(they are consecutive) = 777+ =755
items denoted by N, then the sample space is
S={DDD, DDN, DND, NDD, DNN, NDN, NND, NNN} P(they arenot consecutive) = 1— 3 _187
190 190
QU @
Letthesetbe S Q17 (3
Then,S={1,2,3,4,5,6,7,8,9,10, 11, 12,13, 14, 15, 16, There are 26 red cards and 26 black cards i.e., total
17,18,19, 20, 21, 22, 23, 24, 25} number of cards=52.
Now, let the event E = Getting a prime number when P(both cards of different colour)
each of the number isequally likely to be selected =P(B) P(R) +P(R) P(B)
E={23,5,7,11,13,17,19,23} _@ §+26 26 2(26 26} 2
QL2 @ 52° 51 52 51 52 51) 51
A PIN issequence of four symbols selected from 36(26
letters + 10 digits) symbols Q18
By the fundamental principle of counting there are 36 Given, number of persons=7
x 36 x 36 x 36 = 36* = 1679616 PINsin al. When Now, treating the two persons as one, we have 6
repetition is not allowed the multiplication rule can be persons.
applied to concluded that there are Total number of sitting arrangements= 7!
36 x 35 x 34 x 33 = 1413720 different PINs. Favourable number of arrangement = 6!
The number of PINSthat contain atleast one repeated 2 persons can be arranged in two ways.
symbol. Total number of favourable arrangement = 2(6!)
=1679616—1413720=265896 (6 ) 2
Thus, the probability that a randomly chosen PIN - Required probability = =2
contains a repeated symbol is
_ 265896 Q1Y @
T 1679616 0.1583 Total number of tickets= 10000
Now, number of tickets numbered such that it is
Q13 (2 divisible by 20.
Given that, M and N are two events, then the 10000
probability that atleast one of them occursis "0 500
P(M UN)=P(M) +P(N)-P(M " N) 5 L
Q14 () Required probability = 10000 20
Giventhat , A and B aretwo mutually exclusive events.
Q20 (@
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Probability

Givennumbers=0, 2, 3, 5.

Th|H|T|U
31321

A number isdivisibleby 5, if thedigit at unit placeis0
to5.

Total numbersare=3x3x2x1=18

Favourable events are

when5isat unitplace=2x2x1x1=4

Total favourableeventsare6+4=10

) . 10 5
.. Required probability = 8 9

PREVIOUS YEAR'S

MHT CET

Q.1
Q.2
Q.3
Q4
Q5
Q6
Q7
QS8
Q.9
Q.10
Q.U
Q.12
Q.13
Q.14

4
@
@
S
©)
4
S
@
4
@
S
@
@
Q)

30
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Limit of Functions

LIMIT OF FUNCTIONS

Q.1

Q.2

Q3

Q4

Q5

Q.6

Q7

MATHEMATICS 31

EXERCISE-1 (MHT CET LEVEL)

©)

2 2
lim [3+h]=3 gy lim [3-h] =2 i X1 x
h—0 h—0 0 x? (\/1+ X% +/1-x’ )
3 )I('m,) [X] does not exist.
@ =lim 2
| = limx —lim[n]= 0 X0 2
Jim 0L = fims —lim{n=n = x? (Vi 417
© 2 2
2
lim f(x)=5-3=2, lim F)=—2— =1, 1++1
X—3+ —3- 5-3 Q8 o)
&) Q9 (I
. x-1 1 : 2
lim ———— - _= . x.2sin?x . (sinx .
o1 (x—1)(2x—5) 3’ im = —Z-X'TO(T) Jimx=0.
Aliter : Apply L-Hospital’srule. Q10 (3
(3) 1 x/2 2 )
lim|{1+— =e".
lim n(2n+1)° - lim _4an®+an®in [x'ﬂo( +X/2) } ©
n—o (n+ 2) (n2+3n71) nwo nd+5n2+5n-2
Qu (@
n3(4+4+12j @YX -Dx(x) -1 -1
= lim n_n S =4 o D sIx(Wxs1) 52 10
n—oo n3(1+5+5_] Q12 @
n n2 nd
/x
w3
then
a on e1/x 1
lim =n.2"1
X—2 X-— el/h( )
1_7
n-1_ Ih _ /h
=~ n2""=80 lim f(x) = |im(elT1J= lim —el—l
—n=5 x—> 0+ h-ol /N +1 h-0 a/hfq, 1
Gl/h
@
’ \/1+X _\/1 NE Similarly Xl|m F(¥) =1 Hencelimit doesnot exist.
m 2 : Q13 (@

 (x-1) (x?+x+D) 3
Lx? 41 D6 7

Xx—1
1+ X2 ++4/1- X2

Q14 (3




Limit of Functions

X[SC]_ +5 sz +5 C3X2 +5 C4X3 +5 C5X4]

lim 3 3 3 5 :E.
x—>0 X[7Cq +7 Cox +7 Cax“] 3 [ 1-1
Aliter : Apply L-Hospital’srule. 1+1x0
15 4
Q @ Q.20 (b
q 2sindxcos2x . 4(sjn4xj( X jcost B
x—>0 2SN XCOS4X  x—0 4x sin X/ cos 4x Q21 ()
2sin2x  6sin6x 9 )2
i 2+6 (cosf—sinij
lim =2 6x _<T0_y _ 1-sin® 2
Aliter : y,0 5sin5x 3sin3x 5-3 im ———= lim =0
- 0—>n/2 COSO  0-n/2 6 . 0 6 . 0
5x 3x cosE—smf cosE+smf
Q16 (9
Q22 (3
b 4
otz 2tan 2x
lim | ——X |=1. . tan2x-x . % 1
X—>00 a 5 lim e ——— lim < —=—/==,
+—+— x>0 3X—SiNX x—0 Sinx 2
X X 3_T
Q17 (@ Aliter : Apply L-Hospital‘srule
Expand gnx and then solve. - ApRly *
Aliter : Apply L-Hospital’srule lim tan2x—-x lim 2sec? 2x — 1 2-1 1
3 2 x—0 3x—-snX x—»0 3-cosx 3-1 2
. X 3x
smx—x+? cosx—1+?
lim—>=lim—
x—0 x> Xx—0 5x4 Q2 @
Apply theL-Hospital'srule, | T09 _ i L)
sinx+ X | i P D000 xoag(x)
. 6 . —cosx+1 . sinx
= lim = lim = lim
x>0  20x3 x>0  60x2 x—>0120x r > dz_
1 ‘/1+C—2+1/1+—2
_ I|m COSX - = ) (az_bZ) | X X ] a2_b2
X—0 120 120 Im 2 2\ [ == 2 2"
Q.24 (1) x> (c®-d) a2 p2 | ¢ -d
1+—2+ 1+—2
Q.18 (b X X
T Q5 @
2
-0 . X -1
San|Og(1+3X) Put cos™ x =y and X—=>1=y—>0.
- 1-,/cos
Iimi: ”m—y

(4 -1° (x/2)? 3x >

X—>1(COS_1 x)2 y—0 y

lim 3 — ﬂ
x>0 x° sinx“/4log(l+3x) 3 (1 cosy)
, - cosy
. .. . lim—————22
Now rationalizing it, we get 2
:g(loge 4)°1.log,(e) =g(loge 4)° Y20y (L yJeosy)
019 (b _ lim 1- cosyI 1 1 1 1
y—0 y2 y%01+\/cosy 272 4
LT; s (2 lim (\/E—secx)cosx(1+cotx)
Q @ X—nl4 cotx[2—sec® X]
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Limit of Functions

1

sin(et—l)[l t )
| —+ + ... X 1 1
(1——t+ft2—...
3

1
——(2
sinx (1+ cotx) ,/2() 1
= = lim —
t>0 el_1 \1! 2!

= lim = =
x—>nl4 (\/E+secx) J2+42 2
Aliter : Apply L-Hospital’srule.

Q27 @
n 0
and as Q32 ()
Vax? +5x+8

J

=1.1.1=1, (- Ast—0,e' -1 0).

n-2x=0=x=2_Y
272
X—>(rn/2),06—>0
lim
X —> —00 4x+5
| JA(-1/h)2 +5(-1/h) +8
4(-1/h)+5

Now solveyourself.

Q28 (@
1 =1m

_ 1[5(1—0032x)_Iimlsinxl h—-0

0 X
~ i @hy4-5h+8n® Va1
ho0 (Uh)(-4+5h) -4 2°

lim
x—0 X
o, fim SXI_g g tim 80X 4
X—0+ .X. x.—>0— X Q.33 (4)
Hencelimit doesnot exist. s o
. x°>-x“-18 (0O
Lety= lim ,(—formj
Q2 @ = xe o
; i, ingL- ital’
Givenlimit = r!l_)rr:o(4” +5M)Yn Applying L-Hospital’srule, we get
y=lim 3x? - 2x=(27-6) =21,
@n).(4/5)" X3
N (5/4)" Q34 (@
= lim 5|{1+| = -5e%-5 3 4
n—oo . ) 2. %, %
L 2XT+3x+4 X x2 2
lim 5 = lim ==
x>® 3x?+3x+4 x-owg 3 4 3
A" X x?
= Oasn
( ) - e Q35 (1)
Q30 (3 lim g(f (x)) = lim[f (x)]? +1= lim (sin®x+1) =1
x—0 x—0 x—0 '
(1 tanx) X Q36 @
Givenlimit = lim T tnx
x—0 . 3x/2_3 . 3x/2_3
lim = lim
X—2 3X -9 X—2 (3X/2)2 _32
1/tanxy (tanx)/x
:miﬁgl’m%@mxﬂx :e_i:ez' —lim——t =1
31 @ x—>23%/2,.3 6°
Q @ Q37
: _sin(e*?%-1) Using L-Hospital'srule,
lim f(x)=lim
P x—2 log(x —1) ) 1
; T —Ccosec 0
_ jim SN =D Putting X = 2+ t} 2
t—>0 log(1+t) - {Putting x =
Q38 (1
. sine'-1) e'-1 t
=lim . . 1-n2
t>0 el—1 t log(l+t) lim
n—ow 2N
33
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Limit of Functions

= lim (11_ n)(1+ n) — lim 2(1-”)
o Snn+y o n

= lim 2(%—1) =2(0-1)=-2.

N—o0
Q39 (O

4 -9% (0
y=Ilim——— | —form
x—>0x(4* +9%) " \0
Using L-Hospital’srule,
i 4% log4-9*log9
x—0 (4% +9%) + x(4* log 4+ 9% 1og9)

log4—1og9
y = 0g4-log9

Q40 (@
I_im{loge(1+ X) . x—1}

x—0 2

X X

2 p—
Limloge(l+ x2)+x X
x—0 X

Q41 ()

1
= (Iogea—10ge b).——— =log| &
(Iogea-logeb)-j Ioge(b

Trick : Apply L-Hospital’srule.
Q42 (.

x—0 X

im L+ nx+ "C,x? +..higher powersof x tox") -1 N

Q.43

Q.44

Q.45

Q.46
Q.47

Q.49

Q.50

Aliter : Apply L-Hospital'srule.

©)

Multiply function b we7% a0 d
ultiply function by 1+ x)1/2+(1—x)1/2 an

solve.

Aliter : Apply L-Hospital'srule,

@2 oa-xt2z 1 1
lim = lim + =
x—>02y1+x  21-X

x—0 X

@

%2

. € —CosX

lim >

x—0 X

Now expanding €2 and cosx, we get

32 4[1 1)
—+X | =+
2! 21 4l

. 3
lim ==
x—0 X 2

Aliter : Apply L-Hospital’srule,

x2

. 2xe” +s8nx . 42 . d€nX 1 3
lim— =1lime" +Ilim—=1+==—.
x—0 2X Xx—0 x—0 2X 2 2
@

lim £@[9(x) — 9(@)] - 9(A)[f (x) - f (3)]

x—a [x—4a]

=f(@g'(@-9@f (@ =2x2-(-D(@D=5.

©
(d
@
)

2
Iim(x +11—2x—[3] -0

X—oo\ X+

21_q) - _
— lim X“(1-a)-x(a+p)+1 b:
X—>00 X+1

0

Sincethelimit of the given expression iszero, therefore
degree of the polynomial in numerator must be less
than denominator.

@
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Q.51

Q.52

Q.53

Q.54

Q.55

Q.56

MATHEMATICS

@

Multipling by log x in dinominater & numanater

im 109, n—[x] _lim logn—[x] log x
X—>0 [X] T x> [x] log x
lim logn 1

x— [x]log X

@

Calculusisthat branch of Mathematics which mainly
dealswith the study of changeinthevalueof afunction
with respect to the change in points of its domain.

@
We have,
f‘(2)=|imf(2+h)_f(2) =|im3(2+h)_3(2)
h—0 h hos0 h
_lim83n=6_ s o g
h—0 h hs0 b hoo

Thederivative of thefunction f(x) =3x at x =2is3.

©)
Letf(X) =sinx. Then,

Q.57

Q.58

Q.59

Q.60

Limit of Functions

@

If given function is 6x'® —x% +x. Then, the derivative
of functionis6.100.x%* —55. x> +1

or 600x®-55x%+1

@

Let y=—4——2+COSX

= y=ax™®* —bx?+cosx
Differentiatingy w.r.t.x, weget
ﬂ = ai(x_“)_ bi
dx dx dx
=a(4) x*t-b (-2) x*t-sinx

(x‘2)+%(cosx)

)
Lety=4 J/x -2= y =4x"?-2
Differentiating w.r.t.x, we get

1 -
dx 2 X
@
Lety=(ax+b)"
Differentiating w.r.t.x, we get

dy

4 d
—~L —n(ax+b)"*—(ax+b) = n1
= ( ) dx( )=n(ax+b)™a

f(0+h)-f d _
f'(O)=ImM -~ Y naax+b)™?
-0 h dx
_”msin(0+h)—sin(0) _”msinh_1
h-0 h h-0 h EXERCISE-II (JEE MAIN LEVEL)
@ Q1 @
Since, the derivative measures the change in the
function, intutively it isclear that the derivative of the /%(1_ c0S2X) |sinx |
constant function must be zero at every point. Thisis lim———=lim
indeed, supported by the following computation. x>0 X x>0 X
f(0+h)-f(0 - . |sinx| . lsinx|
f'(0)=lim (0+h) ()zlim3 3_iml-o So, lim =1and lim =-1
0 h h—»0 h h—0 h x—>0+ X x—>0- X
(3+h) 3 3-3 Hence limit does not exist.

Similarly, f'(3) = =lim =0

h»O h Q.2 4

fimsecx >1
(2) x—0"
Itiseasy to seethat the derivative of the function f(x) - .
= x isthe constant function 1. Thisis because SO fimit. not exist
£100 = lim XEW =00 _ X=X i1 Q3 0
h h-»0 h h—0
35



Limit of Functions

Q4

Q5

Q6

Q7

Q8

(€)
fm (1-x+[x-1]+[1-x])
LHL= M (1 x4+ [x—1]+[1-X])

X—1"

= M (1 _(1-h)+[1—h-1] +[1—1+h])

h—0
= 5 (h+[=h]+[h])
=0-1+0=-1

R.H.L.zxﬂifl“+ (L-x+[x—-1+[1-X])

=M (1 (@+h)+[1+h-1] +[1-(1+h)]

_ 4
=M (—h+[h] +[-h])
=0+0-1=-1
LHL.=RHL.=—1

S0 !il_r:r; (1-x+[x-1]+[1-x]) =-1

4)

. X 1
lim sec*l[ j Putx=
X+1

X—> 0 y
= lim sect L|_ iim cost(y+1)&y=0"
T y-0 y+1) " y-0 y+ha&ys=

ylng)* cos™ (y+1)= hlino cos* (1+h) = Not possible

so, Limit does not exists.

@
(L-x+[x=1]+[1-x])
LHL.=lma_x 1=

x—1"
RH.L.= M@ x-1)=-1
LHL.=RH.L.=1
@

lim x3—2x-1
X— -1 X5_2X_1

lim (x+)(x2-x-1) 1

-1 (x+)(x*-x3+x2-x-1) 3

4)

lim xsin(x —=[x])

x—1 (X—l)
Putx—1=h=x=h+1
As(x-1)>0=h—> 0

lim @+h)sinl+h—[1+h])
h—0 h

_im @+h)sin(l+h-1-[h])
~ h-o0 h

_im @+h)sin(h—[h])
~ h—>0 h

_ limf(0=h
LHL= NImfO-h)

i (+0=h)sn(0—h—[0—h])

" hoo” (0-h)

_ i @=h)snch+h)

T hoo” (-h) o
lim f(0+h) _

RHL. Nim £(0+h) =

im (1+0+ h)sin(0+h—[0+ h])

h—>0* h

i (Leh)sinh=h)

h—0" h -

Since, L.HL=RH.L
.. Limit does not exist

()
lim X +x°+1
X—>00 X3_X2+1

1+1+i3
lim _ X X
xow 1, 1 =1
x x3
©)
Vax® +x%+13

lim Y22 72 T2
xowo x4y 7x? 17

\/f’>x+i+E
X3 x4
lim
X—0 1 l_£
x? x4

Given f (x) = g(x)h(x)

£(x)

h(x) = 2/

; BT
— limh(x) = lim &)
x—1 xelg(x)

36
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(x5—1)(x3+1)

= lim
o1 (X2 -1)(x* - x+1)
5 45
lim* Y _ 51t =5
x—1 X—l
Q12 ()
1+[bj
limit = lim—2&/_ -1

a

because O<E <limplies
a

(E) —0asn—w
a

Q.13 (b)
Consider Iim1+ 22+3+...n
n>e  n°+100
n(n+1
Rt 2(n(2 +1o)0)
(By using sum of n natural number

n(n+1)
1+2+3+..+N=——=

Taken2 common fromNtand D'.

n? (1+ 1)
AN LV

=lim 100
2n? (1+ j

n—w

_1
100) 2
n2
Q.14 d)

Q15 (3

lim_ 2sin®x+sinx -1
*?76 2sin’x—3sinx +1

. 1) :
sinx—=[(sinx+1)
lim ( 2 _3/2 .
x5 (sinx—;j(sinx—l) —12=-

Q16 (2

MATHEMATICS

Q.17

Q.18

Q.19

Q.20

Limit of Functions

. in1

lim 2X-sin""X

20 2x +tan 1 x
i1
sin~x

2—
lim
x—0 24

tan1x =
X

Wl

(€)
sim (% +27)in(x - 2)
X—3 (X2_9)

_dim (X+3)F =3x+9) L+ (x=3)] _ sim
= %53 (x—3)(x+3) - X3

(x2—3x+9).W

=(9-9+9)(1)=9

4

Lim Sin (/n(1+Xx))
x—=0  /n(1+sinx)

L SO+ @) sine
Txo0 in@rx) /n (1+sinx)
=1.1.1=1

©)

Lim 2 T
x—>" | cos x |Letx= E“Lh
2

_ Lim ZT _ Lim h -_2

37




Limit of Functions

Q.21 ©

m\/1+sin3x—1

x>0 |n(1+tan 2x)

_iim (1+sin3x)-1

0 {\/1+S|n3x+1} In(L+tan 2x)

sin3x

sin3x
=lim
x>0 (\/1+ S n3x+1) In(1+ tan ZX)WX
1
X
tan 2x

1

_lim [sin3xj( 2x j
HO(\/1+sin3x+1)' 3x )\ tan2x

1

3
Y 1
In(1+ tan 2x)tan2x

(ool

Q.22 ©
TU

Pu h LN
tx=—-—1Il asx -,
2 Z

.. Givenlimit
T T

4 2) (1— cosh)
PR=CRINC
4 2

1-ten|

I|m
= h->

hZSinz—
= limtan—
h—0 2 h3
anh .nh2
LY L |
-lima 2| e |
~o4"h | h 4
2

Q.23

Q.24
Q.25
Q.26

Q.27

i hy . h
1 anE smE 1
My n 2| w | e
~032h | h 32
2
@
As given,

(1
1 sm()
A=Iimxsin(—]=|im—x
X0 X X—>00 [:]_j

X

Lett=; whenx - a.,t—>0

— A=lim3Nt

X—0 t

)

t=-0 X

and B:Iimxsin(lj
x—0 X

x—0 x—0

= B=limx Iimsin(ll
X

= B=0

s.A=1andB =0iscorrect
@

@

©

@

€|m 5n+1 + 3[’1 _ 22n

nN— 5n + 2n + 32n+3

n n n
_ fim 55'+3"'4
noe ghyony o7 9"

JEBEBED)
=S

_0+0-0 _
T 0+0+27

Mut Cer COMPENDIUM
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Q28 (2
Lim
X—)E (1+ [X])]Jéntanx
4 Q.32
After putting limit [x] becomes zero, so baseisdot one '
hencel”=1
Q29 (2
-1
Jim C0S (1-x)

x—>0% \/;

cos }1- (0 +h)]

= /im
h—0 vJO+h
-1
_ 4im cos (1-h)
h—0 Jh
Let1-—h=cos0

sin® = \/1— (1—h)? Q.33
L 0=8imt op _p2

_ im sinty/2h—h?
- h—0 \/ﬁ

_ dim sintV2h—h? \2h—n2
~ h>0 \/Zh_hz ) \/ﬁ

=1x J7=2

Q30 (3
34
lm [XE-2a) N
x>0 | ¥2 _ Ay 12 tisof theform 1=, so,
2 2
Lim X|:X _2X+1—1} Lim[ 22X X }
_ X7 X2 —4x+2 x> X“—4x+2
=>/l=e —e
Um(%w<J
=" 1-4/x +2/x -
Q31 (3
lim a t""”(%J
X—>a [2—;) Itisof theform 1=,
lim tann—x(Z—E—lj lim tanﬁ(ﬂj
[ =2 2a X = g al X
Putx=a+h,
lim tan (g+%hj(th _ lim cot (th[Lj Q.35
(=0 a)lath) — o h-o 2a )\ a+h

Limit of Functions

1 2aln
h/2
h—0 (nhjx(n a)X(aJrh) . 2a 1
tan| — —lim —x
e 2a =g Moo m a+h =g

()

1
fim(cos x)sinx (1= form)
x—0

Jim cosx—1
— ex—0l sinx

2X

—2sin
/im X "
X—02sinZ cos>
—e 272

fim —tan(fj
= ex—0 2

=e’=1
@
X”Lno(COS mx)** sinceitisof theform 1%, so,
-2n sinz[mj
_ 2
Iino 2 4
lim % cosmx-1)  x2xT =
=e*0 X —e 4 m
-

2
—e
©)

2
et g
(X7 =[x]%)

f(x) = 1 :x=0

J{x}ecot{x} ; x<O
RHL : X'L“?T Jix} cot {x} =,/1xcot 1= \Jcot 1

2
; tan“[x

LHL lim 4 — cot!

o0 63— P)

2
[Iim f(x)J =1
x—>0"

©)
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Limit of Functions

_lim 1-cosx +ycos2x LhL: lim sin[cos(0-h)] iy sin0 _
t= x—0 X2 * h->0 1+[COS(O—h)] = h>0 1+0 -
(v [cos(0—h)] =0)
im @- COS X+/C0S2X) (1+COS X 4/COS 2X) ) ]
(= im Sin[cos(0 +h)] im Sin0
x>0 x2 (1+cos x+/cos 2x) RHL ; Jim 2= T L im e 2T
"h=0 14[cos(0+h)] — h=0 140
2
/= lim 1-c0s“ X.c0S2X lim Sin[cosx] _
x>0 %2 (14+14/1) 0 x50 14 [cosx] T
2 2
/= lim 1-cos” x(1-2sin” x) Q38 (1
x>0 2x2 1° From
_lim 1-cos? x + 2sin® xcos? x ¢=Lim y sinl+cosl—1
t= x—0 2 X X X
2X
put x = 1/t
o= lim sin® x L lim sin® x cos? 1
= —5— .C0S* X ; :
X0 502 T X0 2 =Lim F[sm t+cos t-1]
(= 1 +1= 3 t t t
T2 T2 _Lim 1|2sinscos~-2sin? =
0 t 2 2 2
Q36 (2 4 ¢ t 1
. cos(sinX) —cosx =Lim = 2sin_ |cos— —sin>
lim -0t 2 2 2
x-0 X4 :1:e1
39 (2
2sin sinx + X sin X —sinx Q @
im U2 )2 jim (ranx—a) iy @)
= %50 X4 x—a tan(x —a) ! x—0 X -
2sin {sinx+x} [sinx+xj Sin(x—sinxj Q40 (3
_ lim 2 J \ 2 ), 2 X
~ x—0 sinx + X X4 X —Sinx | CO0Ss )
2 2 m —2
x—1
X

[x—sinxj 1-
2

lim X +SinX X —sinXx 1 Hll—
:xaoz 2 X 2 xx—4 —X
T
im 1 (x+smxj (x—smx) ~ smE(l—x) -
02l X x° ) N T 22
1 sinx ) ( Xx—sinx 2
lim=| 1+—— |
x—02 X X3
Q41 (2
1 1 1
=E(1+1) [_j:_ lim (XY ..
6) 6 o | Tax) @)
eI @ = (55
_lim sin-[cos X]
x=>0 1+[cosx] jeJTw(x)(X:;x)
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-1

Limit of Functions

N xlflo% —el 2sin?x. 5 10
e , -
Lim 28N o3
Q42 B
N (@ Q47 ()
. 1 2
lim —1+x-1) _ 113 . +Nn
exﬁ013>< =ev rlll_rll (an— +n]:
Qa3 . [an+an?-1-n?
lim | &= | _p
1-Vx n—o0 1+n
lim { 1+X }1-x2
e W lim a-1/n+n@-1 _
n—>e 1+1/n
S o\ Ordered pair must be (1,1)
lim [ 1+ X Jasoanhe~ko - [ £ . Option (A) iscorrect Answer
= 24 x 3 N
Q48 (3
Q44 (4 .
“) lm I ex+1— VX2 +1
tanx 1
Iim(—j (17) o XPHx+1-x2-1
x—-0\ X = lim
x>0 %2 x4 144241
o (tanx )
—lim [ =22
L.H.L.—HO_( " ) | 1 .
=0 e b i =5
o (tanx ) X X
RHL.= lim | &I~
T xo0t X
LHL.#RHL. Q49 (9
-~ . Y
= limit does not exist - exm(zx—l)_(zx _)sinx x
Q45 (3 Xs0* RS
i X
W @) = (1) o TN
lim (27-1)" - (2" -1 sinx
—e Linltann—zx(Z—x—l) x—0" XX
. X : Ux
:e)IZLnl(tann—;](l—x) xILrg (2 —1)(1X—smx)
| (sinn—zxj(l—x) = m2. "M (1 _snxys(17)
= Sl o
e 22 = /n2. ex'_')"};(l_smx_l)
T . —sinx
- 1=x) 2 =/n2. "j} x = —/In2
= +m T g o= ¢ €
€7 snZ@1+x) "
2 Q50 (1)
Q46 (1
: fim 2 nf14 L
Lim (1-cos2x)sinbx om | XX AN +;
x50 x2sin3x
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Limit of Functions

. 1 1 1

=0im gy _yo| Z—— +—— — ...
xom XX [X 2x?  3x3 )

1 1

—0imy_yy == 4 - =

oo X=X+ D= >
Q51 (2
lim €™ —1-sinx
x—0 X2

im [+ (n-rdn(+ =)

(using expansion of /n (1 + X)

lim {n+(n_n2)[%_2_12+ ..... ﬂ
n—o n

1
using expansion of e 1—0+§+0 .........
. sn°x  sin®x
. —1- 1 3
lim (A+sinx+ o + N + ) —1—8inx 14==>
x—0 * 2' 2 2
X
lim Sin?x | sin®x 1 Q54 (3_)
x>0 x2(21) " x2@3) T 2 M tarex
xaz
Q52 (4 ' (N/ZSinzx+35inx+4—\/sin2x+6sinx+2j
Lim cos(sme—cosx
x—0 X = 0im g2y
Using expansion of cosx X7
;2 o4 2 4
sin“x  sin®x X X . . . :
) 1-——+ —11-—+— 2sinx +3sinx + 4 — (sin?x + 6 sinx + 2)
Lim 2! 4 21 4
x>0 2 \/23in2x+33inx+4+\/sin2x+63inx+2
X
using expansion of sinx . .
T R (sin“x—3sinx +2) (put
3 X T V2+43+4+146+2
3 2 sin*x .2
im — : 2 i sin” X L . .
I;'_[B' 21 + 21 I;'_[Q a1 tan® x = >— &indirectionsinx can betakenas1)
7 : cos” X
X
. sim L sin® x — 3sinx + 2 0 torm
_Lim X T L6 cos? x 0 (use
x>0 41 x* 2
L'Hospital rule)
x2 X +2L4+Xi 1 4 2SinXcosx—3cosx
Lim 21 @n2@) 2138 20 1 1 T 6 xor  2C0sX(—sinx)
x—=0 2 +—— 2
X TRT _
_ 1 jim 2sinx-3
2 TRt _oai
Lirg —;( +%:% 6 x->7 —2sinx
X—> | | 13!
3H°(2Y) (l)(l) 1
“\l6N2) 12
Q5 (2 12
1-n
. 1 .55 2
lim /n (e£l+ﬁj J Q @)
n—o f 2
sim sin(6x-)
_ 1 x>0 /ncos(2x? — x)
M 1+ (@-n) i@+
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Limit of Functions

H 2 2
im SN 6 X . 6x
x>0 6x% " /n(cos (2x? — X))

Y oy y
. i n'y'ng al +a2+1 ...... +a
- /im X — fi j ; ’ 7
1 x =0 fn(COS (2)(2 —X)) (O orm [US|ngL
Hospital rule] [using L' Hospital rule]
12x
- log(a,a,..... a
=M Csin 2% - 0)@x-1) n- g(aia: )
2
c0s(2x" —x) ~logL=log(a,.a, &)
i 1200827 =) x(2x-1) 1 =L=a.8,8..3,
= x>0 4x-1  sin(2x2—x) (2x+1)
Q.58 (0
_ 112,
11 Q59 (@
Q.56 © Q60 (3
Let Y = lim(cosecx)"'°®* Lim Sinx+log(l-x) (0
x>0 Xx—0 X2 0

Taking log on both sides, we get . .
g’0g g using L Hospital Rule

|Ogy—||mlogcﬂ 2 1
x>0 logx | form ] Lim cosx— (gj
2X
~ lim— %X (ByL'Hospital rule)
= ospital rule
x>0 1/ x y ® —-sinX—-———— 1
Lim (1-x)? -5
: X 1 X
=—lim—— |- cotx=—— 2
x-0 tan X tan x
.61 2
=logy=-1 Q @
1 lim ~7©—-+vcosx
:>y:e_1=_ x—>-1" \/m
€ Letx =cos6
1 asxXx—>-1"0->n
Hence,reqwredllmlt—g i NN (9]
Q57 (d) x> [2c0s0/2\ 0
1 using L Hospital rule
Puttigx = y , weget 1
i 206 _ 1
. Y +a +....+a m -
L=I|m[a1 % a“} xon N2 8 Won
y—0 n 2 2
(" X—>wy—0)
Q62 (2
..n 1 0
log, L =lim—-log—(& +a}+.....+a )| = X —[x]
gL =lim--log—(af +a; an)[oj fim
= since[x] <x
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Limit of Functions

Q.63

Q.64

lim /nx —x

X—>00
Apply L —H Rule, we get
1

= lim

X—0

(oo/o0 fOrm)

.. Option (2) iscorrect Answer.

im (2n+1) (2n+1)
= ow 2 on SZS—/—nZ
lim (2n+1) <r< lim 2n+1
n—o 2n -7 T N—>wx© n
nl+—
n2

4)
lim _—
S ([13x]+[23x]+ ..... +[n3x])
Bx-1<[13x]<1%x
2Bx—1<[22x] <2%
PFx—1<[3xX] <3Bx
ﬁ3x—1<tn3 X] <nix S0,
(Bx+.+mX)—n<[13X] ..+ [MX] <13k + 23X +... n°X
lim (13x+...+n3x)—n lim lim Bx+...+n3x
—_— (< AR
n—oo n4 n—o n—o n4
2
lim [n(n;l)J XN _lim
n— o0 —<n»oo 14 <
n4
2
(n(n+1)j «
im\ 2 )
n—o n4
2 2
. n4( +1j X , n4(1+1j X
lim n 1lc lim s< lim n
n— oo ant n3 nowo*=noow an?
lim lim ,_
4_O<n—>oo€ 4 So'n—>oof‘4
4)

Q.65

@

lim [x] +%[2x] +%[3x] + ....+%[nx]

n—oo

P+224+3B 4. +n?
Xx—=1<[x]<x

X=1<[2X] <2X=>X— 7 < 7 [2X] £X

N
N~

wlpk
wlpR

X—1<[3X] <X = x— 7 < 7 [3X]<x

NG

1
4x—1<[4x] s4x:x—71 < —[4x] <x

1 1
(nx—1) <[nx] gnx:x—ﬁ < H[nx] <X
Adding all termsas:

+= +

(X+X+X+........ nterms) —(1+

AP

1
3

N

1

nx
lim n(n+)(2n+1) _

N—oo
6

r
: =1
lim D @D

6

> i x

= L N e vz e
n-g(n<y <, ME)

6

< lim

Nn—oo

> i

r=1

nin+)(2n+1) <O
6

lim

N—o0

= 0-0<

> i)
=i
n(n+1)(2n+1) =0
6

lim
n—o0

44
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Q66 @
lim )
Hg [Max (sinx, cosx)]
lim
LH.L 4,® =cosx=
4

lim
RH.L. X_,%: snx=

Sl 4l

1
LHL.=RH.L.= E

Q67 (1,4
)Izizf [sgnsinx] =1
)IziT)n+ [sgnsinx] =-1
)IZir_T: - [sansinx] = Does not exist
Q68 (3)

_ n+1
T 2n
Lim
n—oo Pn
Lim N+1
= n—ow 2n
1
—, Lim 1+ﬁ 1
nN—o0 2 2
Q.69 (3

f(x)= hlg] {Sinx + 25N + 35N +.......+ nSiN"x}
f(x) =sumof infiniteA.GP.

f(x)= LiMgnx

N—o0

Let S= {1+ 2sinx +3sin®X +.....+ nsin" ' x}

i.}.L

S=1or T @on?
1 sinx
ot
1-sinx (1-sinx)

Limit of Functions

1-sinx+sinx

(1-sinx)?
1
~ (1-sinx)?
sinx
=F00= (1 Zdnxy?

= (1-sinx)?F(x) =sinx
lim 1
= X%g (smx) sinx—1 (100)

lim .;.(sinx—l)
= exﬁg(snx—l) — el

Q70 @

For x> 1, wehavef (x) = |log |x| =\log x

1
=f(0="

For x <—1, wehave
f(x) = lloglx|=[log (-x)

rog=t
= (x)—x
For0<x <1, wehave
. -1
flog|x |=-logx = f'(x) =—
X

For-1<x<0,wehave
1
f'(x)=-og (=) = f'(x) =— ;
1,| X |>1

Hence f'(x) =4 X
——,Ix]<1
X

Q71 (3

We have, f'(x)= Lﬁ)w

im tan(a(x+h)+:)—tan(ax+b)
h—0

sin(ax+ah+b) ~ sin(ax+b)
_lim cos(ax+ah+b) cos(ax+b)
e h

B Iirnsin(ax+ah+b)cos(ax+b)—sin(ax+b)cos(ax+ah+b)
" hs0 hcos(ax + b)cos(ax +ah+b)

MATHEMATICS



Limit of Functions

Q.72

Q.73

) asin(ah)
=lim
h—0ahcos(ax + b)cos(ax +ah +b)

— lim a
h—0 cos(ax + b)cos(ax +ah +b)

:|ims‘”ah[ash—>0ah—>o]
h—0
a 2

=———  —asec’(ax+b

cos’ (ax +b) (axb)

@

By definition,

f‘(x)=Limf( _I Jsin(x+h) —+/sinx
h—>0

_lim (Jsm x+h —\/smx)(ﬂlsm x+h +4/sinx

150 h(\/sm (x+h)++sinx

sin(x+h)-sinx
—lim
h—0 h(/sin(x + h) ++/sinx

2

lim

=h-0 h . :
2.5(1/SII’1(X+h)+ sinx

- _COSX cotx\/smx

Zcos( 2X + hjsi h

2\/smx
@
By definition.
f‘(x):limf(x+h) f(h)

h—0

’ \/cos(x +h) —+/cosx

~ oo h
(Jcos x+h -/ sx)(Jcos x+h +4/C0SX
h(\/cos x+h) ++/cosx

- cos(x +h)—cosx

h—>0 h(\/cos(x+ h) ++/cosx

. [2x+hj. (hj
-2sn sin| —
2 2
=lim

h0, N (,/cosx+h ++/cosx

Q.74

Q.75

Q.76

Q.77

_ —sinx
2/cosx

= ta;x 4/COSX

)

Since, f isan even function
So, f (—x) =f(x) for al x.
Also, f'(0) exists.

So, Rf' (0)=Lf"(0)

:Iimf(0+ h)—f(O) _ Iimf(O—h)—f(O)
h—0 h h—0 —h
:Iimf(h)_f(o) :”mf(—h)—f(O)
h—0 h h—0 —h
m M= . f()-7O)
h—0 h—0 —h
[using Eq. (i). f(<h) =f(h)]
i (0)=1O) ()= (0)
h—0 h h—0 h

M:ojzf'(o):O:f'(O)zo
@
s f(x)=xdnx

=)= % (xsinx)

. d d . .
=9NX— X+ X—SiNX =SINX + X COSX
dx dx

f' I —sin£+£cos£—1
=12 2 272
@

Wehave, u=¢e*sin x

du .
= &:e*smx+excosx:u+v

V = e cosx

dv .
= —— =€ CoOSX—€sinX=v—-u

dx
. Vﬂ_uﬂ— + - 2+ 2
Vi dx—v(u V)—u(v—u)=ul+v
du _du dv
—=—+—=U+V+V—-U=2V
dx?  dx dx

dv _dv du

Py =(v—u)—(v+u)=-2u

@
Letf(x)= /ax + b Then,

46
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Q.78

MATHEMATICS

f(x+h)=a(x+h)+b=,f(a+b)+ah

f(x+h)-f(x)

&(”X)):m h

1/ ax+b +ah —+/ax
h—>0

( IIm1/ax+b +ah Jax
d

J(ax+b)+ah +ax+b
= )l e
- %(f(x)>:*l‘i—r>rg’\/(ax+b)+:h+\/m
- %(f(X)):Li—%\/aX+b+ai+\/aX+b
- %(f(x)):\/ax+bi\/ax+b

d a
—((ax+b)=
ence, dx( ) 2Jax+b

@

X+Yy
() +f(y) =f [1_ Xy]
Puttingx =y =0, wegetf (0)=0

Putting y = —x, weget f(x) + f (—x) = f(=x) f(0) = (0)
= (=) =—(x)

Also, rI1|m f(x) =2

Now,

£ < lim! W =FO) - f(xh) 1 (x)
h=0 h—0 h

i PO g -1 =160

f[ X+h-x j
(0~ fim 1—(X;h)(—x) [using Eq. (i)]

Q1

Limit of Functions

(st
h

= f'(x):Li_r)r?)

EXERCISE-III
(2

fim fo = fim sin™(1- {x}.cos}(1- {x})
0" V2(x} (1~ {x})

sim sinT(1-h).cos™(1-h)

h—0 \/% (1_ h)

_ im sn@-hsin?yh@-h) gy

- fim ™ _h =

S L5 =5
fim f(x) = Am sin~"(1— {x})cos (1~ {x}) _
V200 @-{xp




Limit of Functions

Q2

Q.3

Q4

Y
/im sin "*h.cos *h
"0 T ea-mn V2

(1]

/im [x sin[lj + sin[lj
X—>00 X X2

N—

Q5
sin[%] 1
fim +sin[—} =1+0=1
X—>00 1 2
X X
(2
/im 1—Cc0oS X 4/C0OS 2X _ Jim
x—0 X2 - x—0
1- cos? x cos 2x . 1
7 =fm .
(1+cOSX4/cos2x )x? x50 (1+COSX4/COS2X )
Jim 1- cos? xcos2x
X—0 X2
1, 1- 1rcos2x COS 2X 1,
— = /im 2 — = /im
2 Xx—0 X2 2 Xx—0
Q.6
2 — c0s 2x — (cos 2x)?
2x?
1 jim 1 1 tim
= 230 " 32 (cos2x +2) (cos2x—1) = 7 %0 (cos
. 1-cos2x
fim —_—_ 2%~
2x+2). x—0 X2
_(1+2) 4im 2sin? x _3 5 im sinx Z:E
4 x>0 x2 4 x-ol X 2
limit 3+1 2
= =—4—=
2 2 Q7

(1]

f'_[g f(x) exist and isfinite & non zero

X—0

. 3f(x)-1
fim {f(x)+—f2(x) }z

_ 3/imf(x)-1
M+ =3
[!&imf(x)}
X—0

fim _
Let M (x)=A

3A-1
A+ A2 =3 = A=
1
fim -
so U f(x)=1

[0
Jm (g (h ()

L.HL. Xx—>0
(36 ey =0

A, f(g)

then /(im g(x)=1*
x—07" 96

‘im f(x)=1-1=0

x—1t ®)

RH.L.x—0"

x50+ N =0

so (im  f(g(x))=0
im_ (o)

LHL.=RH.L.=0

[1]
(M gf(x))

— fim
LHL. = o olf(x)]
Li i) = L ;o = : -
M g(sinx) = ™ g(sinh) = [ (sinth+1) =1
- /im = 1iM g(qnx) = {M o(q
RHL.= " of(x)] = 0 g(sinx) = .1y g(sinh)

—im (g _
=0 (8h+1)=1
LHL.=RH.L.=1
so M gif(x)] =1

Xx—0
2
/im
N—o0

{1+ (S ;J
\/n_2 In2+1 Jn?+2 n +2n

using sandwitch theorem
1

1
Jn? =h
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Q8

Q9

Q.10

MATHEMATICS

Limit of Functions

. <1 L /im x°
n“+1 " n = Ja 0 { 3 5 }=1 =
bX—|X—"—+——....
3! 5l
1
Z—SE 1 . x°
Vn“+2n " n T'Elm 3 s =1
a x>0 X
adding all these inequilities b-Dx+or -
i . L L1 If limit exists, thenb—1=0 - b =
2 Y241 Jn?e2 Vn?+2n 1
2n ! fim X’
n S0 Ja r x0 X3[1_x2+ }:1 =
Teking both side iM 6 120
/im 1 1
N—co T=x—==1 = a=36
a1
[ S SN S L1 J 6
............. B e ] :36’ b:l
\/n_2 dn2+1 An?+2 n® +2n S0 a
2 QU [0
(1 n
(i o5
lim x?| = |- lim x?| —-{— X)= B
0" {xz}_ o0 [xz {xz}j = =1 * bl
lim [1-x2]-L1] _ Zn: |
x—0°" 2 ) =1 f0) = ~\ r+1 = f(0)
i lim —
similarly 50~ fx)=1 i( 20 J f
= &l )+ = (0) =
(11
n
1 1
ﬁ s
|sinx - tantx g g{ A A+l
im 3 = -
X0 X sinmx = L
_ 1—
= f(0)= 20( n+1j = f(0)
23 } { ESIES }
/im 8 ° +% = —20n
X —0 x3 8 n+1
) 1.1) .5 .20
— (im [st” ( )* """ A2 : 20n _ Am—-
~ x>0 - 3 Zim = /im——— = n-ow» 1_
- X 2 Now n—w f(O) n—on+1 - 1+H
3
[37] 20 _,
_ 53 1+0
errg\/ (b - ):
X—> —_
a+ x(bx —sinx 012 [12
. . 3 — fim — fim — fim 2| _
x—0 a+Xx x>0 bx — sinx
49



Limit of Functions

— fim — /im — fim
RHL = 0% f(0 + h) = 00 f(h) = 5 sim n%8 1
(. 1 j " nx-l[xcl—xCMXCL ] 99
(/Im = 2 "
o 14 " 1 2n  6n
thelimit obviously existsif x—1=98
Q13 [
Q16 [1]
e ™ e™ _2cos X kx?
fim 2 1 X, 112
x>0 (sinx — tanx) Vo (1+x)r =e 2 247 T
1
_ i e—(l+x)* _ i
2{1+ n’ x* +n4x4 +oeee }—2{1— n°x® +n4x4 — s }—kx2 Now £ = Xl_r’g tanx - XI_T)
. 2 41 420 16.4
/im —
x—0 - 3 3 5 X 11
x—§+ ........ - +?+EX o e_e{l__}_xz_ _____ } .
2 4 4 x+£+£+ i 2
2 n2 M gl xd 2020 3 15
_ 4 4 16.4!
_ /im
= x>0 3 _i_l N
a3 3) T PREVIOUS YEAR'S
limit exists, if coff. of x?iszero.
MHT CET
2
n B _ Q1 @
n?+ —-k=0 b 4k =5n?
— Ty 02 (1
so the possible value match that is n=2 Q3
k=5 Q4 (3
Q5 (I
Q.14 [1 Q6 (2
Q7 @
4 Q8 @
ZI’Z(I’]—I‘+1) Q.9 (2)
fimr:ln— Q10 (@
n=> Z ;3 Qu @
Q12 @3
r=1
Q13 @
n n
2 3 2
Z(n+1)r —Zr IimeX —COSX [gform}
= fim =L - r=t - x>0 x? 0
n—o : ' .
Z r3 [using L' Hospital Rul€]
r=1 . 2xe’ +sinx [0
= lim———— | —=form
x—0 2X 0
(Nn+D(2n+1) R s
_ (”+1)—6 1/3 . 2e" +4x%€" +cosx
/im 5 5 -1 =22 4= = leng
n—>oo n“(n+1) 1/4 ” 2
4 [ using L 'Hospital'srul€e]
B 2+0+1_§
4,1 2 2
3 3
Q.15 [99
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Q14 ()

4

”mx——4
2 x2 1 3,/2x —8

= lim

(x+«/§)(x—\/§)(x2 +2)

X—>\/§

i (X—\/§)<X2+2)
T o2 <x+4\/§)

(V2++2)(2+2) (2v2)(4)

(X—\/§)<X+4\/§)

(ﬁ+4ﬁ) 52 ~
Q15 (3
. 1-cos®x
Iim—————
x>0 X SiN X COSX
_(1-cosx)(1+cos’ x + cosx)
=lim -
x—0 Pt SN X
X% COSX.——
X
=3Iim1 C(;SX:SXE:§
x—0 X 2 2
Q16 @
. (ax+bx+cx]2/X
=lim
x—0 3
| | a* +b*+c
= logy = M0 3

2log(aX +b* +cx)—I093

= logy = lim

x—0

= logy = log (abc)??

[using L' Hospital'srul€]

y = (abc)?®
Q17 @
-+ limcos® x :{

n—ow

X

Lx=rmrel
O, x#rm,rel

Here, forx=10, lim cos™ (x—10) =1

and in all other casesitiszero.

n—owo

~limY cos™ (x_10)=1

Q.18

Q.19

Q.20

©)
. . 1-cosx
Given lim——
X—0 X
Applying L' Hospital’srule,

d
|im&(l_cosx) _|jmSnx
= x—0 g P _x»O 2X
dx

Agian applying L' Hospital’srule

= lim

x—0

x>0 2 2

@

sSinx
Here, lim(sinx )" +1im| =
7 x>0 x-0\ x

=0+ Iime| [x

x—0

as0<sinx <1

)
log| =
lim—X/ lim

— @00osex — g¢0-Cosexcotx

[by L’ Hospital’srul€]

. sinx
_ex M =ef=1

©)

x

el

N

Given lim
e} {1—1— tan();ﬂ(fc—ZX)3
T T
Letx = E—hasx—> E,h—>0
n h
1-t -
an(4 Zjl—cosh

ZsmZD i
=limtan— 2 an(—— j
h>o 2" 8h® 4
¢ h . h
_ anE sno |1 4
=lim=. X X — = —
h>04" h h 4 32
2 2

3 [ lim(sinx)"™ -0

. cosx cosO 1
dx =lim = ==

2

|

Limit of Functions

MATHEMATICS
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Limit of Functions

JEE-MAIN
PREVIOUS YEAR'S

Q.1

Q2

Q.3

(1)

Sn(3X? —4x+1) -x*+1 _
2 -T2 +ax+b
For finitelimit
a+b-5=0
Apply L' Hrule

cos(3x* —4x +1)(6x —4) —2x
ot (6x* —14x +a) =2

For finitelimit
6-14+a=0
a=8
From(1)b=-3
Now (a—b) =11

D)

2 _Nan?
|im()§l)3$(nx):9form
=L -2 +2x-1 0

lim

x—1 -2

@

lim

(x? =1)sin®(nx)
=1 (x* —1) - (2x° - 2x)

(x* =D (sin® nx)
o1 (X2 +1)(X* -1) — 2x(x* 1)

(x*-1(sin®nx) lim (sin® nx)
-1 (x2 —1)(x2 +1-2x) *-1 (x—=1)°

) (sinnsz
=lim
x->1{ x-1
. (-sinmh)?

__sin® n(1+h)
=lim =lim
h—0 h2 h—0 h2

Putx=1+h

=lim
h—0

@

(Sinrth
rh

2
j 'T52:(1)2'TE2 :TCZ

limtan? x
xag

{ 2sin’+3sinx+4-sin>x—6sinx—2 }
J2sin? x +3sinx + 4 +/sin? x + 6sinx + 2

=limtan® x
x=>2

=1|imtan2(”—h] sinz[n—hj—Ssin(n—hj+2
610 2 2 2

sin?x—3sinx+2
3+3

1. (cosh-D(cosh-2) 1
==lim 5 =—
6 h-0 h 12

Q4

Q5

Q.6

©)

lim
x—0 X

. [ X+sinx ) . [ X—sinx
2sin sin
=-(2j(2j
lim

4

cos(sinx) —cosx
4

x—0 X

X+s8nx \( X—snx . (X+sinx) . (x—sinx
.2sin sin
( 2 j( 2 j [ 2 J ( 2 j
lim - -
x>0 4 [ X4+8nX [ x—sinx
X" X
[ 2 j( 2 j

RHL Iim18—[1—x]

Y o [X]—Sa
_18-(-7) _ 25
T 7-3% 7-%

Now,L.H.L.=R.H.L.

24 25

6-3a 7-3a

= 168—-72a=150-75a

=18=-3a

= a=-b6

©)
a1 1 [x] -1

f(x)=|1+x |+ X0}

52

Mut Cer COMPENDIUM



_1_
imfx)ca—adm0sd 2 44
Xx—0" 3 —1 3
:>2—1:ot—ﬂ

o 3

1 10
Soa+t—=—

a 3

Q7 @
m sin(cos™ x) — x
1 1—tan(cos™ X)

X_)ﬁ
sin(sin™v/1-x*)-x
V1-X°

X

Q.10

lim

1
21 _tan| tan?

Q8

x> x® x> x° x®
a(lJrx+—+—+...]+B[l—x+———+...j+y[x——+...]
20 3 21 3 3!

3

lim
x-0 X

constant terms should be zero
=a+p=0

coeff of x should be zero
Soaoa+pf+y=0

coeff of x2 should be zero

a P
—+==0
272
s(a_ﬁ_vj+x4(a_ﬁ_vj
3 3 3 3 3 3! 2
lim 5 =<
x—0 X 3
a B Y_53
6 6 6
=Sa=1p=-1,y=-=
Q9 @
lim
x—0

Limit of Functions

100
(x +200sx)® + 2(x +200sX)* +3sin(X + 2cosX) | X
(x+2)°+2(x+2)* +3sin(x +2)

(x+2c0sx)®+2(x+2cosx)? +3sin(x+2cosx) 4 |, 200
(x+2)%+2(x+2)2+3sin(x+2) X

lim [ (X+2008X)° +2(X+2008X)? +35n(X +2005X) —((X+2° +2X + 2 +39n(x+2)))
(x+2)°+2Ax+2) +3dn(x+2)

100 o 3(x+2c08x)” x(L+2sinx) -3(x+2)° ~4(x+2cosX)
_ elG+3sin2 x-0X (128N X )—4(x +2)+3cos(x +2005X )x(1-2sinx)-3cos(x +2)

100 ( 12—3(4)+8x1—8+30032—30052]
_ glf+3n 2( 1
UsingL'Hrule;

=ef=1

@

lim 82— (cosx +sinx)’

x-% J2-2sin2x

: “mm_(ﬁ>v(gn(x+3jj7

- J2(1-sin2x)

G i |

of 2(1-sin2x)

. (1-cos’h T
=8lim| ———— ==
hﬁo[l— coth] ( put X 4+ hj

_8|im7-0056h-sinh . bv L Hospital
"0 t2gnzn (- PyLHospita)

6 .
_ 8, 7jim&shsnh _,,
4 >0 ginh-cosh
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Mathematical Reasoning

MATHEMATICAL REASONING

Q.1

Q.2

Q3

Q4
Q5
Q6

Q7
QS8

Q9

Q.10

Q.U

EXERCISE-lI (MHT CET LEVEL)

@
~ PV {: Rajuis not tall or he is intelligent. Q12 (2
If pthenqgisfalse
(b) p|gq|p—>q
Let p: Parisisin France, g: Londonisin T|T T
England TP E
- Wehave PAQ FITI T
Itsnegationis~(P/\q)=~ Pv~q FIFL T
i.e., Parisisnot in France or London is not p—>q:F
in England. p:T,q:F
(d)
Q13 (o
~(pva)v(~pra)
Q14 (3
(= Pr=a)v(- pra) (-pv A A(-pa=0)is
=~ pA(-qvQq) pla|~p|~a|~pva|~pr~q|(pPva)A(-pPr~0)
3 TIT|F|F| T F F
=~ PAt=-p TIFlF|T| F F F
((8 FIT|T|F| T F F
@ FIF| T | T T T T
.. neither tautology nor contradiction
@
Q15 @
(€) Fundamental concept of distribution law
Here option A, B, & D is mathematical acceptable pA(@v N=PAQ v (PAT).
sentance so these are statement but option C is
interogative sentance so it is nto statement. Q16 (2
3 Pld|~P|~9|P>0|~d>~p|P>q =~0d—>~p
A, B — imperative sentence T EE T T T
' TIF|F|T| F F T
D — exclametry sentence EITITIEF T T T
C — Mathematically acceptable statement it is FIF| T | T T T T
univossal fact hence

so thesunisastar is astatement. .
p—>q = ~gq— ~pistautology

3
Szp“q)=~pV~q 1 0
(2+3=5and8<10)=2+3%5 or 8 £ 10 Ramissmart and Ramisintelligent = (p A Q)

Q.18 (d)
(3) TTTT
~Pva=~pnr-~q Q.19 (b
so monu isnotinclass X or Anuisnot in class XI1
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Q.20

Q.21

Q.22

Q.23

Q.24

Q.25

Q.26

Q.27

Q.28

Q.29

Q.30

Q.31
Q.32
Q.33

Q.34

Q.35

MATHEMATICS

(d)

(d)

(d)

@

It isafundamental concept.

©)

Contrapositiveof p= ~qisq=~p

@

AABCisequilateral triangleif each angleis60° p < q.

©)

~(pv ad=~pa~q

S

S=p= qA~qiscontradiction

p s p—s

T F F

F F T

neither tautology nor contradiction.

©)

~(PrdV~(Q& P
Pla|~(prq) | ~(@e=p) s
T|T F F F
T|F T T T
FI|T T T T
FIF| T F T

@

Equations are not a statement but 5 is natural no. isa

Statement.

@

(b)

)

@

@
Pla|~p|pvg|~(pvg) | ~p"q |~ (pvaV(~p"q)
TIT|F [T F F F
TIF|F [T F F F
F|IT|T |T F F T
FIF|T |F T T T

So, ~(pv Q) v (~p A Q) islogicaly equivalent to ~p

@

Mathematical Reasoning

p — gisfaseonly whenpistrueand g isfalse.
p— (~pvQ)isfaseonlywhenpistrueand (~pv q)
isfalse.

~pvgisfaseif gisfase, because ~pisfalse.

Q36 @
p q ~p p<q | ~pa(peg)=s| ~s=pvq
TITF | T F T
TIEl F | F F T
FIT T | °F F T
FlFE| T | 7 T F

Q37 @
PREVIOUS YEAR'S

MHT CET

Q1 ()

Qz  (d

Q3 ()

Q4 (b

Q5 (@

Q6 (@

Q7 (b

Q8 (@

Q9 (9

Q10 (b

Qu (b

Q12 @

Q13 (@

Q14 (@

Q15 (b

Q16 (9

Q17 (@

Q18 (9

Q19 (b

Q20 (9




Mathematical Reasoning

Q.21
Q.22
Q.23
Q.24
Q.25
Q.26
Q.27
Q.28
Q.29

Q.30

Q.31

Q.32

Q.33

Q.34

@
(d)
(d)
(b)

(d)
(b)
©
@
@

Q)

I. ponly if g. This says that number isamultiple of 9
only, if itisamultipleof 3.

I1. gisanecessary condition for p.

This says that when a number is amultiple of 9, it is
necessarily amultipleof 3.

. ~gimpilies~p.

Thissaysthat if anumber isnot amultipleof 3, thenit
isnotamultipleof 9.

@

LetP: 7isgreater than4

andg: 6islessthan 7.

Then, the given statement is disiunction pvq.

Here, ~p: 7 isnot greater than 4.

and~q: 6isnotlessthan 7.

. ~(pvQ): 7isnot greater than 4 and 6 isnot lessthan
7

@

Let p and g be two propositions given by

p: 22=5,9: | getfirst class.

Then, given statementsif p — @.

The contrapositive of this statement is

~qg— ~p,i.eif | donot get first class, then 22= 5.

@

Letp: PatnaisinBhiarandq:5+6=111
Then, the given statement isdisiunction p v g.
Since, pistrueand g isfalse.

\ The disjunction pvq istrue.

Hence, truth value of given statement istrue.

@

-- p: A man is happy.

g:Amanisrich.

Symbolic form of A manisnot happy is~ p.
Symbolicformof A manisnotrichis~q.

.. symbolicform of 'A manisneither happy nor rich'is

~pA~qg=-~(pva)

JEE-MAIN
PREVIOUS YEARS

Q1

Q.2

Q3

©
If wetake

—

P |a
FOIF |7

Truth values of all compound propositions will come
true.

Hence, all compound propositions can be made true.
©

pvag=4q
=~((Pvavq

= (~pAr~0a)vq
=(~pv av(~qva
=(~pv Qvit=~qvq
Now by taking option C
(PrQ)=~pvq
=~pv~Qqv~pvq

=t

©

(pva)=(-rvp)
Weknowp=0g=~p v q
~Pva)v(rvp
Take negation

~[~(Pva) v (~rv p)]
(Pva)A~(Tvp)
(Pva)A(ra-p

Apply distributivelow

((Pv A APV ADA~P)
(Pv A ANA~P
Option(A) pA (~Q) A T

P

r

Option(B) (~p) A (~0) A T
~Pvanar

o

Y

56
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Mathematical Reasoning

Option(C) (~p) AQ AT

P Q
P q ~(GaAp) = (=P va)

PA~Q=(~qap)r~{(~p)va
=(~qap)A(pr~0q)
=(PA~d)A(pA~0)

Option(D) p A q A (~1) =(pr~a)=~(~pva)

0 =~(p=0)
q Q.7 ?3)
(A
P=r | d|~P|rvb~ [ (pAq) | (pAg)vr
r p)
Hence correct optionis (C)
Q4 (2 T |[FIF[ T F T
FIT]T] T F F
A T [T|F] T T T
(ora) > g v (el FIF[T] T F F
p q ~q ~p  pA~q ~pag svt pag pag-—>(svt)
T T F F F F F T F
T OF T F T F T F T (rotautdogy) (B)
F T F T F T T F T
P T T F FoRF T Pl ~a | rvi~p) | a=r | (PAQ) | (PAQ) vr | rvEI~p)
= (pAq)
(pva)> (pv~a) (~pva) vr
= T F T T T T T
pvqg pv~q ~pvqg svt pvg— svt
T T T T T FI T T T F T T
T T F T T (itistautology ) T F F F F F T
T F T T T FI T T F F F F
F T T T T
©
p|d r=~p | v?~p) | (pPA9) | (PAq) vr | V(~P)=
(pAq) vr
(9>a) - (po-a)v (-p—a) T T F F T T T
p—q p->~q ~p->q (p>~q)v(~p—>a) (p—>a)->(p—>~a) v(~p—q) FL T T T F T T
T F T T T T F | F F F F T
F T T T T (itistautoogy) E E T T E T T
T T T T T
T T F T T (D)
PP A rvep)  |T=79 | PAQ) | (PAVT | IV(~P)=
(poa)> (po~a)v (~peaq) (pr@) vr
peq  po~q  ~peq (pe-qv(-peq) (peg)o(pe-a)v(-pea) EITIT E = T T T
T F F F F FITI|F T T F T T
F T T T T (notautology) TIEIT T E E E E
F T T T T
T . c . . T|F|F T T F T T
Q5 (b Q8 (D)
~[(AnC)—>B] (~(pra)vq
~[~(AnC)vB] =(~pva)vq
(ANC)A~B =~pv~q)vq
~BA(ANC) :~PVt . .
= this statement is a tautology option d
Q6 ©) p= (p Vv q) isalso atautology.
OR
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Mathematical Reasoning

~P9 | P9vg |pvg | p>(pVvQ

T | H|o

T+ nH|e

'I'I'I'I'I'I—I_g

===
==
==

===

Q.9

Q.10

Q.11

Q.12

Q.13

Q.14

©

A)(~gap)rad)=(-grq)ap=f
B)arp)A(PAr~p)=~qA(par~p)=f
O Farpvpv~p)=(~gap) v ()=t
D) (PrDA(=(pra)) =T

©

R:~(p—>~0)
Ri(pr~a)A((=p)va)
p—((~p)va) isfase
~.pistrueand (~p)v g false
~.qisfalse

p, isfalse

p,isfase

@

Case-l IfA=V=n

(PAQ) = ((PAO)AT)

it can beflaseif risfalse,
S0 not a tautology

Casell IfA=V=A

(pva) — ((pva)vr) = tautology
then (pva)vr = (pAr)vq
Case-lll IfA=v,V=A
then (pAg) — {(pva)Ar}
Not a tautology
(Checkp—>T,q—T,r—F)
CaselVIfA=A,V=v
then (pAQ) — {(pAg)vr}
Not a tautology

©

Si(~pvav(-pvr)
=~pv(qvr)
S,:p—>(qvr)

=~pv (qvr)— By conditional law
S1 = 82

@
~(A<=B)=(AA~B)v(~AAB)
. ~[(PAR) < Q]
[(PAR)AQIVI(~PVR)AQ]

@

p = Ramesh listensto music

~g=Heisinvillage
r v s= Saturday or Sunday

Q.15

Q.16

Q.17

Q.18

Q.19

p=(~a) A (rvs)
)

P q ~p ~q ~pvq
TT F F T

T F F T F
FT T F T

F F T T T
Check opiton Ans4

@

(P> v(p—>r)

(~pva v (=pvr)

=~pv(qvr)

=p—>(qvr)=(3)istrue
Now, (1) (pA~1) —>q
1~(pAr~n)vag=(~pvrvq
=~pv(rvg=p—>(qvr)
@) (pr~g)>r=p—>(qvr)
@

PArd=@EAT
~PAdv(pPAar
~pv-QvEarn
~pv(PAan)v-q
~PpvPA(PvIDv—
~pvnv-q
(~pv-~Qwvr
~PAqgvr

(PArg@=r

B)

WEell check each option
For(A)*=vof o=A
(pva)v(pv~q)
=pv (Q/\ ~ Q)

= pv (contradiction) = p
ForB:*=v,0=v
(pva) v (pv~a) =t
using Venn diagrams

pvq pv~q

P Q P Q
CD | A
©)

(PAr) <> (pPA~q)=~P
Whenr =2

Mut Cer COMPENDIUM
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Pl ~p d ~a|pA~q|pAg| pe fo | (PAg)e

(PA~Q)
(PA~Q) | (pA~0)

T[F T F| F T F T F

TIF AT| T F T F F

F| T T E| FE F T T T

FI' T HT F F T T T

(A)r=p

(pAr) <> (pA~q)=P<>(pA—q)

B)r=~P

pA~p=F

F< (pA~0)

©)r=q

(PAQ) <> (pA ~0)
Option (c) iscorrect

Q20 (3

Q21 (9
(~(pe-~))rg=(p<=a Aq
(P Ag=paq

Ol o)

Q22 [4
X = Yisfase
When X istrueand Y isfalse
SOP>TQ >FR > F
(A)PvQ —» ~RisT
(B)RvQ — ~PisT
(©)~(PvQ) » ~RisT
(D)~(RvQ) » ~PisF

Mathematical Reasoning

MATHEMATICS
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Statistics

STATISTICS

Q1 (b
Q9 (4
- X -
Mean X=z—0er=nX Xi (X + )X
n 1 (1+1),
. . 2 (2+1)
2. X =25x78.4=1960 3 3+ 1)2
But this > x isincorrect as 96 was misread as 69. n (n+1)
~.correct 2. X 21960+(96—69) =1987 D +DX  2+46+12+..(n+D)"
1987 nn+l) n(n+1)
t =——=79.48
correct mean 5
Q2 (3 Q.10 (4 .
First ten odd numbers are Mode = 3 median — 2 Mean
1,3,5,7,11,13,15,17,19 respectively. So 121 =3 median—2 x 91
AM. 121+182_303_,
=\ 1+3+5+7+9+11+13+15+17+19 3 3
(x)=
10
100 Qu (O
=—=10 Xi S.D.(9)
10 Xi £ A S
Q3 ) A X [A]s
‘ Data ‘ Mean ‘ X, S
X__| X __ W I
| x=ap+bQ | X=apxbQ | SDof px+q islp|s
Q.4 (1) Q12 (2
2 (% =R)=2) % ~mx Q13 (1)
= nX—X-n
- X; s
Q5 ©) X, £A| s
P=P.P,..P LI | In]s
1" 2 n Xi i
Q6 (1 Al | |A]
NX = NX, + N,X, .
12x6=6x8+ 6xX, S.D. of is |—|s
_ 72—48_%_4
276 6 Q.14 (b)
Q7 (4 Mean — Mode
According to question x, isreplaced by t then _E’ Wehave S, = = T
o NR=X,+t '
= 41-45 1
Q8 (1) 8 2
60

EXERCISE-1 (MHT CET LEVEL)
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Q.15 (b)
Mode = 3 Median -2 Mean

-. Median =%(mode+2mean)=%(60+2><66)=64 Q.25

Q.26
Q.16 (b)
We know that,
Mode = 3 Medium —2 Mean Q.27
=3(22) — 2(21)
=66-42=24
Q17 (0
Q.18 (b)
Q.19 (3 Q.28
Q20 (3)
DAES X 2
°Tom T Q.29
Q21 (2
X = n,X, +N,%, Q.30
=n,—+n
lnl 2
Q22 (4
X | X
X[ X
ALA

then new mean after each number is divided by 3 is Q.31

X
3
Q23 (3
Xi w, XiWi
0 0 0
1 1 12
2 2 22
3 3 3?
4 4 42
: : 52 Q.32
n n n
n(n+1)(2n+1)
DUXW, 6 _[2n+1
> w, ~ n(n+)) | 3
2
Q24 (2 Q.33

AM.=of 1+2+4+8+16+...... 2"

Statistics

B 2n+1_1
" n+l

(1)

In central tendency we measure mean, mode, median.

(1)

Most stable measure of central tendency is mean.
©)

nX = N,X, + N,X,

10X = 7x10+ 3x5

70+15 85
10 10

X = 85

©)

A statistical measure which can not be determined
graphically is harmonic mean it is a fandomental
concept.

1)
The measure which takesinto account all thedataitem
ismean it isafandamental concept of account

(©)
X=— = 2XX=nX

=15x 154
=2310
¥x =2310-145+ 175
= 2340

2340
correct mean = ? =156c.m.

)

For median arrange

scored in order

0,5, 11, 19, 21, 27, 30, 36, 42, 50, 52

. n+1th
Medianis 5 term

141
— = 6" term = 27.

1)

Total = Ix=nX = 10x125=125
First six = Ix = nX 6x15=90
Last five=Xx=nx = 5x10=50
Lastfour 125-90=35

6M"nois 50-35=15

D
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a+b =X+(n+1)
=——=10
AM =73 Q38 (2
GM.= Jab =8 Z_ZXE_(&T
22b ° T n
HM= 20 7
P4+ 224F 440’ (1+2+3+....+nj2
, = _
HM, = CMS : n
AM. )
6 _n(nh+)(2n+D) (n(n+
= —=64 - 6n 2n
10
And number are 16, 4 _ (h+)(2n+D) n’(n+1)>°
- 6 4n?
Q34 (3
n=10 _n-1
x=12 12
¥x?=1530
1 Q39 (1)
2_ — 2_—2
o= nE(X1 X) . 2X X
X=T = M:F = ZX=nM
, 1 90 _—
=70 [1530 —10(144)] = E=9 sum of n—4 observationsisa
c=3 . .. hM-a
mean of remaing 4 observationis
X=12 4
Q.40 (3
c 3 .
C.OV.= — x 100 = It 100 = 25% Mean of seriesis
X
7_a+(a+d)+(a+2d)+ ...... + (a+2nd)
Q35 (1) (2n+1)
AM = "C,+ "C,+ "C,+...+ "C, X=a+nd
n+1 2n _ 2d(n)(n+1)
D Ix-X| = ———— = n(n+1)d
2" i=0 2
n+1 o n(n+1)d
Q36 (3 . Mean deviation = —(2n+1)
X, =50 | 6?=15
Q41 (3
D »'¢
X=—"
n
X, =48 o;=12 X 1 X, 2+
X,=12  o?=2 n
Most Consstantlskapll — X1+X1+ ..... +Xn +1+2+ ...... n
n n
Q37 (9 n(n+1)
X_ZX 2(x, +2i) on
n n
_ o (n+1
X 2 -2
n n
5, 2n(n+]) Q42 (4
2n
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0,-6, 40-20
2

10

Quartile deviation =

Q43 (3
If Xqy X5 eeennns X, arenobservationswith frequencies
fio o f., then mean deviation from mean (m)
isgiven by

1
Mean deviation = N 2f; % — M|

Q44 (4

Q.2
EXERCISE-II (JEE MAIN LEVEL)
Q1 )
Marks | No.of students ef.
10-20 12 12
20-30 30 42
30-40 ? 42 + X
40-50 65 107 + X
50-60 ? 107+x+Yy
60—-70 25 132+ x+y
70-80 18 150+ x+y
Total 229 Q.3
N 229
—=——=1145, ian=
> > Median=46

.. Median class=40-50
- 1 =40, c.f 42+x,f =65,h=10

n
E—QL
Median=|+ : xh

1145-(42+X)
65

46 =40+

(1145-42-%) ,

Or 46-40= 13
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6

:U%:;”xzorm:l%—zx

67
2x=145-78=67 or X= -5 335
oo x=34
(.. Number of students cannot bein fraction) Now

D f,=29..x+y+150 =229

X+y=229-150=79 ...(i)

Putting the value of x in (i), we get
34x +y =79 = y=79-34=45

o X=34,y=45

(©)
X f; X f;

1 2
2 2 4
3 6

n 2 2n

> 2+2+...2

21+ 2+3+....n)
2n

,((n+1)
2
2n

(d)
2
Since, Mean — Z f where xi are observations
i
with frequenciesf,i=1,2,....n

Therequired mean is given by

0.1+1"C,+2"C,+...+n."C,
1+"C,+"C,+...+"C

X =

n

n

dor"C, Zn: r.rr] "IC

r= _ r=0

"C, >."C,

0
n n
0 r=0

r=i




Statistics

Q.4

Q5

(@
We construct the following tabl e taking assumed mean
a= 55 (step deviation method).

Class X, f c.f.
g Xi—a
710 f'”'
10-20 15 2 2
4 -8
20-30 25 3 5
-3 -9
30-40 35 4 9
-2 -8
40-50 45 5 14
-1 -5
50-60 55 6 20
0 0
60-70 65 12 32
1 12
70-80 75 14 46
2 28
80-90 85 10 56
3 30
90-100 95 4 60
4 16
Total 60
56

f.u.
%fi xh

= 55+§><10: 55+§ =64.333
60 6

. Themean = &+

n .
Here n = 60 = §=3O, therefore, 60 — 70 is

themedian class
Using theformula:

L

M=€+2f 30-20

12

xC=60+ x10

= 60+ % =60+8.333=68.333

)

Q.6

Q.7

Q.8

Xi W, XW;
1 12 13
2 22 28
3 3 3
n 2 i
o xiwi PR +n®
X = — =
dDwi P4224F 440’
nn+1 2
- L2 ]
T n(n+1)(2n+1)
6
~ nz(n+1)2>< 6
T4 n(n+1) (2n+1)
3n(n+1)
T 2(2n+)
©)
X f,
1 1
2 1
3 1
n 1
- DfX  142+43+..n
>, n
n(n+1)

2n
_ (n_ﬂj
-2
(a
_Xdi

n

But both A and B have 100 observations, then both
the sampleA and B have same standard deviation and
the same veriance.

VA —
Hence, VB

82

X

1

(©)

Maut Cer COMPENDIUM



Statistics

=xf,  "Cy+™C,+7"C,+"C,

Occurance ()| Frequency (f)| Freq* (X)] (x-mean)| (x-mean){ 1 (x-mean) * X = _
35 3 105  |-359 |12.887 |38661 >f. "C,+ "C,+"C,+...+"C
i 0 1 2 n
45 7 315 |-259 |6707 |46952
55 22 121 121 i 55.609 2 4 6
65 60 30  |-059 é,zg 20876 f,x? _ "C,+*"C,+%"C,+"Cy+.....a""C,
75 85 6375 |041 |o1e3 |14298 N "C,+ "C,+"C,+...+"C,
85 32 272 141 |1988 |63632
95 8 76 241 |5809 |4647
| Tatal 217 15385 |. } 286.498 Q12 (a

3f (%, —X)° _ 28649

Variance o® = 1
Zfi 217 - (X- _2)2 :10
=132 nig
Q9 (@ =Y"(x,—2)" =18n g

5 5
We know that Q- D ZEXM -D-ZEX12:lO

S-ngxQ~D~:gx10:> S-D-=15

Q.10 (1)
X = nX = 100 x 50 =5000 " . 2
SD.= J? and Z(xi +2) _Z(Xi ~2)’=8n
= /o > >
4= ]
o =2>"(x, +4)° _28nand224x
= EZX?—XZ i=l il
= 73X n |
:>in2+4n:14nandzxi -n
= 2_)(2_(50)2 = -
100 n n
=) x?+10nandd x. =n
16:%(;—2500 ; i ; ,

w

(16 + 2500) - 100 = X 1 " ¥ fion (nV
o= =) X - —| =
i) )

Q1 Q13 (1)

Arrangeisaccending order

V = t—z,t—3,t—§,t—2,t—i,t+%,t+4,t+5

% 2 2 2
: nCO E [4" +5" value]

a "C, 5

& "C,

: : 1 [Zt_E}

an nCn 2 2
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AX; [A]s

.
= 2 X S
Q.14 (o) AR
then SD.of ax +bis|al s
Q15 (3 where sis staindered deviation.
n, = 100 n, = 150 Q20 (1)
r =range
SD.=S= —— Zn:(x -x)?
o n-1 i—0 I
X, =50 X, =110 -
< —_—
o?=5 o?=6 then S<ry1—7
nX = N,X, +N,X,
=100 x 50 + 150 x 40
— 5000 + 6000 EXERCISE-III
g - 11000 QL1 [1
250 Mean of 12, 22, 32, ...... ,N?is
. (c?+d?)+n,(c3+d2) P+22+3F +..... n2=2_r12
o= n,+n, n n
d,=50-44=6 46n  n(n+1)(2n+1)
d2:40—44:—4 Hz Gn
2~ 100 (25+36) +150(36 +16) = 22n?+33n+11-276n=0
o= 250 = (n-11)(22n-1)=0
1
_ 6100+7800 _ . - —~n=1land N#—
250 22
o= /55,6 =7.46 02  [104]

Q.16 (1) N E(a+1)
CV, =58% CV, = 69% % Sumof quantities _ 3
c,=212 c,=156 n n

(e}
Cv = - x100 - 1{1+1+100d] = 1+ 50d
2
S 5 = 0:x100  21.2x100 1 ~
CVy=5 x100 = =7y = — s MD=HE|xi—X|
2120 1
= ——=36.55 255=—[50d + 49d +.....+ d + 0+ d + 49d + 50d
58 =255= 7] ]
o, _ 0,x100 15.6x100 2d [50x 51
= X, = = _ | —_—
CV2= 'y, ¥ 10 = =~/ 69 101[ 2 }
=22.60
g 285x101_ .
Q17 (o 50x 51
Q.18 (a) Q3  [16]
X=5

Q19 (1 1
X S.D. Variance :—ZXiZ—(YZ)

EYY s n
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0=1.400-25
n

400
nN=——=

5 16

Q4 [10]
Giventhat, n, =10,X;, =12,n, =20,X, =9
nX, +n,X, 10x12+20x9

n,+n, 10+ 20

S X =

1204180 300

=——=10
30 30

Q5  [30.4]
Given that, =7 (x, —30) =2
20 20

= 3 - (30)=2

i=1 i=1

L 2030 2
= """ 20
=30+0.1=30.1

Q6  [24]

Given seriesis 148, 146, 144, 142, ..... whose first
term and common differenceis
a=148,d= (146 —148) = -2

S, = 2[2a+(n +1)d | =125 (given)

— 125n = g[2x148+(n—1) x(-2)]

=>nmr-24n=0=n(n-24)=0
= n=24(n=0)

Q7 [
Giventhat, n, =4,X=75n,+n,=10,X=6
_ 4x75+6xX,
- 10
= 60=30+6X,

_30_
6

= X, 5

Q.8 [44.46]
Total of corrected observations
=4500 - (91 + 13) + (19 + 31)
= 4446
.. Mean = ﬂ =44.46

100

Q.9 [63]

Total marks of 10 failed students

=28 x10=280

and Total marks of 50 students = 2800
.. Total marks of 40 passed students
= 2800 — 280 = 2520

.. Average marks of 40 passed students

2520
40

63

PREVIOUS YEAR'S

MHT CET
Q1L (4

1
X =5, variance = EZXf ~(x)’

= 0=1.400—25
n

400
n= =

=——=16
25

=

Q2 (4

Variance of first n natural numbers
n n

n(n+1)(2n+ )_[n(n+1)]2

6n 2n

:(n+1){2n6+1_w}

4

= (nlJ;l) [4n+2-3n-3]

n?-1
12

= (nl_;l x(n—l) =

~—

Q3 (4
Standard deviation

18 18

2%, _8)2 >(x-8)

=1 | =
n n

Statistics
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Q.4

Q.5

Q.6

6.80=

Q.7

_81_9_3
36 6 2

2
Let X, X,, ..., X_be n variates. Then, their arithmetic
mean will be

2% .
XZ i=1 (|)

n

Now, the sum of deviation of the variates from the
AM, i.e. SD (Y)

=%, == 3% =YX, from Eq. ()]
=0

®3)

Given that, =x’ =400 and =x, = 80
c°>0
2 2

B (3]0 40 000,
n n n n

. nx16

(1)

According to the question,
(6-a)" +(6-b)* +(6-5)" +(6-8)° +(6-10)°

5
=34=(6-a2+(6-b)2+1+4+16
= (6—-a)?2+(6-h)?=13=9+4
= (6—a)?2+ (6—h)2=3%+22

~ a=3,b=4
(3)
We known that,
Na+!
5  Sumof quantiti&_E( +1)
n n

1
=E(1+1+100d):1+50d

.. Mean deviation = %E|xi ~X|

1
= 255= 101 [50d + 49d + 48d + ...
+d+0d+..+50d
2_d(50><51j
100\ 2
_ 255><101:10.1
50x 51
Q8 (2
. 2 1 2 —\2
Variance, © =H2Xi -(X)
Y—&— 2+4+6+8+...+100
n 50
50x 51
= —— [ Z2n=n(n+1), here n = 50]
50
=51
» 1
L0 =5 (22+ 42 + ...+ 100% — (51) = 833
JEE-MAIN
Q1 (0
X
X = - =62 = in =434
7 _2
Z(Xi _X)
o= ia =20
7
7
= > (x;—62)* =140
i=1
(x, —62)? + (x, — 62)*+ (X, — 62)°.....(x, — 62)?= 140
For astudent to fail, setsbe lessthan 50 marks. So, (x,
—62)2 > 144 but summationis< 144. Hence, no student
can fail.
Qz (B)
Xy + X, + X5+ X, +Xg :ﬁ
5 5
X+ X, + X, + X, +X,=24
..... 1)
2
X2+ X2+ X2+ X2+ X2 _ (ﬁ] _ 194
5 25 25

2 2 2 2 2 _
= XX, HXg+ X, +X, =154

Q)
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Q.3

Q.4

MATHEMATICS

x1+x2+x3+x4:14

-3

2 2 2 2 2
X2+ X5+ X5+ X :(Zj s

4 2
154-xZ 49
— :a
4 4
154 49 x; _
4 4 4

= 4a+ xZ =105
From equation (1) and (3)

Q5 (B)

4+5+6+6+7+8+X+Yy

mean X =
8

=>X+y=48-36=12
Variance

=%(16+ 25+36+36+49+64+x? +y2)—36=Z

=x2+y?=80
LX=4,y=8
x*+y? =256+ 64 = 320

6

Statistics

9

Xs=10; 4a=5
da+ Xg = 15 Q.6 (1)
5 . 2
) 2 2R
Yz3+7+l2+50c+43—0L=13 n
Mean=6
.o N2
Variance = 2 —(&] a+b+8+5+10
N N =6
5
2 a\2 at+b=7
:9+49+144+5a +(43-3a) 1R eN be7_a
2 2 2 2 2
20 — 41 6.8:(a_6) +(b-6)°+(8-6)"+(5-6)" +(10-6)
——eN 5
4
20— +1-=5n=0 34=(a—-6)2°+(7—a—-6)2+4+1+16
This equation must have solution as natural numbers &-7a+12=0 = a=4ora=3
D = (-1)2—4(2) (1-5n) a=4 a=3
D=40n-7 b=3 b=4
D aways have 3 at unit place 5
. D can't be perfect square M = Zizl ‘Xi —X ‘
So a can't be integer n
[21] M = |a—6|+|b—6|+|8—6|+|5— 6|+ 10—
Mean:1+2+"'+n:n+1 5
n 2 When a=3,b=4 When a=4, b=3
n=2k-1=Mean=k I\/|_3+2+2+1+4
M.D'(Mean):|1—k|+|2—|:]|+...+|n—k| 5
(K1) + (K=2)+...41)+0 M = 2t3+2+1+7
_2(k-Dk _k(k-1) M = 22 M= 12
2n n 5 5
n+1)(n-1) 5n+1) _ 12
:>( 5 j( 2nj_ n 25M—25><€=60
= (n-1)=20
=>n=21
69
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Q.7

Q.8

Q.9

(17)

15 )
2
wetevariance - 2| Tk
€hnave Variance = 15 15

Now, as per information given in equation

2
X
%—82 =3 = fo =15x73=1095

Now, thenew ) x? =1095-5" + 20* =1470
And, new )" x, =(15x8)-5+(20) =135

2
Variance:@—(@] =98-81=17
15 15

3)
RS
X=4=—=15

50
= > X, =750
>

i \2 _ .2

=0 (X) G

LY _g5peg
:>—— =
50

= > x? = 11450
New x =16
DX =16 x50 = 800

let abethe incorrect observation

then correct observation = a+ 50
a+(a+50)=70

=a=10

correct observation a+ 50 = 10 + 50 = 60

11450107 + 60°

= —-(16)

New variance =

=299 - 256 =43
(4
Ix,=15x20=300 ... (i)

X _
20
w2 = 234% 20 = 4680

(157 =9 .. (i)

2(x, +a)’
20

= IX + 202X, + Lo’ = 3560
4680 + 6000, + 2002 = 3560
= a2+300+56=0

= (a+28)(a+2)=0

=178 = ¥(x, + )’ = 3560

Q.10

Q.11

a=-2,-28
Square of maximum value of a.is4

[2]
n=10
2Xi
u=15:>B=15:>sum of 10 observ = 150
c2=15

X7
n

= -p?=15

2

X 154225240

10
— Sx? = 2400
New mean
= (Sum of 10 obs) — 25 + 15 = 150 —10 = 140

_140 _
T
Also

14

(2X7)  =2X} - (25)2 + (15)2 + = 2400 - 625 + 225 =
2400 — 400 = 2000

GZNew = (ZXIZ)NEW _Mznem :@_
10 10
=200 -196
=4

Correct SD= /4 =2

2

(14)

[238]
X =30
D %, =30x40=1200

g ZX —sum of incorrect observations
new 33

1200-22
38

31

)

o5 IXC (30)°
40
D x?=(925)40
=37000
D xZnew =

z 2 — Sumof squaresof incorrect observation
! 38

= 3700 — (102 + 12?)

70
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Q12 (3
np=oa .. (1)

S
S
o

I
w|e

(2
@ =+ M

n=6
4 2
P(x=4o0rx=5)=°C, [gj (E]
3)\3
_15x16 _ (6)(32)
36 36
_ 240+192
36

_432_144 48 16
3% 3 3 27

Q13 (4

:2K+12:K+6

Median

M.D(M):(K+3+K+1+K_1+6_K+6_K+10_K+15_K+18_Kj

8

2K +58
===
48=-2K +58
2K=10=K=5
~. Median = 11

6
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